QUANTUM WREATH PRODUCTS AND YANG-BAXTER EQUATIONS

ALEXANDRE MINETS

ABSTRACT. We extend the setup of Lai-Nakano-Xiang’s quantum wreath product algebras to
symmetric monoidal categories and deformed braid relations. Under some mild assumptions, we
drastically simplify the criterion for such algebras to have PBW basis; curiously, the new criterion
is phrased in terms of associative and quantum Yang-Baxter equations. As an application, we
clean up some basis results in the existing literature, and propose a certain generalization of quiver
Hecke algebras.

1. INTRODUCTION

1.1. Quantum wreath products. The Iwahori-Hecke algebra J{; = H,(&,) of type A is a
deformation of the group algebra k[S,]. Moving from finite to affine type A, we get to the
affine Hecke algebra ﬂ/'\fq. It is a classic result of Bernstein that Cﬁq can be realized as a certain
deformation of the wreath product algebra k[x*!]1S,,. In the last 15 years, there arised a number
of similar, but distinct deformations of wreath products F 1 &,, where F is an algebra different
from (Laurent) polynomials. To list a few examples:

« F = Z[x], Z the zigzag algebra of a Dynkin quiver: affine zigzag algebras [KM17];
« F=Kk[Z/(p — 1)] ® k[x*!]: pro-p Iwahori-Hecke algebras [Vig16, CS16];

« F = Cl x k[x*!], Cl the Clifford algebra: affine Sergeev algebras [JN99];

+ F = Kk[x], where x is an odd variable: odd nilHecke algebras [EKL14];

« F =@, k[x], I finite set: quiver Hecke algebras [KLog].

There has been a number of attempts to put all these examples under one roof. For example,
Savage [Sav20] and Rosso-Savage [RS20] introduced affine, resp. quantum affine wreath prod-
uct algebras, which roughly speaking resemble degenerate affine, resp. affine Hecke algebras.
These two constructions can be treated uniformly [LM26, MS]. A much more general setup was
studied in [LNX24]. There, the starting point is an arbitrary deformation of wreath and quadratic
relations:
Hf = o(f)H + p(f), f€F® H? = SH +R,

where o,p € Endy(F®?), and S,R € F®2. Of course, there is no guarantee that the resulting
algebra, called quantum wreath product or QWP and denoted F ¢ H,,, has the same size as F®" ®
k[&,], or more precisely a PBW basis of the form {fH,, : f € F®", w € &,}. The main theorem
of loc. cit., which can be regarded as a classification result, gives an explicit list of necessary and
sufficient conditions on the quadruple (o, p, S, R), such that F * H{,, has PBW basis. However,
there are some sticking points:

+ The braid relations are not deformed, so [LNX24] does not cover e.g. quiver Hecke algebras;
+ The list of relations is rather long (see e.g. Section 3.4), and difficult to check in practice.

1.2. Main result. One of the first conditions that [LNX24] tell us to check is that ¢ is an algebra
homomorphism, and p is a left o-derivation. The present paper began as an observation that in
all cases of interest, the skew derivation p is inner, i.e. of the form p,(x) = rx — o(x)r, where r
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is an element of a localization of F®2. Building on this, we restrict our attention to a rich class of
QWP-like algebras with deformed braid relation:

Definition (Definition 4.4). Let F be a unital algebra, and ¢, ¥ € Aut(F) algebra automorphisms.
Assume that there exists a central element ¢ € F, such that ¢(¢) = ¥(¢) =c,and c® 1 - 1Q® cis
not a zero divisor. Fix S,R,r € F®?, D,D,E € F®?, and assume (¢ ® ¢)(r) = (y @ ¥)(r) = r. A
TIC algebra' F1 3, is the algebra generated by H, ..., H,—; and a subalgebra isomorphic to F®",
modulo the relations

H} =SH +R;  Hf =oi(DH + p(f), feF®,
Hi;1HiHi11 = HiH;1H; + D;iH; + D;H; 11 + E;; H;H; = HH;, [i—jl>1,
where o(fi ® f2) 1= ¢(f2) ® ¥(f1), and p = p, the inner o-derivation.

While the notion of TIC algebra might seem a bit synthetic, it is general enough to cover all
natural examples the author managed to come up with. Our main result is that for TIC algebras,
the equivalent conditions for the existence of PBW basis are dramatically simplified:

Theorem (Theorem 4.8, Corollary 4.12). Let F1I{, be a TIC algebra, with deformation parameters
(S,R,D,D,E). Denote y := R — o(r)r. If F 1 H, has PBW basis, then y satisfies

(1.1) o(y)=y, yf=0*f)y forallfeