SCHURIFICATION OF POLYNOMIAL QUANTUM WREATH PRODUCTS

CHUN-JU LAI AND ALEXANDRE MINETS

ABSTRACT. We study the Schur algebra counterpart of a vast class of quantum wreath products. This
is achieved by developing a theory of twisted convolution algebras, inspired by geometric intuition. In
parallel, we provide an algebraic Schurification via a Kashiwara-Miwa-Stern-type action on a tensor
space. We give a uniform proof of Schur duality, and construct explicit bases of the new Schur algebras.
This provides new results for, among other examples, Vignéras’ pro-p Iwahori Hecke algebras of type
A, degenerate affine Hecke algebras, Kleshchev-Muth’s affine zigzag algebras, and Rosso—-Savage’s affine
Frobenius Hecke algebras.

o. INTRODUCTION

o.1. Background. Consider algebras over a field k. Following [KM22], by Schurification we mean a
procedure that, given an algebra A, produces a new algebra S(A) which enjoys favorable properties
similar to the classical Schur algebra, e.g., the double centralizer property, and the existence of functors
that relate the representation theory of A and of S(A).

Let H4(&4) be the Hecke algebra of the symmetric group &4 with g € k*. One instance of Schurifi-
cation is the well-known Dipper—James’ construction of the g-Schur algebras [D]89]

SDJ(SHq(Gd)) = Sq(ns d) = Endﬂ-fq(Gd) (@AeAnydx/lqu(Gd)) >

in terms of permutation modules. Another instance is Beilinson-Lusztig—MacPherson’s realization of
g-Schur algebra via convolution algebras [BLMgo], later generalized by Pouchin [Pouog]:

SBLM(:H:q(Gd)) = ]kGLd(Yn,d X Yn,d)a

where Y, 4 is the (finite) set of partial flags of length n in IFZ, and kgr,,(—) is the space of GLg-invariant
k-valued functions. The two constructions can be identified [D]J91, Grog2]:

Dicn, , 51Hg(Sa) = (K% = kar, (Yna).

Each construction has its own merits. The convolution algebra approach usually accounts for positivity
behaviors; while Dipper—James’ approach involves Coxeter group combinatorics, and allows potential
generalizations to the case of unequal parameters.

Schurification (and further development) for these flavors of Hecke algebras of various types has
been studied intensively; see e.g. [BW 18, BKLW18, LL21, FL15, DLZ24] for type B/C/D, [GRV 94, Lusgo,
DF15] for affine type A, [BWW 18, FLL" 20a, FLL" 23, CFW24] for affine type B/C/D. Note that the works
on affine types use Coxeter presentation instead of Bernstein-Lusztig presentation, and hence do not
generalize in an obvious way to certain interesting variants, e.g. the quantum wreath products B1H(d)
introduced in [LNX24].

To our knowledge, only partial results are obtained regarding Schurification for algebras defined via
the Bernstein-Lusztig presentation (see [KMSgs, FLL"20b]). It is an interesting question whether one
can extend the theory of Schurification to these algebras. If such an algebraic theory exists, does it admit
a geometric counterpart in terms of the convolution algebras? In this paper, we provide affirmative
answers to both questions, based on a new construction of convolution algebras with a twist, and a
Demazure-type operator twisted by weak Frobenius elements.
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0.2. An overview. In this paper, we construct Schurification for algebras which admit the Bernstein-
Lusztig presentation. Such algebras include the affine Hecke algebras for GL4, their degenerate, o-
Hecke, and nil-Hecke variants, Kleshchev-Muth’s affine zigzag algebras [KM19], Vignéras’ pro-p Iwa-
hori Hecke algebras J(gs, ¢5) [Vig16] for GL4(Q,) (which are isomorphic to the affine Yokonuma al-
gebras introduced by Chlouveraki-d’Andecy [Cd15]), certain Rosso—Savage’s affine Frobenius Hecke
algebras [Sav2o0, RS20], and Rees affine Frobenius Hecke algebras considered in an ongoing work by
Mathas-Stroppel [MS].

Precisely speaking, we consider a family of quantum wreath products Bt H(d) (which we call of
polynomial type, or PQWP), in which the base algebra B = F[x] (or F[x*!]) is the ring of (Laurent)
polynomials over a k-algebra F. Typically, F is either the ground field k, the group algebra k[¢]/(+" —
1) of a cyclic group, or the cohomology ring of a smooth variety, e.g. H*(IP") = k[c]/(c"*!). The
parameters (S, R, o, p) for such PQWPs are of the form

S=AY-A" Re(Z(F®F)®, o=flip, p=2a’

where f = 30 i< AY(x' ® x') for some weak Frobenius elements AV € (F ® F)®2, and 9 is the
Demazure operator twisted by f (see (2.3)).

On the other hand, we consider twisted, S ;-equivariant convolution algebras of functions valued in
R := B®, where the product in given by

(f * O y) = ), fx2e(x) gz y).
for some e : X — R.

Recall that a uniform proof of Schur duality for quantum wreath products was provided in [LNX24,
§7.1-5] under strict assumptions, including finite-dimensionality of the base algebra B. In the present
paper, our Schurification allows a uniform proof for the aforementioned quantum wreath products with
infinite-dimensional base algebras.

Main results. Let B1JH(d) be a quantum wreath product of polynomial type (see Theorem 2.7) satisfying
conditions (C1)—~(C3) of Section 4.1.
(A) [Theorem 4.2] There is an embedding BXH(d) — CR(é?i(GdXGd) into a twisted convolution algebra,
with the twist given by

e(2) = 2 (T T g0 BYiC = 1) = 0@ = x)P) ).

In particular’ H — gl,ﬂi/(xifxiﬂ) + gsi,aﬁﬂi/(xﬁxiﬂ)‘
(B) [Theorems 3.11, 4.6 and 5.9] There is a Schurification of B1 H(d) via twisted convolution algebras
such that the Schur counterpart, i.e., the coil” Schur algebra

SEIM(B13H((d)) := RE(Y x Y)

has a double centralizer property (DCP) with B H(d), when the elements (4.15) are invertible.
When invertibility fails, DCP continues to hold for a slightly bigger laurel” Schur algebra i

(C) [Theorems 6.7 and 6.8] There is another Schurification of B 1 H(d) via permutation modules such
that DCP holds for the corresponding wreath” Schur algebra

SPI(B1H(d)) := Endpga)(Dien,, M) = Endpea)(VED,

provided that n > d. The algebras SP™M and sPJ are Morita-equivalent.

(D) [Theorem 6.5] There exists an explicit basis {04 p} of these Schur algebras, where A lies in the set
©,.q4 of n-by-n matrices with non-negative integer entries summing up to d, and P is a partially
symmetric polynomial in B®.

While the conditions (C1) and (C3) are quite restrictive, we only expect to be able to remove (C2);
see the discussion in Section 5.4.

* “Wreath” is reserved for the centralizer algebra. Both “coil” and “laurel” evoke the skeletal shape of wreath, with laurel
being slightly thicker.
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The basis {04 p} in (D) is a generalization of the Dipper—James basis {Gf{ u} of the g-Schur algebra, and
is related to the “chicken-foot” basis in [SWz4a, SW24b]. A similar basis also appears in an ongoing
work [DKMZ] by Davidson-Kujawa-Muth-Zhu.

0.3. Applications. Let us highlight some applications that we find exciting; see Section 7 for details.

Imaginary Strata of Affine KLR Algebras. Recall that quantum groups are categorified by quiver Hecke
algebras. In particular, the study of PBW bases of affine quantum groups categorifies to the study
of stratification of quiver Hecke algebras of affine type. While this was carried out in characteristic
0 in [KM19], the general case remains mysterious, the hard being the computation of the so-called
imaginary strata. We propose that (idempotent truncations of) the coil Schur algebras S describe
the imaginary strata in any characteristic (Section 7.4).

Representation Theory of p-adic Groups. The pro-p Iwahori Hecke algebra (Section 7.3) and its rep-
resentation theory plays an important role in the representation theory of p-adic groups, especially
when one considers representations in local characteristic [Vig16, Oll1o, Abe19], or metaplectic covers
of p-adic groups [GGK24]. In the latter case, the pro-p Iwahori Hecke algebra and its Gelfand-Graev
modules encode information about certain metaplectic Whittaker functions, see also [BP22]. We expect
our theory for $”™ and S™ to be useful to understand Schurification arising from [GGK24].

0.4. Organization. In Section 1, we recall the definition of convolution algebras, as well as the com-
binatorics used in the Dipper—James construction. We also remind readers the definition of QWP and
the conditions for it to have a PBW basis. In Section 2, we introduce twisted Demazure operators, and
use them to define the class of quantum wreath products of polynomial type. We show PQWPs afford
a PBW basis. In Section 3, we introduce twisted convolution algebras, and prove the double central-
izer property for their certain sublattices. In Section 4, we realize PQWPs as subalgebras of twisted
convolution algebras, and hence deduce the Schur duality under an invertibility assumption for the
coil Schur algebras. The assumption is removed in Section 5 for the price of replacing the Schur alge-
bra with a larger laurel Schur algebra. In Section 6, we prove the double centralizer property for the
wreath Schur algebra in the sense of Dipper—James, and then compare these approaches. Finally, we
summarize particular cases of new results in Section 7.

Acknowledgments. We would like to thank Valentin Buciumas and Catharina Stroppel for useful
discussions. Research of the first-named author was supported in part by NSTC grants 113-2628-M-
001-011 and the National Center of Theoretical Sciences. This collaboration started during the work-
shop “Representation Theory of Hecke Algebras and Categorification” at OIST, Japan. The authors are
grateful to Max Planck Institute for Mathematics in Bonn and Academia Sinica for their hospitality and
financial support.

1. PREREQUISITES

1.1. Schurification via convolution algebras. Let G be a finite group acting on a finite set X, and Ra
unital ring equipped with a G-action and free as a k-module. Denote by Rs(X) the set of G-equivariant
R-valued functions on X. Then, the set Rg(X x X) of G-equivariant R-valued functions on X x X is a
unital associative algebra, with multiplication given by convolution:

(1.1) (f * ) =), fx2)8(z y).

Such convolution algebras and the corresponding double centralizer property have been systematically
studied in [Pouog].

Let R = k with the trivial G-action. In the case G = GL4(k) acting on the set X = Y, of complete
flags in k¢, the convolution algebra Rg(X x X) realizes the Hecke algebra Hq(&y). A well-known
Schurification of k(X x X) = H4(&4), due to Beilinson-Lusztig-MacPherson [BLMogo], proceeds by
replacing Y; with the set of n-step partial flags in k?. This produces an algebra kg(Y,4 x Y, 4) with
monomial and canonical bases, which are indexed by the set of G-orbits in Y, 4 x Y, 4. Note that this set
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is naturally identified with the set ©, 4 of n-by-n matrices with non-negative integer coefficients that
add up to d.

The aforementioned bases can be constructed from the basis consisting of the following characteristic
functions:

(1.2) Er € R(Yp g x Yya), Ee(x,y) = Z Som(en) = {1 if (x, y). €G- m;
£€G/ Stabg(r) 0 otherwise,
where 7 runs over a fixed choice of representatives of I, 4.
The convolution algebra Rs(Yy g x Yy 4) is isomorphic to the g-Schur algebra S,(n, d) of Dipper-
James [DJ89].

1.2. Schurification via permutation modules. Let us recall the combinatorics used in [D]89]. De-
note the simple transpositions by s; = (i,i+1) € &4. For the Hecke algebra H,(&), denote by {T,, }ves,
its standard basis with multiplication rules determined by the quadratic relation T? = (q — 1)T; + q.
Let A, 4 be the set of (weak) compositions A = (Ay,...,4,), 4; > 0 of d into n parts. Denote by &,
the corresponding Young subgroup &, x - x &, C &y, and let &* and *& be the sets of shortest
left and right coset representatives of &, C Gy, respectively. When it is convenient, we identify each
representative with the coset:

6'=6,/6, 16=6,\6,

The set ©,, 4 can be identified with the set of triples (4, g, ) where A, u € A, 4 are the column/row sum
vectors of A, respectively, and g € *&# := *& n G# is the shortest representative in the double coset
&,6, such that a;; = *(3} n g3;) for all i, j, where

Ti= e A+, A e A+ 2, o, A+ AL

Let G C &, be a subset with the unique longest element wC. In particular, write w* := w®? and
A . 6186,
wh o= w,

! , where A = (A, g, u). The following facts on symmetric groups are well-known, see
e.g. [DDPWos]:

Lemma 1.1. Suppose that A = (A, g, ). Then,

(a) There is a unique strong composition ¢ = §°(A) € Ay 4 for somen’ suchthat Sse = g7'6,gnGS,,.
Moreover, 6¢ is obtained by column reading of nonzero entries of A.

(b) There is a unique strong composition 5" = 5"(A) € Ay 4 for somen” such that S5 = §6,87'nG;.
Moreover, 5" = §°(*A), and is obtained from row reading of nonzero entries of A.

(c) Write 5 = 6°(A) and G = 56,,. Then, 6,86, ={w|g<w< wA}, in which the longest element
is wh = wigwC, where wC = wiwt with ((wC®) = &(wh) — &(w?). In other words, the map
K:Gyx (506”) — 6,86, (x,y) = xgy is a bijection satisfying {(xgy) = £(x) + £(g) + {(y).

Example 1.2. If A := ( ; ) then §°(A) is obtained from (a1, az1, a12, az2) by removing the zeroes, and
hence 6°(A) = (1,2,1). Similarly, 6"(A) = (1,1,2). The row sum and column sum vectors of A are
(2,2) and (3, 1), respectively. Then, A = ((2,2), g,(3,1)) with g = |1342| = s, 53, since I} = {1,2},7} =
{3,4}, g75 = {1,3,4} and gJ% = {2}. The longest element is w” = (5153)(5253)(52)(525152) = 5153525351 S2.

Recall that 3{,(S4) acts on the d-fold tensor product of k" = ), ;. ,, kv; by

Vs, if fi < fir1s
(1:3) vp- T = | quy if fi = fisrs

qur.s +(g—Dmy if fi > firq,
where vy = vy ® -~ ®uvy, f = (fi)i €{1,..., n}¢, on which G acts by place permutation. As a Hq(S&0)-
module, (k™)®¢ can be decomposed into the sum of g-permutation modules 1, Hq(Sg) over 1 € Apg,
where x; := ) s, Tw- The Ti-action on x; is explicit, because one can rewrite the quadratic relation
as T{(T;+1) = q(T;+1),1.e, (T;+1) is a g-eigenvector of T;. For A = (4, g, i) we write G(A) := EC(A)GI,.
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The basis of the g-Schur algebra Sy(n, d) is given by {0a}ace
Hq(Sg)-linear maps given by

(1.4) 04 : x,94(8q) = x19¢(Sy),  x, > xa, Where x4 = Z T, =x Ty Z T,.
wes,; g6, weG(A)

where the basis elements are right

n,d?>

The map is well-defined thanks to Theorem 1.1. It is immediate from this construction that 64’s are
H¢(&4)-module homomorphisms.

To sum up, there is an identification kg(Y, 4) = D) And 0H(Sy) = (k™)® that leads to the identi-
fication k(Y g x Yy,.4) = S¢(n, d). Moreover, the map 04 € Sy(n, d) is identified with the characteristic
function &, € k(Y4 X Yy.4) where 7 is the representative in the orbit corresponding to A € ©,, 4.

1.3. Quantum wreath products. Let B be a unital associative k-algebra, free over k with basis {b;};e;.
Let d € Z,. By Q we mean a quadruple (R, S, p, 0) € (B ® B)? x Endy(B ® B). We use the following
abbreviations, foreach 1 <i < d:

Yvi = 1®i—1 RY® 1®d—i—k € B®d Y € B®k+1'

¢i + B2 > B, ®;b; > (R b)) ® 0(b; ® bis1) ® (R, b)), ¢ € Endi(B®2).
ForY =Y, a® @ b € B® B, we also write, for 1 <i < j<d:

(16) Yl,j = Zk al(k)b](k), Yj,i = Zk b](k)al(k) € B®d.

In particular, Y; := Y;; and Yiy1; = 0i(Y;) if 0 : a® b — b ® a is the flip map.

(1.5)

Definition 1.3. The quantum wreath product (QWP)is the associative k-algebra, denoted by B1H(d) =
B H(d), generated by the algebra B®¢ and Hecke-like generators Hj, ..., Hs—; modulo the following
relations, for 1 < k<d—-21<i<d-1,|j—il > 2, b e B®:

(braid relations) HyHyy1Hy = Hpy1HiyHiy1, HHj = HjHj,
(quadratic relations) H,-2 = S,H; + R;,
(wreath relations) H;b = o(b)H; + pi(D).

For any w € G, with a reduced expression w = s, ... s;, we can define an element H,, := H;, ... H;, €
B1H(d). Note that H,, is independent of the choice of a reduced expression due to the braid relations
above. We say that B1JH(d) has a PBW basis if the natural spanning sets {(@;jzlbij)Hw lijel,we &4}

and {HW(®?:1 bi;) |ij € I, w € G4} are linearly independent.
Proposition 1.4 ([LNX24, Theorem 3.3.1]). Bt H(d) has a PBW basis if and only if
Conditions (P1) - (P4) hold, and (P5) — (P9) hold additionally if d > 3.

Here, the conditions are:

(P1) c(1®1)=1®1, p(1®1)=0,

(P2) o(ab) = o(a)a(b), plab) = a(a)p(b)+ p(a)b,
(P3) a(S)S+ p(S) + o(R) = S*+R, p(R)+ (S)R = SR,
(P4) rso’ + po+op =Ilso, rro’+pt=Isp+ Iy,

where Ix, rx for X € B® B are k-endomorphisms defined by left and right multiplication in B® B by X,
respectively,

(Ps5) 0i0j0; = 0j0i0j, pi0;0; = 0;0ipj,
(P6) PiOpi = Is;0pi0; + pjpidj + O pipj,
(P7) PiPjpi + TR0ipj0i = Pjpipj + TR;0jPi0
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where {i, j} = {1,2}, rx for X € B®? is understood as right multiplication in B®* by X,
(P8) Si=0;0iS;), Ri=0;0i(R)), pjoi(S;)=0=p;oi(R)),

(P9) 0;pi(S))S; + pipi(S)) + 0;pi(R;) = 0 = pipi(R)) + 0pi(S)R;,
where {i, j} = {1, 2}.

2. QIJANTUM WREATH PRODUCTS OF POLYNOMIAL TYPE

Quantum wreath products cover various examples of deformations of wreath products appearing
in literature. Unfortunately, this notion is rather unwieldy, since it is in some sense the most general
definition one can come up with. In this paper we will only consider a certain class of quantum wreath
products, which has the flavor of affine Hecke algebras of type A.

2.1. Twisted Demazure operators. Let F be a unital finite-dimensional algebra over k.

Definition 2.1. A weak Frobenius element of F is A € F ® F satisfying (a ® b)A = A(b ® a) for any
a,b eF.

It is clear that weak Frobenius elements form a vector space, which we denote by W(F) C F® F.
Such elements are sometimes called intertwiners or teleporters. We call them weak Frobenius since
they are the evaluation at identity of the comultiplication of weak Frobenius algebras (see [CGo3]).
While usual Frobenius elements (which satisfy an additional non-degeneracy condition) are essentially
unique, there can be many linearly independent weak Frobenius elements.

Example 2.2. Let F = k[c]/(¢"*"). Then for every k > 0 the element ), ;_, .+ ¢’ ® ¢/ is weak Frobenius.

Definition 2.3. Let f = ), i, A(x' ® x7) be an element of W(F)®?[xy, x;], i.e., a polynomial in
two variables with coefficients in symmetric weak Frobenius elements in F. The f-twisted Demazure
operator 3F : F®%[xy, x3] — F®%[xy, x,] is given by
fla® b)—(b®a)p

x®1-1®x
Remark 2.4. A similar Demazure operator appears in [Sav20, Lemma 4.3].

Fla®b) =

Note that 9” is well defined since, writing a = f’x*, b = f”x' for some f’, f” € F:

pla®b)—(b@®a)p=Y A¥x @x)(f ® f)xF@x) =Y (f" ® f)x' & xF)A(x' @ x/)
i,j i,j

— ﬁ(f/ ® f//)(xk ® xl _ xl ® xk) — (f// Q f/)(xk ® xl _ xl ® xk)ﬁ,
and hence *(fx* ® gx!) = B(f ® g)a(x* ® x') = (g ® fa(x* ® x1)B, or
(2.1) P(fP) = o(f)a(P)B, forall feF®F, Pek[xy,xl,
where 0 : a® b — b ® ais the flip map, and 9 : k[xi, x2] = k[x1, x2] is the usual Demazure operator.
Let us collect some useful properties of 9.

Lemma 2.5. Suppose that f§ is an element as in Theorem 2.3. Then,

(a) If P € k[xy, x;], then 9P(P) = Ba(P) = a(P)p. Moreover, 3’ 5(P) = —dP(P).

(b) If f e F®F, then 3’ (f) = 0.

(c) For any a,b € (F ® F)[xy, x3] we have df(ab) = o(a)dP(b) + dP(a)b. In other words, 3” is a

o-twisted left derivation.

Proof. The first two claims are direct consequences of (2.1). The last claim follows from a quick com-
putation:

pab — o(ab)p  o(a)fb — o(a)a(b)p + fab — o(a)Bb
x®1-10x x®1-1®x
= 0(a)d’(b) + 3 (a)b. O

P (ab) =




Remark 2.6. Note that when F is not commutative, 3* has no reason to be a right derivation.

2.2. Quantum wreath products of polynomial type. Let F be a unital finite-dimensional algebra
as before, and let B be either F[x] or F[x*'].

Definition 2.7. A quantum wreath product B: H(d), Q = (R, S, p, o) is said to be of polynomial type
(POWP) with respect to the pair (R, 8) € (F ® F)2 x (B ® B) if

(A1) Riscentralin F ® F;
(A2) B = zogi)jSIAij(xi Rx)) e W(F)Gz[xl,xz], and A?OA? = A?lAﬁo;
(As3) o is the flip map, p = 9, and § = A!® — A%,

Remark 2.8. If AV = a/A, a" € k, then the relation A%Al! = AY'AL in (A2) is equivalent to f factoring
as f§ = APy, where f; € k[x;]. See the proof of Theorem 2.11.

Lemma 2.9. The following identities hold in a PQWP:
HS=SH, HR=RH,
PH = Ho(P) + o(P)B forall P € k[x]®?
BH =Ho(B)+SB, HP =o(f)H + Sp.

Proof. The first two lines are direct consequences of Theorem 2.5 since both S and R lie in (F ® F)®2.
Since o(f) = A% + A% x; + A%x, + Allx;x,, we have B — o(B) = S(x; — x2), and hence

f =0 _f-op),_

p(p) = Sp.
X1 — X2 X1 — X2
Similarly, po () = —Sp. The last line follows from the wreath relations. ]
B R B S a PQWP

Flx] 1 0 0 1 usual wreath product
k[A][x] 1 h 0 1 graded affine Hecke

k[x] 0 1 0 0 nil-Hecke algebra
k[x*!] q E;] : (32 q-1 lor—q affine Hecke algebra

opposite nil-Hecke

Kl 0 1 0 0 algebra N Hi
+1 . affine Frobenius
F[x*'] 1 qAx; gA may not exist Hecke algebra [RS20]
Rees affine Frobenius
+1 2 | _ .

Flh, t][x*'] || A S(xy + fit) nt may not exist Hecke algebra [MS]
K] +1 affine zigzag algebra
@ ! e 0 ! of type A; [MM22]

Sx _ _ ro-p Iwahori

(t}i[ﬂl)[xil] 1 —S)lcz (=g e | (1+gNe-1@1 Eleclfe algebra

TaBLE 1. Examples of quantum wreath products of polynomial type

Example 2.10. (a) When (R, B) = (1,0), we recover the usual wreath product B1 S,.
(b) Let F = k. The following choices of parameters recover various flavors of affine Hecke algebras
of type A: The degenerate affine Hecke algebra (resp. its graded version) are PQWP for (R, ff) =
(1,1) (resp. (1, h)) with B = k[x] (resp. B = k[#][x]). The nil-Hecke algebra is a PQWP for (0, 1)
with B = k[x]. For B = k[x*!], the type A affine Hecke algebra is a PQWP for (g, (q — 1)x;) or
(g,(1 = g@)x2), and hence the affine 0-Hecke algebra is a PQWP for (0, —x;) or (0, x2).
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(c) Let us highlight another curious example. Let B = k[x], R = 0, and § = x;x;. The usual
Demazure operator satisfies the following relation after extension to Laurent polynomials:
oxt = x,10 — (xyx0) 7L

This tells us that the PQWP for (R, ) = (0, x1x3) is isomorphic to the subalgebra NHi of
difference operators on k[xi!, ..., x3'] generated by Demazure operators and multiplications
by x71, 1 < i < d. It can be viewed as the “opposite” of the usual nil-Hecke algebra NH,;. One
can easily check that NH(j # NHy for d > 2.
(d) Let F be a Frobenuis algebra with Frobenius form A € F @ F. Setting B = F[x], R =1, f = A,
our PQWP B H, is Savage’s affine wreath product algebra [Savz2o]. If we set B = k[x*!],
R =1, f = —qx;A, the algebra B H{; is isomorphic to Rosso-Savage’s affine Frobenius Hecke
algebra [RS20].
These examples, as well as further examples from Section 7, are summarized in Table 1 (see Sec-
tion 4.1 for the meaning of column «).

Lemma 2.11. The following equalities hold:

p1(B13) = pa(B1) + P13S2 = —02p1(fo2).

Proof. We will only prove the first equality, since the other reduces to the same computation. First of
all, we have

p1(B13) = Pra(A13 + Azxs) = Al AL + AL A X + A A X, + ApAL3Xs
+ A%%A%gxlxg + A%gA}éxlxg + A%A%xzag + A}%A}%xlxgxg.
On the other hand,
p2(B1) = Pas(Aly + Aipx1) = Mgy + AgsAipxy + Ag3ATxe + Ay Afyxs
+ A%gA%éxlxz + A%Ai%xlm + A%%A?;XZ.X@ + Aé%A}%xlxzx&
and
P13Sz = A3(Azs — Ags) + ALS(Ags — Ag3)xs + AT3(Ag3 — Ag3)xs + Az (Azs — Agp)xixs.
Note that for any A, A’ € W(F)®? we have
(2.2) A12A;3 = A£3A12 = A13A53 = A;zAlg = A23A£2 = A;3A23.

This simple observation takes care of comparing all coefficients except the two coeflicients at x; and at
x3. For the remaining two coefficients to coincide, we need A AL} = AIJAYL and AYALL = A%AL. This

is precisely the condition (A2) we imposed on f in Theorem 2.7. ]

Proposition 2.12. The quantum wreath product of polynomial type with respect to (R, f) has a PBW
basis.

Proof. Applying Theorem 1.4, we need to check the relations (P1)-(P9). Relations (P1)-(P3), (P5), (P8),
(P9g) follow immediately from Theorem 2.5. Let us check the relations (P4):

po(a) —ap o(f)o(a) —ao(h) _ (B —oa(B))ola) - a(h - a(p))
X1 — X2 X9 — X1 B X1 — X2
= So(a) — aS = (Ilso — rsa?)(a),

pHa) = p <ﬁa - cr(a),B> _ Pra—po(a)f + o(B)o(a)p — as(B)p

X1 — Xy (1 — x7)?

-0 a—o(a a—o(a
LooBfao@p _ gha” ol e = tsp+ In - reo)a)
X1 — X2 X1 — X2 X1 — X
where we used the fact that R is central in the last equality.
Before checking (P6)-(P7), let us make the following observation. It follows from Theorem 2.5 that

for any P € k[x;, x2], f € F®? we have p(fP) = o(f)p(P). In particular, when applying either (P6) or
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(P7) to fP, the element o;0201(f) will factor out, and the rest would only depend on P. Thus it suffices
to check (P6)-(P7) only on polynomials P € k[xi, x2, x3]. Since the relations are manifestly linear, we
can further restrict to P being monomials. We will show that (P6)—(P7) hold when evaluated at P if and
only if they hold when evaluated at x;P, 1 <i < 3.

Checking the equivalence above for all three relations and all three x;’s would take too much space;
we will therefore only consider x;, and leave the other two variables for the interested reader. First, let
us look at the relation (P6) fori =1, j = 2:

p102p1(x1P) = p102(x2p1(P) + B1P) = x3p102p1(P) + P2p102(P) + p1(B13)o2(P),
p2p102(x1P) = pa(Br02(P) + x2p102(P)) = x3p2p102(P) + p2(f1)02(P) + P2pr02(P) + ¢,
rs,02p102(x1P) = 15,02(B102(P) + x2p102(P)) = x375,02p102(P) + ¢,
02p1P2(x1P) = 02(B1p2(P) + x2p1p2(P)) = x302p1p2(P) + ¢”,
where the terms ¢ := f13p202(P), ¢’ = rs,f13P, and ¢” := f1302p2(P) sum up to f135,02(P), thanks
to (P4). Moreover, the first terms on the right hand sides of (2.3) sum up to the evaluation of (P6) at
P multiplied by x3. Therefore, it remains to check that p;(f13) = p2(f1) + P13S2, which follows from
Theorem 2.11. The relation (P6) with i = 2, j = 1 is proved in an analogous fashion.
Let us finally consider the relation (P7). First, consider the two simpler terms:
rr,01P201(x1P) = rg,01(f201(P) + x3p201(P)) = P13PRy + X318, 01p201(P),
rR,02P102(x1P) = rg,02(f102(P) + x2p102(P)) = P13PRy + x371R,02p102(P).

Since R is central and symmetric, and the coefficients of  are weak Frobenius, we have

ﬁlSPRl = R3Zﬂl3p = ,813PR32 = ,BBPRZ-

Now, for the other two terms:

p1p2p1(x1P) = p1p2(f1P + x2p1(P)) = p1(p2(B1)P + P13p2(P) + P2p1(P) + x3p2p1(P))
= p1p2(B1)P + (o1p2(B1) + p1(B2) + P13S1)p1(P) + p1(B13) p2(P) + Pap1p2(P) + x3p1 p2p1(P),
p2p1p2(x1P) = pa(P1p2(P) + x2p1p2(P)) = (p2(f1) + P13S2) p2(P) + P2p1p2(P) + x3p2p1p2(P).

Note that the S;’s appear from using the second equation of (P4). Comparing the coefficients at P, p;(P)
and p,(P), it remains to show that

p1(B13) = p2(B1) + P13So, p1p2(P1) = 0, o1p2(B1) + p1(B2) + P13S1 = 0.

The first relation follows directly from Theorem 2.11. The second relation is obtained from the first one
by applying p; and using (P4). For the last one, we have

a1p2(B1) + p1(B2) + f13S1 = o1(p2(f1) + 01p1(B2) + B251) = 01(p2(B1) + S1S13 — p1(P13))
= 01(51ﬁ13 - ﬂ1352),

where we used (P4) and Theorem 2.11. Finally, since f has weak Frobenius components, we have
S12f13 = P13523 by (2.2), and so we may conclude. OJ

3. DOUBLE CENTRALIZER PROPERTY

In this section we extend the main theorem of [Pouog] to the setting of “twisted” convolution alge-
bras. Such algebras arise naturally after applying equivariant localization to convolution algebras in
Borel-Moore homology; see discussion in Section 7.4.

3.1. Twisted convolution algebras. Recall the setup from Section 1.1.

Definition 3.1. By a twist, we mean a function e € Rg(X) such that e(x) is invertible for any x € X.
Given a twist e, the corresponding twisted convolution algebra is the associative k-algebra (Rg(XxX), *)
9



whose multiplication is given by
(3.1) (f * e y) = ), fx.2e(2) g(z,y).

Lemma 3.2. The twisted convolution algebra Rg(X x X) with respect to a given twist e is a unital asso-
ciative algebra.

Proof. Let f, g, h € Rg(X x X). The chain of equialities below follows directly from the formula (3.1):
(f = @) * Wx.y) = Y, flx.x)e(x') " g, x"Ve(x") " h(x”, y) = (f * (g * B))(x, y).

x/,x//
This proves the associativity. We conclude by observing that the element
1x € Ra(X x X), 1x(x,y) = Oy, ye(x)
is a unit of Rg(X x X). O

Applying Theorem 3.2 to the disjoint union of two G-sets X, Y, we obtain a left Rg(X x X)-action
and a right Rg(Y xY)-action on Rg(X xY). These two actions obviously commute. In particular, setting
Y = pt each Rg(X x X) acquires a natural representation Rg(X).

The following lemma is immediate.

Lemma 3.3. Foreach w € Il and r € R, consider
(3.2) Err € Ro(X x X), Enr(x, x) = deG/ Stabo () 5g7r,(x,x’)e(x)g(r)'
Given a basis B, of R526(™) for each r, the collection {&,,, = = € I, r € BE} is a basis of Rg(X x X).

We will add a superscript to Rg(X x X) when the twist e needs to be specified. Observe that the map
fe f, (e f)x,y) = e(x)f(x,y) establishes an isomorphism of algebras IRg)(X xX) Rg)(X x X).
While this renders our definition of Rg)(X x X)) somewhat superfluous at the first glance, its usefulness
will become clear in Section 3.3.

Remark 3.4. The product in R(X x X) is typically only k-linear, and not R-linear.

3.2. Generators. Let (A, ) be a pointed finite set. For each A € A, fix a finite G-set Y), and denote
Y = |ea Y2, X = Y,,. We further assume that for each A € A we have a fixed G-equivariant surjection
py : X = Y). Fix a twist e € Rg(Y), and denote

(33) A:=(D, A Ci=(D,,Cn Bi=Ra(XxX),

where A, := Rs(Y) x Y,), C; := Rg(Y¥; x X). Both A and B are twisted convolution algebras (with
twist e), and C is an (A, B)-bimodule. We will identify both A, and C, as right B-modules with B by
means of p;.

Definition 3.5. Let A € A, y,y” € Y, and x € X. Define elements which we call (full) splits and merges,
respectively, by

(3-4) Sy €Auy Sa(x,y) 1= 6,,0096(); My € Ajy, Ma(y, %) 1= 6y p,(x)€()).
Next, define elements 1;,K; € A;;, and m € Rg(Y) via

(350 L(y) =8y e(y), Kilx,x) 1= 8y, pmenepa(x),  m(y) := erpil(y) e(x) " e(y).
Finally, for any r € R5(Y), define ry € Ay and 7) € Rg(Y,) by

(3.6) r(y. ) = 8,eMr(y), ) = r(pa(y).
Remark 3.6. (a) Theset{1, : A€ A}isacomplete set of orthogonal (but not necessarily primitive)

idempotents in A.
(b) If we equip Rg(Y) with pointwise multiplication, the map Rg(Y) — Ay, r = r; is an algebra
monomorphism.
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Let us compute the compositions of M, and S;:
Lemma 3.7. For any A € A, we have
Sy*My=K,, M, *S5,=m,.
Proof. 1t follows by a direct computation that
Six My, x) = ) Jev, 3,00,y 0y,p:(x) €(¥) = 81, (x), pr(xy €(PA (X)),
My x $33,9) = 2 Sy Spy €)e(y )e(x) ™ = 8y )

= Sy € D piyy €O ),

where we used the notations of Theorem 3.5 in the second equality. ]

e(y)e(x)"e(y)

xep; 1 (y)

The following lemmas are elementary, we leave their proofs to the interested reader.

Lemma 3.8. Let A, 1 € A. Consider the natural injective maps gbff A > A, ‘ﬁ,% s Aju > Ay, given
by pulling back along p;. We have YX(f) = f * My, Y5(f) = Sy = f. Furthermore, left multiplication by
1, is identified with the projection C — C;.

Lemma 3.9. Letr € Rg(Y). Then, ry « My = My %71, Sy« ry =73 * S;.

3.3. Double centralizer property. We will be mostly interested not in the convolution algebras per
se, but in their interesting subalgebras, which should be thought of as “integral forms”. Let us fix a
G-invariant subring T C R, and make the following assumption:

(3.7) m(y) € R defined in (3.5) is invertible for any y € Y, and m(y)*! € T.
Definition 3.10. Consider the following subalgebras:
BT =(Kj,t, : AeAteTYCB, AT =(BT S, M;,: A eA) CA.
We also define CT = AT « 1,,; it is an (AT, BT)-bimodule.
The following equalities immediately follow from the definition:
Al =M, «B" x5, CJ =M B
Following closely the proof of [Pouog, Theorem 2.1], we have the following result.

Theorem 3.11. Assume that the condition (3.7) holds. Then, we have the following double centralizer

property:
End,r(CT) =BT, Endgr(CT) = AT.

In particular, BT = 1, » AT * 1,, and the Schur functor is given by AT-mod — BT -mod, M — 1, * M.
Proof. The inclusions BT € End,r(CT), AT C Endgr(CT) are obvious. Let us begin by showing the
inclusion End,r(CT) € BT. To this end, let P € End,r(CT). Since P commutes with 1,, the last
statement of Theorem 3.8 implies that the direct sum decomposition CT = P, C{ is preserved by P.
Furthermore, C” is a cyclic AT-module generated by 1,, € CI. Thus P is completely determined by the
element P(1,) € CI = B7, and so P lies in BT.

It remains to show that Endgr(CT) C AT. Let P € Endgr(CT). We can rewrite P as a sum of maps
Py, A, € A, where each P,; belongs to HomBT(C{, Cg) It suffices to show that each P,, belongs to
AZA' From now on, we fix A, i € A and write P’ = P,;;. First of all, for any f € C/{ we have

P'(f) = P'(m3" « My = Sp + f) = P'(My) = (i = Sy = f).
Thus P’ is determined by a single element P'(M,) € CZ. Observe that
P'(M;) * K = P'(Mj % Sy « M) = P'(my * My) = P'(My) * fii.
We claim that
(3.8) {heCp : h«Ky=hxfi}=Al«M,.
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It will follow from (3.8) that P’(M;) = g = M), for some g € AZA’ and so we may conclude.
The inclusion 2 in (3.8) is clear:

(f M) = Ky = f+ My xSy« My=fomyx M =(fxM)xm.
For the opposite inclusion C in (3.8), let h € Cg satisfying h « K; = h * . Then,
h=hxK,*m' =(h=*ii] «S))* M,

where we used Theorem 3.9. The claim is proved. [l

We can slightly relax the condition (3.7).

Corollary 3.12. Let T’ be a ring, and let e € T;(Y). Assume that e(y), m(y) are not zero divisors for all
y € Y. Consider the localization R := T’[e(y) !, m(y)™1;y € Y], and its subring T = T’[m(y)']. Define
AT BT, CT as in Theorem 3.10. Then the double centralizer property of Theorem 3.11 holds. ]

While the double centralizer theorem above is very general, it has two problems. First, neither of
algebras AT, BT is very explicit; even their size is not obvious. Second, there is no reason for the
condition (3.7) to be satisfied, and it indeed fails in some situations of interest (see Theorem 4.7). The
rest of the paper is dedicated to the detailed study of a particular setup where both of these issues can
be controlled.

4. COIL SCHUR ALGEBRAS

4.1. PQWP as twisted convolutions. From now on, we impose the following conditions PQWPs we
consider:

(C1) There exists an element « € F ® F satistying a(o(a) + S) = R;
(C2) Both ¢ and f are central in F ® F;
(C3) The element P := a(x; — x3) + f is not a zero divisor.

We expect that the condition (C2) is an artifact of our approach, see Section 5.4 for a discussion on how
one might tackle removing it, and the importance of the other two conditions. Since R is expressed in
terms of a and f, we will say that such PQWP depends on («, ) € (F ® F) x (B ® B).

Example 4.1. The element « for certain PQWP can be found in Table 1. For general affine Frobenius
Hecke algebra, we need to solve the following equation in F ® F:

alo(a)+A) =1.

It is not guaranteed such a solution in F ® F exists. However, when either A is nilpotent, or F is graded
and A has positive degree, we can express « as a formal series in A; e.g. when A? = 0, we can take
a = (£1) — A/2. Under the same assumptions, the element P is not a zero divisor both for Savage and
Rosso-Savage algebra. Solution for pro-p Iwahori Hecke algebras for GL4(Q,) is obtained in an ad hoc
manner.

We will realize PQWPs satifying the conditions above as twisted convolution algebras. In the nota-
tions of Section 3.1,let X = G = &4, and let R = F®d(x1, ..., xq) be field of fractions. Here, G acts on X
by left multiplication, and on R by place permutation. Thanks to (C3), we can consider the following
twist:

(g.1) e(g) = g<H1gi<jgd Pji(xi — xj))'
This gives rise to a twisted convolution algebra Hy := Rg(X x X).
Let us recall the basis of Theorem 3.3. Since the action of G on X is transitive, we can choose the

representatives 7 to be (1, g), g € &4. Denote &y, = & ), By definition, &g ,(x, y) = 6, xge(x)x(r).
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Note that
gg,r * gg’,r’(xa y) = Zx’€6n 5x’,xge(x)x(r)e(x,)_l5y,x’g’e(x/)x/(r/) = 5y,xgg’ e(x)x(rg(r'))
= §gg’,rg(r/)(x’ )’)

Recall that we have an embedding of algebras R = Rg,(84) — Hy, r = &, by Theorem 3.6. For
i=1,...,d — 1, consider the following elements in Hy:

(43) I_Il = Ki - §l,ai, - 5 Pu+1 + § PzHrl .

Sis
P X~ Xjt1 Xi—Xi+1

(4.2)

Proposition 4.2. Let H; be the element defined in (4.3). Then,

(a) The H;’s satisfy the relations in Theorem 1.3. In particular, we obtain an algebra homomorphism
®: B1Hy;— Hy.
(b) The map ® is injective.

Proof. Part (a) requires careful bookkeeping while applying (4.2). For the wreath and quadratic rela-
tions, it suffices to consider the d = 2 case. The wreath relation follows since

Hb —o(0)H = (fio2. 82 ) % i = o * (Bt 5oty
=& oo + & retrotrr = & g8y = p(b),
’ )

X1—X2

(4.4)

while the quadratic relation follows since

H2 = (51 xﬁxz +§ X1-X2) = § F2—Po(P) +§ BP—Po(p) Pg(ﬂ)

7 (- x2)2 7 (x1— xz)

(4.5) = (@G- tp) o) + & pip- ) = £ sp &, o
1ao(a)+H (fl_XZ) e 1,0((0(0()+S)+(x17x2) 91—

:§1’R+§1,5*H—R+SH.

Next, we verify the braid relations. Suppose that |i — j| > 1. Then, H;H; = H;H; follows from the fact
that &, , commutes with & . provided gg’ = g’g, g(+') = r" and g’(r) = .

Suppose that |i — j| = 1. It suffices to consider the d = 3 case. When we compute both sides of the
relation, we get six terms corresponding to six elements of Gs. The terms corresponding to s; 3, S251,
18251 immediately coincide. For the rest, we have the following:

HH;H, — HyHH, = SZ ﬁlﬁz(xz x3)(aey —x3)— 1 B2 (g —x2) (31 —x3)— 13 1 P21 (xp —x3 )%+ 13 B2 f32.(x1 —x2)2
(e —x2)2 (x1—x3)(xp—x3)?

+ § B =x5)-PiasGep=xg)-Praf(xy=xp) T ffs P, P1B13G2= )1 By G~ 131 =)
l
(r=x)2 (x =x3)(x2 —x3) (x1=x2)(r1 —x3)(x2—x3)

We need to check that the nominators vanish. After substituting f = A% + A%x; + A%x, + Alx;x,
we can use the relations (2.2) and centrality of AY to drop the subscripts and pretend that AY’s are

commuting variables. By direct computation, we can check that all the nominators become divisible
by A®A — AA% = 0, thanks to (A2).
For part (b), let us compute the image of the basis provided by Theorem 2.12. Thanks to the for-
mula (4.2),
O(Hy) = Ewp, + ZW,<W gw’,PW’w/
for some P, ,, € R. In particular, the PBW monomial bH,, gets sent to &, ,p, modulo lower terms.
We can conclude by applying Theorem 3.3 once we show that P,, is not a zero divisor for all w € &,,.

However, by formula (4.2) it has the form [, (xpk % __ and each P;_j is not a zero divisor by (C3). O

Xj )’ i, Jk

4.2. The coil Schur algebras. Let A be the set of compositions of d, w = (1%), V) = &,/&, for any
A€ A, and Y =| |, Y). Note that for any A,

Re(Yy) = Re ,(64/6;) = R, (pt) = RO
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Given a composition A of r parts, define

Ny =Upd ) s 1<i< i+ + 4 <j< d}, Tl

Py={@GJ)):1<i#j<d}\Ny,
Ly={1)): 1<i<j<d}\Ny,

€= H(i, j)eN)L(xl' - ;) H(i, ep, Bij-

Consider the twisted convolution algebra S; := Rg(Y x Y) for the twist e € Rg(Y) given by e([g]) =
g(ey) for [g] € ©,;/6,; note that 1,S41,, = Hy by definition. By our setup in Section 3.1, Sy acts via
twisted convolutions on Ty := Rg(Y) = @D,cx RE%, which we call the polynomial representation.

Proposition 4.3. The action of Sy on the polynomial representation T4 is faithful.

Proof. Assume we have a nonzero element ¢ € Sy, such that pv = 0 for any v € T;. Truncating by
idempotents, we can assume that ¢ € Rg(Y) x Y,). Recall that for v € Rs(Y,) and [g] € &4/6,, we
have

(6)  ou(lgh= 2, e(gllhDe((h) "o =3 o(lgl.[hDh(e)  h((1]).
hEGd/G}, hEGd/G;I
Let us assume that 1 = & for simplicity; the general case is analogous. Consider the monomial basis
B ={x]"...x}7} : 0 <i; < d— j}of the ring of coinvariants
Cog = Kk[x1, ..., x4]/(k[x1, ..., x4]59).

It is well known that Coy is isomorphic to the regular G;-module. In particular, the d! x d! matrix
(h(b))hes, pe is invertible. According to the formula (4.6) and the assumption guv = 0, this implies that
the vector (¢([1], [A])h(e) Vres, vanishes. Since ¢ is G4-equivariant, this means that ¢ = 0, and so
we arrived at a contradiction. O

Let us write out the action of our favorite elements of S; on Ty = B, RS, Each split S; fixes b € RS2
since $3b = Y eq,/6, Olgli11€(8)g(b)e(g)™! = b. For b € R,

- P
Wb = degd Otzieas(b)ele) = de@ glbep/e) = deeu g(bH(iJ)ELa xfjx,)

= 01(b Il per, Pui)-
where 9, is the Demazure operator associated to the longest element in &, and the last equality is
standard (see e.g. [MM22, Lemma 5.5]).
Using the map ® from Theorem 4.2, let us define H,, := ®(H,,) for all w € &, by abuse of notation.

(4.7)

Note that for an elementary transposition s;, 1 <i < d — 1 we have

(4.8) H; = <§1 Py T gs. P“iﬂ) — gl;ai,ﬂ—l = 5,1(51,) * M/l(s,-) — §1,a,-,

—— i s
’ X~ Xj+1 ? X~ Xit1

where A(s;) = (171, 2,1%771) is a strict composition of length d — 1 with 2 at i-th place. In particular,
let T = B®?. Then all elements H,, belong to HT = BT, as introduced in Theorem 3.10.
Denote the set of inversions of w € G, by

Inv(iw) ={1<i<j<d]|w@)>w()}i

The following statement is the computational heart of the paper.

Proposition 4.4. Recall K from (3.5). Then,

(4.9) Ky = ZWEGA H(i,j)ELA\InV(w) ainW'

Consequently, Hg = B1H,.
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Proof. Both sides clearly factor into a product over the components of A, therefore it suffices to prove the
claim for A = (d). Thanks to Theorem 4.3, it suffices to prove it on the polynomial representation. We
thus identify K4y with the difference operator 9., [ ;<< <, P;j- This operator can be further factorized
as My_1My_, ... M, where

k-1
(4.10) My = 91,1 Hi:l Py, d(k-1,1) ‘= 01... Of—1-
Analogously, we can factor the right hand side:
k-1
(4.11) Yves, Hv = HiHp o Hl,  H{=Hus.py+anHe .+ + [ a

Therefore, it suffices to show that M = H,i for all k. For k = 1, this follows from the definition of
H; in Theorem 4.2. Furthermore, note that Hy , = H{H k41) + Hle @i k+1- Therefore, reasoning by
recurrence, we are reduced to proving that

(4.12) M1 = H; Qi1 + MycHy
as operators on RS = (F&[xy, ..., x;])® ® F®@O[x 4, ..., x4]. For j < k, write
(4-13) O = ::1 Pjy.
We have:
Miy1 — MiHi = 0¢e 1y ks1 — Ogk—1,1) k-1, Ok Pr k1 — k)
= 9(-11) (k169 Prks1 + Ok Mkt s Pr 1 — Mo 1k @k Pkt + a1k
= dgk-1.1) (Mo e — o1 ) + Brdr k1 1) + o llk—1 k)
= 9(—11) (o k1 + P p41)) -

Note that this operator commutes with multiplication by any element in RS*. Thus it remains to prove
the following equality of elements in R:

k
(4.14) I(k-1,1) (aknk—l,k-H + Pk(Hk—l,k+1)) = Hi:l i fe+1-

We proceed by induction on k, with the base case k = 1 being trivial. Using the condition (A2) on S,
we get the following:

k-1 (Okak—l,k+1 + Pk(Pk—l,k+1))

= Jk-1 (akak—l,k+1(xk—l — Xkt1) + Ak Pr-1k+1 + A1 k1Pk + ﬁk(Agl_LkH + Allcl—l,kJrlxk—l))

k-1 i1 + k-1 (B(DR 1 1 + DRy k1 Xk-1))

00 A 11 10 A 01 01711 11 01
akOk-1k+1 + (Ak Ak—1,k+1 - Ak Ak—l,kﬂ) + (Ak Ak—1,k+1 - Ak Akfl,k+1) Xke+1

= Ok Ok—1,k+1-
As a consequence, using Leibniz rule for d;_; and py (see (P2)), we get
(k-1,1) (aknk—l,k-H + Pk(Hk—l,k+1))
= d(k-2.1) (Mk—2,k10k—1(k Prc1 k1) + Okt Mz k1 Pk (Pre—1,1) + Pz k41)Pec1k))
= (k-2.1) (Mk—2,k410k-1(kPr—1 k1 + Pr(Pr-141)) + -1 (P (M2 41)Pr1x))
= O(k—21) (M Ok—1,k+1 + Ak—1pk + (Ak—1 + Sk—1)0k—1Pk + Pr—1Pk) Tje—2 k+1)
= d(k-2.1) ((@k—1pk + (k=1 + Sk—1)0k=1 9k + Pr—1PK) iz f+1) — kT pr—1 T2 ) )

k
+ Hl:1 ai,k+17

where we applied the inductive assumption to d(x_z1)(@k—1,k+11lk—2k+1) in the last line. Since ITy_, x is
independent of (k — 1)-st factor in R, and py_; = fi—19k—1, we have

kO, Pr—1p—2k) = ak—10kpr—1TT—2 ) = W10 k-1 P (-2, k+1)-
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Continuing our chain of equalities, we have
Ak-1.1) (k=1 k1 + Pk p41))
= Hil i1+ Ok—2,1)(@k—1Pk + Sk—10k-1Pk + Pr—1Pk)Tk—2,k+1)
= H; @i k1 + Ok—21)(Ak=1Pk + Sk=10k-1Pk k=1 + Pk—1PkTk—1) -2 k+1)

k
= 111.:1 Aijer1 + Ak-2,1) k-1 Pk (k-2 k+1) + O(h—2,1) Pk k-1 Pk (T—2 k1),

where we used (P6) and the fact that pg_;(ITy_3 x+1) = 0.
Finally, consider the last term in the expression above, and use the inductive assumption:

Ak—2.1)PkOk-1Pk(Mk—2.k+1) = k—2,1) Pk Ok Pk—1TTk—2.%) = ProkIk—2,1)Pk—1TTk—2.%)
k-1
= pKOk (_a(k—z,l)(a’k—lnk—z,k) + Hi:1 Ofi,k) = =9(k-2,1)PkOk(r—11Tk—2,k)

= —9(k-2.1) Pk (k=1 jr1 k2 k+1) = = (k=2,1) Ak—1 Pk (=2 c+1)-

This concludes the proof of (4.14), which implies (4.12), and thus the proposition is proved. O

Corollary 4.5. We have the following expression for m,:

(4.15) m) = Z H aij H (o(a) + S)ij~

weB, (i,j)eL\Inv(w) (i,j)eLynInv(w)

In particular, if « € F ® F is invertible and S € F @ F is nilpotent, m, is invertible as long as chark > d.

Proof. Recall that m; = M;S;(1). Since the action of S; on Vj is by inclusion R®* < R,
my=MS; (1) =MD =K = ] (1),

It remains to show that Hy,(1) = [ jjer,nmv(w)(@ij + Sij). We know that

(04
(i,))eL\Inv(w)

H;i(1) = SjshMacs)(1) — ai = ai + (oi(e) + Si) — o = o3(e) + S;,

and moreover, H;t = s,(t)H; for any t € F®¢. Writing out a reduced expression for H,,, we arrive at the
desired formula. d

Recall the subalgebra AT and the module C” from Theorem 3.10. We call the subalgebra S} :=
(HL, S3, My | A € A) the coil Schur algebra, i.e., S®™™ = ST as in the introduction. Next, CT = @, MH]
is the (8], HI)-bimodule. The following double centralizer property is an immediate consequence of
Theorem 3.11:

Corollary 4.6. Assume that m;) is invertible for alli < d. Then, Endsg(CT) = B1H(d), Endeg{(d)(CT) =
sT.

Example 4.7. Let us come back to Theorem 2.10.

o For nil-Hecke algebras, we have @ = S = 0. Therefore, m) = 0 for all A, and so Theorem 4.6
does not apply;

o For degenerate affine Hecke algebras, we have @ = 1, S = 0, so that m; = []; 4;!. In particular,
m(;y = i! for all i, and hence Theorem 4.6 applies when char k > d;

o For affine Hecke algebras, « = 1, S = q — 1, therefore my = [];[A],! are g-factorials. In
particular, mg) = I, % for all i, and hence Theorem 4.6 applies when g is not a root of
unity of order < d; note that m, = 1 for 0-Hecke algebra, and so Theorem 4.6 always applies;

o Finally, in the case of affine Frobenius Hecke algebras, Theorem 4.5 applies when the quadratic
relation splits (see Theorem 4.1). In this case, Theorem 4.6 applies when chark > d.

4.3. (a, S)-multinomial coefficients. For any y € Z(F ® F), let us define

=  « p®d .
)/w = H(i)j)EInv(w) Yl,] € B s Yw c—
16
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Lemma 4.8. We have

Yw = YiNUiN(YiN—l) (O.iN O—iz)(yil)’ Y:v =Y Uil()/iz) (O.il UiN—l)(yiN)’
where w = s;, ... s;, € & is any reduced expression. It is understood that y, = y* = 189,

In particular, if y = q(1 ® 1) for some q € k, then y,, = ¢"™(1 ® 1).

Proof. The proof for y,, follows from an induction on the length of w. The initial case is trivial. The
inductive case follows from the fact that Inv(s;w) = Inv(s;w) L {w™1(i) < w™l(i + D} if s;w > w. O

As a corollary, (4.9) and (4.15) become, respectively,
(4.16) Ki= e, OB M= 3 a0 (0(@) + ).

Let F be a unital ring, S € F ® F a weak Frobenius element, and let « € Z(F ® F) be such that
a = o(a) + S is also central.
In view of Theorems 4.5 and 4.7, we may define a notion of («, S)-multinomial coefficients, for A F d,

by
d _
(417) 2 = Z H Qjj H ajj.
(a.9) weS4 (i, j))eN;\Inv(w) (i,))eN) nInv(w)
Such multinomial coefficients appear when one tries to describe relations in the laurel Schur algebras,

see Theorem 5.7. In particular, mg) = [fld] and it specializes to the g-factorial [d];! = },c, q"™

(a.8)
when o = 1®1and S = (¢ —1)(1® 1). When A = (k, d — k), the set & is identified with the set of size

k subsets of {1,...,d}. Inthecase F =k, = q(1® 1) = q, S = t — g, we recover the (g, t)-binomial
coefficients

d . .
[k N k] = Y qUOr0D, 12) =) e Ix (dIND] i 2
’ (¢.t-@)  IC[d], 1=k

Note that [ k,;— k] s) * [ d—ic,k] @s) in general. It is an interesting combinatorial question to see which

classical formula for (g, t)-binomial coefficients extend to this setting. We would also like to know the
geometric meaning of these elements when F is the cohomology ring of a smooth manifold X, and
S € HimX(X x X) is the class of the diagonal.

4.4. Bases of coil Schur algebras. The basis of S} can be expressed in a straightforward way from
the basis of Bt H(d). Recall that by Theorem 3.10, we have the following direct sum decomposition:
T T T . T
S = EBM Si, where S, :=MS]S,.
Let us fix two compositions A, 1 € A until the end of this section. By Theorem 2.12, B1 H{; has a PBW

basis in which a PBW monomial is of the form b H,, where b € B®¢ and w € &4, and hence any element
in B 1 H(d) can be spanned by PBW monomials in a different order as below:

(4.18) H,,bH H,, beB® w €&, w6, gec'cH
Lemma 4.9. For any w € &), we have H,,S) = @,,S;, M\)H,, = Mya,,.

Proof. Interpreting S} as a subalgebra of the convolution algebra S, from Section 4.2, we see that the
two equations are completely symmetric. It therefore suffices to check the first one. By Theorem 4.3
we can check it on the polynomial representation T4. Let f € RS, and let w = s, ... s, be a reduced
expression. Then,

HuS)(f) = Hw(f) = Hy, ... Hy, (f) = Hy, ... Hy ((03,(ai) + Si)oi () + pi ()
= Hsil HSiH (ailf) T H(i,j)eLl,w(i)>w(j) aijf = @wSh,
where we have repeatedly used that f is G,-symmetric. |

Let v =68"(A, g, 1), 6 = 6°(4, g, 1) (see Theorem 1.1).
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Proposition 4.10. Pick a k-basis B of M, TS, C TSv. Then the set below is a k-basis ofS/{u:
(4.19) {MybH,S, | g € *&*,b € B},
Proof. Theorem 4.9 together with (4.18) imply that S/{ , has the following spanning set:
ML, bi)H,S, |1 € I, w e *&H}.
Furthermore, combining Theorems 4.4, 4.5 and 4.9 we obtain
(4.20) MK, = Mym,,, K,S, =m,S;.
Let f € B®?. Using (4.20) and the braid relations in B 34, we obtain
M, fH,S, = MyK,m,' fH,m5'KsS, = MyK,m,* fH,,KsS,

= M;K,m,*fK,H,S, = MyS,(M,m;*fS,)M, H,,S,

= M;K,m,; (M,m}' fS,)H,,S, = My(M,m," £S,)H,,S,.,
where the dot over an equality = means that it holds up to lower terms in w. We deduce that the

set (4.19) spans S/{u over k.
In order to check linear independence, recall the basis of S; from Theorem 3.3:

Euf(. V)= ), Olalydlalyolef), we'SH feBy.
0eGy4/6,

A lengthy computation completely analogous to the one in the proof of [MMz22, Theorem 4.10] shows
that in terms of this basis, M, fH,,S,, has the highest term &, Feufls where

IBW - H(i’j)EN/‘UW(Nu)(xi B xj) H(i,j)Eme(Pu) Pij'

Since e, ;! is invertible, we see that the set (4.19) is related to a subset of (3.2) by an upper-triangular (in
w) change of basis. This yields that its elements are linearly independent, and so we may conclude. [

5. LAUREL SCHUR ALGEBRAS

5.1. Removing invertibility assumption. Without the invertibility of m,, the subalgebra S/{ , is too
small to satisfy double centralizer proprety. For instance, it does not even contain the identity map
MAHg — MAHZ;- Indeed, for A = (d) we have *6* = {1}, S, = &5 = S, and so all elements of S(Td),(d)
are of the form
M fScay = fM@Say = fma,  f €T

This illustrates the failure of double centralizer property as stated in Theorem 4.6. In order to remove
the condition on m,, we will exploit the extra structure afforded by subdivision of compositions. Let us
begin by proving some properties of PQWP algebra H} = B H(d).

For any A € A and a refinement v £ A, write w’ := w('S) and w” := wD for short; see Section 1.2
for the notation. Define

(5.1) Ky = ZWGVGA Hy,ay., K = ZWGGX yyry Ho.
Example 5.1. Let A = (3). Then,
K(3) = HiH,H; + a1 H,H; + oo H{Hy + ayi3Hy + as a3 Hy + a3 as,
= (HiH; + aj Hy + a5, )J(Hi + 1) = (Hy + ay)(HoHy + Hyatg, + a,.),
Indeed,
K%Y = m,H, + H R®Y —HH,+a" H, + a
3 — 12 1+ Mo, + Ay, 3) - 2 tog iy +ag g,
and hence y3)H; = y(5)a;.
Lemma 5.2. Suppose that A= (A, g, 1), v =06"(A, g 1), and 6 = 5°(A, g, u). Then,
K, = KsK?, Kj =K/ K,.
18



In particular, Ky := K,1HgK;lS = I?/{’HgK# is well-defined.

Proof. 1t suffices to consider a transposition s; € &,. Let I be the composition such that §; = (s;).
Denote by & and /S the set of shortest left and right coset representatives of &; C &, with longest
elements w' and w’, respectively. Then,

(5:2) Ki= D et @B+ ) = 35 o (Hi+ @),
and we are done. ]
Lemma 5.3. Let F € Hg. Then, F € HgK;L if and only if FH; = Fa; for alli with s; € G,.

Proof. Fix an i such that 5; € &, and let I be the composition such that &; = (s;). Thanks to (C1),
0 = (H; + o;)(H; — @;), and hence

(5-3) (Hi + ap)H; = (H; + o).

The necessity follows from (5.2), since K)H; = K,a;. For sufficiency, use Theorem 2.12 to write
F = F, + F,H;, where F,, F, are linear combinations of elements bH,,, b € B, w € &'. Then

0 = (F, + KH)(a; — H) = Fia; — FoR; + (Faa; — Fi)H;,

and so F; = F,a;. Thus, F = F,(o; + H;). Doing the same computation for all i with s; € &, we conclude
that F = F’K;, where F’ is a linear combinations of elements bH,,, b € B, w € &, O

Proposition 5.4. Let A,y € A. For each g € "G, let v(g) := 8"(A, g, p), 8(g) := 8%(A, g, ), and pick
k-bases Eg of T®"® and B; of TS%®), respectively. Then:

(a) The set{Kpp := KAngK;,S(g) lg e’ b e Eg} is a k-basis of K;HE n HgKu, and so is the set
(K ®WHbK, | g € "6+ b e By}
(b) Let oy := H(i,j)e(ng(Nﬂ»\Inv(g) a;j. For any A, i € A, we have

(5.4) K(d) = ZgG)‘G“ aAK)‘L/(g)HgK(SKI?(g)'

Proof. For (a), it follows from Theorem 5.2 that K, € KAHg N HgKu =: H. Let H C H be the
subspace spanned by elements of the form Ky ;. We want to show that any h € H lies in IH’. Since
h € K;HT, we can write

h= ZWEAG K,b,H, forsome b, € B®,

Pick any x € *& with b, # 0. Suppose that x ¢ *G#, then one can pick an s = s; € &, with xs < x and
xs €*&. Since h € Hng, by Theorem 5.3 we have hH; = ha;, and hence by comparing the coefficients
of H, on both sides of ), K; by Hya; = Y, KybyH,, H; yields that by # 0. Therefore, one can repeat
this procedure to find a representative g € *&* with b g % 0.

Let s = s; € Gs(g). On one hand we have K, byHgH; = K)byHya; by Theorem 5.3, and on the other
hand,

KybgHyH; = KybgHiHy = Ky(Hjo(by) + pi(bg))Hy
= Kyoj(bg)Hga; + K pj(bg)Hy,
where j = g(i). This implies that @0 ;(bg) + pj(by) = @;bg, and so
0= (ﬁj - aj(xj - xj+1))(bg - Gj(bg)) = Uj(aj(xj - xj+1) + ﬁj)(bg - Uj(bg))-
Since a;(x; — xj41) + B is not a zero divisor by (C3), it follows that by = 0;(bs). We proved that
by € TS5, and so h— K Ab, € H'. Proceeding by recurrence, we obtain that / is a sum of terms of the

form Kap,, bg € TS, and so h € H'.

The linear independence follows from k-linear independence of the set {K4 | g € A&+, Recall the

°s
A=, w = we , wh

because their highest terms H, HgH,,» = H,,4 are.

S,86 . .
longest elements w = w. "7%_Then the elements K are linearly independent,
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Finally, the proof of (b) is a direct computation. Namely, recall the definitions (4.9,5.1) of all the terms.
Since all the coefficients are products of a;;’s over non-inversions, it suffices to check the equality of
coefficients at each Hg, g € ASH, There, we conclude by noticing that

Loy NInv(g) = (L) U g(L,)) u (N n g(N) \Inv(g),
and that the coefficient of H, on the right hand side of (5.4) is precisely []; e, g(L,) %ij- |

5.2. Laurel Schur algebras.

Definition 5.5. Let A, v € A with v F A. Define partial splits and merges by

Sva € Ro(Yy x Y)), Sa(x,y) = 8p,,x.ye(¥); My € Apys Ma(y,%) := 6yp,,x0€(1)-
where p,) : 64/6, - 6,/6, is the natural projection. Define a subalgebra
(5.5) M =8 == (S My | v EAEA e T = Tg (Y2) C S,
which we call the laurel Schur algebra.
Lemma 5.6. Let v F pu = A. We have S,,S,) = Sy, MyuMy, = M,,. In particular, Syy = M,, is an
idempotent in S,.
Proof. The computation is identical for splits and merges, so we only write it for the former:

SvyS,u/l(x, J/) = Zz 5pw(x),z5py/1(z),ye(z)e(z)_le(y) = 5pv,\(x),ye(y) =S5, ]

The following result is proved completely analogously to Theorem 4.5; we will not use it.

Lemma 5.7. Let A = d. Then, Sfld)M(’ld) = [ﬂ @Sy O

It is clear from the definition that S C gaT,.
Proposition 5.8. We have ST = §£ if my is invertible for all A.

Proof. We have

M}Lv = M/IVMVSvm;1 = M/lsvm;l, SVA = m;leS/ls
by Theorem 5.6, so that it only remains to prove that any ¢t € Tg,(Y;) belongs to Sg. However, t =
M;Symy*'t = Mym;'t’S;, where t’ is the image of t in T = Tg (S 4). We are done. O

The goal of this section is to prove the following double centralizer property without an invertibility
assumption.

Theorem 5.9. We have Endgg(CT) = BUrH(d), EndBm(d)(CT) = §§. In particular, Bx H(d) = S, *
§§ * Suw, and the Schur functor is given by §§—mod — B1H(d)—mod, M — S, * M.

By Theorem 3.8, we have a natural inclusion
Y=yioys Sy oHy  x o SixM,.

Let us denote by Kﬂu the intersection K;LHg N HgKy. Since K = S)Mj,, all such elements belong to the
image of ¢; we will therefore implicitly identify A,, with its preimage in S, under . Note that we
can alternatively write

A = Yi(MHY) 0 YR(HES,).
Let A,z € A, and w, v, § as in Theorem 5.4. Consider the element
(5-6) ﬁw ‘= HyK,.
We have H,, = (H,,S,)M,, but also by braid relations H, = KsH,, = Ss(MsH,,); therefore H,, € Ag,.

Lemma 5.10. Forany A, i € A the vector space A, C Sy is spanned by elements of the form M;, bPNIWS(gu,
where w € *&*, b € TS, and v, § are as in Section 4.4.
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Proof. Applying ¢, this follows from Theorem 5.4(a). O
Lemma 5.11. Let A = (dy, d3), pt = (da, dy). For any 0 < i < min(dy, d») denote v; = (i, d; — i, ds — i, 1),
8i = (i, dz — i, dy — i,i), and w; € &4 the shuffle sending v/ to v;. Denote ¢; = [[ 1<y jy<; @ a—iry. Then we
have S)L,(d)M(d),p = Z?:li(;l(dl’dZ) CiM/l,v,-ﬁwi 551',/1'

Proof. It suffices to check this equiality after applying 1. Note the following simple equialities:
SuSuaMy = Ky = S, MK = §,,My = MK,
SIMy, M, =Ky = KOS, M, = S;My, = KS,.

Using these and the associativity equations of Theorem 5.6, we get in the image of ¢/

min(dy,ds) ~
Kay= Doy GSAMyyHo S5 M,

=

min(d;,d,) . ~ ) min(d;,d,) ) )
- Zi:o o CiK)(LVl)SViHWiM&K/S&) - Zi:o - C"Kyl)HWiKtSKIS&)‘

One easily checks that ¢; = a4 for A = (A, w;, 1), so we can conclude by Theorem 5.4(b). O
5.3. Proof of double centralizer property.

Proof of Theorem 5.9. The actions of B H(d) = HZ and EZ; on C manifestly commute. Moreover, the
action of §§ descends to CT. Indeed,

HOGE) = Mi(BF) My (MyF) = MiF, S(MiF) = My(K;"F).
It follows that §§ C Enng(CT). The first equality also immediately follows:
H) = Endsg(CT) ) Endgg(CT) OH] = Endgg(CT) =HI.

It remains to show the inclusion EndHarl(CT) c §§. As in the proof of Theorem 3.11, a map P of H-
modules C/{ - CZ is completely determined by the element P(M,). Moreover, it has to satisfy the
conditions of Theorem 5.3 by Theorem 4.9:

P(M)H; = P(MH;) = P(M;(oi(ai) + S3)) = P(My)(oi(ai) + ).
Therefore Enng (chc Klu' By Theorem 5.10, every element of K,w is written as a product of partial

splits, partial merges, elements of T®* and H,,. Note that H,, belongs to §§. Indeed, let us write w
as a reduced expression s;, ... s;;, where s;, are elementary transpositions in &),|. By definition, H,, =
S,(M,H,,) = (H,,Ss)M; as an element of A, . Given another H,, = Ss(MsH,,) = (H,,Ss' )My, we can
compute the product H, H,, inside Sy, but as an element of A, s, as follows:
H,H, = (HyS5)(MsHy) = HyKsHyy = HyHyKy = HywKy = Hyo.

Reasoning by induction, we obtain ﬁw = ﬁsz-l I—NIsl.l. Theorem 5.11 implies that each ﬁsij is expressed
inductively in terms of partial splits and merges:

~ ~ min(d,,dz)

Hy = Hyy = SioMayu = ),

Therefore A, C §§, and we may conclude. O

cl'M/LViHWi 551‘,}1'

Corollary 5.12. Let A,y € A. Foreach g € AGH, let v(g) 1= 6"(A, g, p), and pick a k-basis Bg OfTGv(g).
Then, the following set forms a k-basis of §i i
(5~7) {MM bﬁg55,1 | g€ /16”, b e Eg}

Proof. Thanks to Theorem 5.10, it suffices to check linear independence. This is done in the same way
as in Theorem 4.10. O

In order to better explain the difference between coil Schur S} and laurel Schur §§, let us represent
their bases diagrammatically. We read algebra elements from right to left, and diagrams from bottom to

21



top. We represent the idempotents 1,, see (3.5), by drawing strands of thicknesses A1, ..., A, elements
t € T by coupons on strands, splits and merges by splits and merges, and the elements H,, by crossings
of thick strands. First of all, note that our definition (5.6) translates to “splits/merges go past crossings”.

Below is a typical presentation of a basis element (4.19) in coil Schur, and its translation into a basis

element (5.7) in laurel Schur, using Theorem 5.6 and the equation above. In this example A := (}2)

with A = (3,1), p = (2,2), § = (1,1,2), v = (1,2,1), g = s35, b = by ® b, ® b3 ® by € B®*, and we

denote by % by := M, (by ® b3)S,, for simplicity:
b

In particular, only coupons valued in M, TS, can appear on thick strands for the elements in coil Schur,

For example:

while in laurel Schur coupons belong to a slightly larger space T°".

Remark 5.13. We do not pursue a description of §§ in generators and relations here, but we expect
a result similar to [SW24a, SW24b]. However, we end up proving analogues of most of the defining
relations in loc. cit.; here is a schematic comparison (omitting indices and coeflicients):

(2.3) (2.4) (2.5) (2.6) (2.7) (2.8)
o ST o] BEDg Y - ey
Theorem 5.6 | Theorem 5.11 | Theorem 5.7 ?2?? Theorem 3.9 | Theorem 4.5

The relation (2.6) is significantly more complicated in our context, because of the presence of algebra F
in the coefficients and great freedom of choice of . However, note that computation analogous to (4.7)
gives a formula for the action of partial merges on the polynomial representation:

My (f) = (f H(i’j)gLA\Lv Pij) ;

where 9,, is the Demazure operator corresponding to the longest element w. € &}. We expect to be
able to compute an analogue of (2.6) using these formulas, and thus to obtain a presentation of SZ; and

<T .
S, by generators and relations.

5.4. Relaxing conditions (C1)—-(C3). When the elements «, f§ are not central, Theorem 4.2 immedi-
ately fails:
Hb - o(b)H = § By=atb)p + § Pa(b) 5(b)P = p(b) + f Pa(b) a(b)P # p(b).

X1—Xp
This suggests that our approach via convolution algebras is not viable in general. Instead, one should
take a version of Theorem 4.4, with all products taken in correct order, as the definition of quasi-

idempotents K;. We expect that with enough bookkeeping of product orderings one can show that
K? = m)K), which would imply the analogue of Theorem 4.6. However, we wanted to highlight the
very general Theorem 3.11 as a result of independent interest.

Conjecture 5.14. Assume that B1J; is a PQWP satisfying (C1) and (C3). Let us write Hy = B134. For
any composition A F d, define K, by the formula (4.9), where the product is taken in lexicographic order.
Consider the right Hy-module CT := @, K;Hy. Furthermore, let §§ =@, §,{”, ST = KyHy N HyK,,

22



equipped with the product
xK, = K,y = xK,y, xK, € §L,, K,y € §;V.
Then the statement of Theorem 5.9 holds.

On the other hand, the existence of solutions of (C1) seems to be crucial to get the theory going.
Indeed, suppose we want to extend the left action of B®? on itself to the whole B H(d), that is to
construct a polynomial representation. By wreath relation, this action is completely determined by
¥ 1= Hi(1). However, using the quadratic relation

0= (H? - SH; — R)(1) = Hi(y)) — Syi — R = (oi(y1) — Syi — R,

and so (—y;) satisfies the condition (C1).
Similarly, when the condition (C3) fails the polynomial representation ceases to be faithful. Indeed,
let us fix y = —«, and assume that {P = 0 for some { € B® B. Then

({Gez = x)H + IP)f) = {(a = xo)o(fa = {B(f = o(f) + {Bf = {Pa(f) =0
forall f e B®B.

6. SCHURIFICATION OF QUANTUM WREATH PRODUCTS A LA DIPPER—JAMES

In this section, we translate our Schurifications into a different flavor, which is closer to [D]89].
We will define the wreath Schur algebra S) = S, ; := Endy,(V®?) algebraically, and use the double
centralizer property on the convolution side to prove the double centralizer property on the algebraic
side when n = d. Finally, we prove the case n > d by explicitly constructing idempotents. The
aforementioned algebras are related via the following diagram:

ol

Sa v Dy MH] 2 H)
) N I

Saa Ve =Pjen,, M A~ BIH()

I ! I

Snd ~ yed A B1H(d)

6.1. Atensor module over affine Hecke algebras. Let usrecall the action of the affine Hecke algebra
of type A on a tensor space appearing in [KMSo5]. Renormalizing Theorem 2.10 by v = ¢'/2, the affine
Hecke algebra is a PQWP with B = k[x*'], S = (v — v 1)(1 ® 1), and R = 1 ® 1. Consider the set
I, = {1,..., n} together with its natural total order, and let V, = P, v:B be a free right B-module
with basis {v;}ic;,. We further consider the right B®4-module V,fz’d. It has an obvious k-basis, given by
elements
vixe, 0= (inensia) €18, = (iensja) € 29,

where v; = v, ® -+ ® vy, x; = ¥ ® -+ ® x/2. We have a natural right & 4-action on both I¢ and B®¢
and V®¢ by permuting factors; we will denote it by — - o. The action of each Hy € Bt 3(d) on V¢
in [KMSgs, (32)] can be rephrased as follows:

Vs () 56) = (v = v 0ok (e xnry if ik < igens
ix)He 2= {voi(x; - s0) = (v = v Do) xir  if ik = i
Vps, (3 - 51) = (v = v Dwiok(xgxpr) i ik > g

This suggests a uniform construction for other PQWPs.

6.2. A tensor module over polynomial quantum wreath products. Let B H(d) be a PQWP sat-

isfying (C1)-(Cz2), where B is the ring of (Laurent) polynomials over a unitary algebra F. As before,

consider the free right B-module V,, = P;¢;, v;B, and the right B®¢-module V®¢. Given a k-basis B of
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B®¢, we have an obvious k-basis of V®¢:

{vb :iel’ beB}
Let @ := o(a) + S as in Section 4.3; note that —a satisfies the equation (C1). We define the right action
of each Hecke-like generator Hy € Bt H(d) on V®¢ by
v (b - 5) + 0,94(b) if ig < g
(6.1) Wib)Hy = { vir(b - si) + v, 94(b) if i = iges;
Do Ri(b - s) + 0i(@5(b) + Sp(b - 1)) if i > iy

Note that a(b)S = 9#(b), a(bp) = 9*(b) + Sa(b) by (C2) and Leibniz rule; therefore for affine Hecke
algebras, (6.1) specializes to the formula from [KMSgs5].

Proposition 6.1. Let B{H(d) be a PQWP satisfying (C1)—(Cz). The formulas (6.1) define a B{3{(d)-action
on V&,

Proof. For quadratic and wreath relations, the verification reduces to the case d = n = 2. If i; = iy, the
action of H preserves v;. Dropping it from the notation, we have

Leibniz _

P(Hb) = ac(P)b + p(P)b “="ac(P)b + p(c(b)P) + Pp(b)
= P(a(b)H + p(b));
PH? = (@o(P) + p(P))H = @o(@) + a(op + po)(P) + p*(P)
YW (@o(@) - aS)P + @Sa(P) + Sp(P) = PR + P(SH).
If iy < iy, then v; = v12, and so we have
v12P(HD) = 0310(P)b + v12p(P)(b) = v210(P)b + v12p(c(b)P) + v12Pp(b)
vi2(0(b)H + p(b));
(0216(P) + v12p(P))H = 012RP + 21 p5(P) + 031 SP + 0310 p(P) + v12p°(b)
v12RP + v12Sp(P) + v21S0(b) = v12PR + v1,P(SH).

v, PH?

The case i, > ij is checked in an analogous fashion.

It remains to check the braid relations. It is clear from definition that v;PH;H; = v;PH;H; when
li — j| > 1. Thus it remains to check the cubic braid relation, for which we can assume that d = n = 3.
Using wreath relations, we can write

(iP)HiHyH, = v;HiHyHi (s15:5)(P) + Y. viH, Py,

w<s18281 ~
for some P,, € B®® expressed in terms of P, o; and p;. One can similarly rewrite (viP)H;H,H; as a sum
of v;H,H1Hy(s35152)(P) and lower terms. One checks directly that, thanks to relations (P5)-(P7), the
lower terms coincide on the nose. Thus it suffices to check the braid relation on vectors v;. In this case,
(6.1) simplifies to
Vj-s; if i <ipyq;
(6.2) viHy = Vs, Ak if i = igyr;
Vi R +0iSk if ik > igqq.
By [Eli22, Lemma 5.1], a minimal set of the rank three ambiguities corresponds to the following:
v(1,2,3)(HiH)HyHy = v( 53yHi(Hy H Hy),
v(1.2.3)Hi Hy(Hi Ho Hy) = vy .3)Hy (HS)Hi Ho.
That is, checking v;HH,H; = v;H,H; H; can be reduced to checking it for i € {(1,3,2),(2,3,1)} and for
the case 1 < iy < 2.
By a direct computation, the equality v(; 5 HiHoHy = v(q32)H2Hi H holds if and only if the coef-

ficients of v;, i € (1,2,3) - G3 on both sides coincide. This is equivalent to conditions (P8)-(P9). By a
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similar computation, the equality v(y31)HiHyH; = v(231)H;H; H, holds if and only the following hold,
if Y=SorR:
(6.3) S10102(Y1) + p1oa(Y1) = 01(Y2)Sy + p1(Yz),  Rioa(Y1) = 01(Y2)Ry.
The first equality of (6.3) follows from (P4) and (P8). Namely, we have p;02(Y;) = 0 and
S10102(11) = Is,01(02(Y1)) = (rs,07 + pro1 + o1p1)(02(11))

= 02(Y1)S1 + p1(0102(Y1)) + 01(p102(Y1)) = 02(Y1)S1 + p1(Y2).
The second equality in (6.3) follows from centrality of R. Finally, if 1 < iy < 2, then any such case is a
degenerate case of the corresponding rank three calculation since at least two of the tensor factors in
v; agree. If all i’s are the same, then the braid relation holds if and only if @130, = @131, which

holds thanks to (C2). For the most complicated degenerate case, it requires to verify that v, , 1)Hi HoH; =
U(2,2,1)H2 H1 Hy, Equivalently, it suffices to check that

(6.4) RiRi3ay = @2R13R1,  SiRi30z = Ryr13S1,  @1S1302 = S13Rq + Saa135y,

which follows from combining the fact that S is weak Frobenius and (P2). This concludes the verification
of braid relations. (I

Definition 6.2. We call the centralizing algebraS®) = S, 4 := End ) (V2 ) the wreath Schur algebra.

6.3. An analog of permutation modules. Suppose that M is a B®¢-module, N is a k-vector space.
The conditions on Q such that N ® M has a module structure over an arbitrary quantum wreath product
B1H(d) have been developed [LNX]. Here, we provide a special case of the theory therein.

Let B1H(d) be a PQWP such that (C1)-(C2) holds. Recall from (5.3) that (H; + «;) is an eigenvector
with respect to the right multiplication by Hj, and the corresponding eigenvalue is @; = Si+0;(e;) € B®?.
We want to construct an analog N” of the permutation module x,Hq(&4) using eigenvectors of this
form.

For A = (A, g, j1), we further write § := §°(A), G(A) :=°G u» and recall the elements

Ki= e, ot Ko = D0 o Bty Ka= KiHK]
defined by (4.16), (5.1) and Theorem 5.2 respectively. In order to make the notation closer to Dipper-
James contruction, we will write

=Ky, y)=KJ, ya:i=Ka
until the end of this section. For any A € A, 4, we define a subspace
N* := Span, {y \Hg € B1H(d) | g € 3y,

on which the right multiplication of B H(d) induces a structure map
(6.5) N @ kS, > N*®F®, yH, @ ww delg(yAHg) ® bs.,,
where b}, are the coefficients appearing in wHyH,, = zge)te y,mHgb,‘%w.

Example 6.3. Letd = 2. Then, §(; 1y =1 = @G and WG = G, = S(y). Hence, y11) = 1, y2) = Hi—@.
Note that right multiplication by H; does not preserve N(bD = Span; {y(1,1), Y1,1)H1}. More precisely,
the structure map (6.5) for A = (1, 1) is given explicitly by

Yan®siP yanHi ® 1 yanH ® st = yanHi ® St + ya1) ® Ry
Similarly, the structure map for N® = ky(y) is givenby v ® 5; » v ® @.

For any i € I¢, denote by i* € I¢ the non-decreasing rearrangement of i, and let w(i) € *& be such
that i* - w(i) = i. Then, i* is of the form (111, ..., n**) for some A = A(i) € A, 4. Write vy =g
Note that V,, decomposes into a direct sum U; @ -+ @ U,, where U; := v;B. For A € A, 4, let U* =
vj{B®d =UP M@ U8 be a free right B2¢-module by factorwise multiplication. Define a vector space
M := N* ® U”. 1t inherits a right B®¢-action from U*. Furthermore, using the structure map (6.5),
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define a right action of Hy, 1 < k < d — 1 on M* by
(yAH, ® P)H; = y,H, ® 9*(P) + Zg%(yAHg) ® b, (P sp).
We have a vector space isomorphism
(6.6) Dn M =VP4 3iHg® 0[P > vpgP. yiHyp ® 0P < uP.

Proposition 6.4. Let B1H(d) be a PQWP satisfying (C1)—(Cz).
(a) The map (6.6) is compatible with the right action of Hy, 1 < k < d — 1. In particular, M* is an
B H(d)-submodule of V®¢;
(b) Let )’ be the strict composition obtained from A € A, 4 by removing zeroes. Then M* = C/{,, where
C/{, = M,VHZ; is the direct factor of the bimodule in Theorem 4.6, via

yiH, ® ;P> MyH,P,  PeB® ge'6.

Proof. Tt is easy to see that the action (6.6) is obtained by rewriting (6.1)—-(6.2) under the isomor-
phism (6.6), hence the first claim. The second claim follows by direct comparison, recalling that the
map t,bﬁ from Theorem 3.8 induces an isomorphism of right modules M ;L/HZ; - K A/Hg. ]

6.4. Schur duality and a basis of wreath Schur. Let us describe a basis of wreath Schur algebra
S,.4 in terms of homomorphisms between permutation modules M*. For A = (A, g, u1) and P € B®, let
0ap € Homy(M*, M*) be the following map:

(6.7) Oap : M' — M, (V. ® U;) h— (ZWGGN,W/€’16 vl ® Ujl—bngW> ~h,

where P,, are defined by Py;lS = zweeﬂ H,P,,. The statement below follows immediately from Theo-
rem 5.4 in view of identifications in Theorem 6.4.

Proposition 6.5. For each v F d, fix a k-basis B, of (B®?)®". Then, S, 4 has the following basis:
{QA,p | A€ @n,d,P € Egc(A)}. O

Note that P = 1, we recover the Dipper—James elements 04 p = y4. In general, the situation is more
complicated.

Example 6.6. Suppose that A := (%})) with A = (2,2), p = (3,1), § := 6°(A) = (1,2,1), and g = s353,
and G(A) =6 u- Then,

Sy =(s1,83), G(A)={g€(s1,52) 58> g}=1{e 51,515}

where the longest element in G(A) is s;s; = wowh. Pick w 1= Kk 1(s1, 81) = s1gs1. Then, wiw = s;s,,

Hy = HyHs, and y) = (HiHy + Hyaz + ay,5,). Let f € F, P := fix,x3 = f ® (x1x;) ® 1; then
Oapr(yy ® U;) = yyHHsH Hy ® v} x1%2 f3 + YA HaHs Hy ® vy x1 fo(x302 — fa3)
+ yaHoHs @ v fi(B13f2 + xax305,5, — Praaxs — X223 — pa(B1)x3).
Theorem 6.7. Assume thatn > d. Then B1H(d) = Endsnvd(V,fz’d), and so Schur duality holds for the pair
(Sn.a, BXH(d)).

Proof. We have an obvious inclusion B1H(d) C Ends, ,(V&). For the opposite inclusion, let A, g C A
be the subset of non-decreasing compositions, and consider the following Bt H(d)-submodule V’ C

V,;@d:
/7 _ A
V= @M,WM :

Note that A7 ; is in bijection with the set of strong compositions of d. Applying Theorem 6.4(b), we get
an isomorphism of B H(d)-modules V’ = CT. In particular, by Theorem 5.9 we have Ends, J(vedy ¢
Endgg(V’) = B1H(d), and so we may conclude. O

Corollary 6.8. Suppose that B H(d) is a PQWP satisfying (C1)—(C3). The wreath and laurel Schur

algebras are Morita-equivalent, provided that n > d.
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Proof. By Theorem 6.4(b), both the tensor space V®? and the polynomial representation C” have the
same direct summands as right B t H{(d)-modules. Let € € S, ; be the idempotent corresponding to

the split inclusion V/ = CT ¢ V®? Then §§ = €S, 4€, and Morita theory implies that S, ;j—mod —
§§—mod, M — Me is an equivalence of categories. |

7. EXAMPLES AND APPLICATIONS

7.1. Affine Hecke algebras. The affine Hecke algebra of type A is a PQWP with the following pa-
rameters:

B=k[x*'], S=(qg-1D)(1®1), R=q(1®1), a=181 f=(1-qx.

Itis well-known [GRV94] that the corresponding Schur algebra §q(n, d) can be realized as a convolution

algebra for affine partial flags (such a realization corresponds to the Coxeter presentation). §q(n, d) has
a Morita equivalent version given by the K-theoretic convolution algebra

Sg(d) =Y, o KO (T"(GLa/Po) <y, T*(GLa/Py).

defined as in [CGg7, Ch. 5], where Py C GL, are standard parabolic subgroups, and Ny C gl; the

nilcone. The Schur duality is known for both §q(n, d)=S,4and 3?1( (d) = §§. Our work only produces
a new twisted convolution algebra construction for §q(n, d), which can be related to the K-theoretic
convolution via equivariant localization, as in [MM22]. The basis 84 p is different from Dipper-James
basis, and rather recovers the basis in [MS19, Prop. 4.17].

7.2. Degenerate affine Hecke algebras. The degenerate affine Hecke algebra ﬂ-(jeg of type A is a
PQWP with the following parameters:

B=k[x], $S=0, R=1®1=a=p.

A notion of degenerate affine Schur algebras has not been explicitly studied, to our knowledge (however,
see [BKo8, SW11] for cyclotomic versions in characteristic 0).

The closest but different notion appeared in the (higher) Schur duality of Arakawa—Suzuki [AS98],
which states that for any gl,-module M, there is a ngg—action on M ® (k™)®9 such that the x;-actions
involve permuting tensor factors in (k")®¢. A functor that connects the representation theory of Yan-
gians Y(gl,,) and of 9-(3eg is given. However, it was not about double centralizer property, nor the Schur
algebras were studied. In contrast, our ngg—action is defined on the tensor space (k%)®? = (k"[x])®¢,
such that the tensor factors do not permute under the actions of x;’s.

Corollary 7.1. There is a double centralizer property between f}{jeg and the corresponding wreath Schur
algebra S, 4 on the tensor space V&% for n > d over a field k of any characteristic.

We expect that there exists an explicit quotient map Y(gl,) — S, 4 for any d. In contrast, while the
laurel Schur algebra §§ also enjoys a double centralizer property (on a submodule of V&%), we suspect
that its connection with the Yangians is less transparent.

7.3. Pro-p Iwahori Hecke algebras. Denote by H(qgs, cs) the generic pro-p Iwahori Hecke algebras
with respect a p-adic group G and choice of parameters g; and c,. Consider the case G = GL4(Q,),
gs = 1, and ¢5, = (¢ — ¢~ ')e; for some idempotent e € (( t}f[ﬂl))m for all i. The quadratic relation does

split since

(7.1) H*—(qg-q Y eH—-1=H+ (g ' +1)e—-1)(H - (q+ 1)e+1).

Assume that e is weak Frobenius. Then, H(gs, ¢;) is a PQWP with the following parameters:
k(1]

ey

[x*'], S=(g—qg e, R=(1®1), a=(0+q¢ge-1®1, B=(q"'-qex.
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When e = ﬁ Z?:_ll t/ ® t7/, such an algebra is isomorphic to the affine Yokonuma algebra [CS16], a
quantization of the group algebra of (C,, x Z)1 S,.

Corollary 7.2. Consider the pro-p Iwahori Hecke algebras H = H(e) for GL4(Q,) at the specialization
gs = 1, and c¢s, = (¢ — g Ve; for some weak Frobenius idempotent e. Then, there is a double centralizer
property between H(e) and the corresponding wreath Schur algebra'S,, 4 on the tensor space V&4, if n > d.

We expect our results to be useful to understand a Schur duality involving the pro-p Iwahori Hecke
algebra and its Gelfand-Graev representation from [GGK24], essentially computing the endomorphism
ring of the Gelfand-Graev representation over H (working at the Iwahori level instead of the pro-p
level, one obtains the Schur duality present in Section 7.1).

In particular, Theorem 7.2 holds for the affine Yokonuma algebras in which e = ﬁ Y t/®tJ. Since
these algebras arise from the constructing knot invariants in the solid torus, and hence we are curious
whether there can be any applications to knot theory.

We also remark that the Schur algebras for finite Yokonuma algebras with respect to a different
action has been studied in an unpublished manuscript [Cuii4] due to Cui.

7.4. Affine zigzag algebras and curve Schur algebras. Let Q be a Dynkin quiver. The affine zigzag
algebras Z4(Q) were studied in [KM19] in relation to (imaginary) semicuspidal categories for quiver
Hecke algebras for the associated affine quiver Q(V. These algebras are particular cases of Savage
algebras, and as such satisfy conditions (C1) and (C3), as explained in Theorem 4.1. Since the zigzag
algebra of Q is commutative only in type A; (namely, Z4, = H*(IP') = k[c]/c?), the condition (C2)
only holds in this case.

For the affine zigzag algebra Z;(A;), the coil and laurel Schur algebras appeared in [MMz22]. There,
the authors defined a notion of curve Hecke algebra U—Cfij and curve Schur algebra Sdc for any smooth

projective curve C. The latter admitted two distinct Z-forms, in the notations of loc. cit., Sg = glgl -

§§ = 5151, which gave rise to very different reductions modulo p. For instance, the reduction of coil
Schur algebra glgl controls the semicuspidal category of type A(ll) in small characteristic. Our Theo-
rem 5.9 establishes Schur duality between 8§ and G, but suggests that one should not expect a double
centralizer description of glgl in small characteristic.

Admitting Theorem 5.14, one could expect that coil Schur algebra Sg describes the semicuspidal
category for other (simply-laced) affine types. It turns out that this is not quite the right answer. One
way to see this is by looking at the idempotents. Suppose that the algebra F has a complete set of
idempotents parameterized by I. By construction both Sg and §§ have at least as many idempotents as
the size of the set

{Ai): AEdiel?/S)).
On the other hand, Gelfand-Graev idempotents in the semicuspidal algebra are parameterized by a
smaller set
{Ao): AEd eI
Diagrammatically, this means only allowing thick strands of “pure color”. So, while the answer should
still be contained in §§, it is smaller than the coil algebra S?.

Conjecture 7.3. Assume that Theorem 5.14 holds. Let Q be a Dynkin quiver, QU the corresponding
affine quiver, and R(d5) the quiver Hecke algebra, where n§ is an imaginary root of §o. Let F be the
zigzag algebra of Q over Z, and A € F @ F the Frobenius element. Consider the laurel Schur algebra §§
with parameters &« = 1, § = A. For any A F d, denote
T := ® @(Q’F[x]ei)mk,
ki€l
where {e;}icr is the set of idempotents in F. Consider the subalgebra S/, C §§ with basis of the form (5.7),

where the set Eg runs over a Z-basis of Z[x1, ..., x41°" (M, T, S,)). Then in any characteristic p, the semi-

cuspidal algebra C(d§) is Morita equivalent to the reduction of S; modulo p.
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While one of our reasons to leave Theorem 5.14 unproven is an ongoing infestation with seventh

deadly sin, a more pragmatic reason is the hope that we can still realize these smaller subalgebras as
twisted convolution algebras, exploiting the fact that idempotent truncations of zigzag algebras are

commutative. This was recently achieved in [MM] in the smallest non-trivial case, where the authors

relate the semicuspidal category for quiver Schur algebra of type A(ll) to “pure color” idempotent trun-
cation of the coil Schur algebra associated to the extended zigzag algebra of type A;.
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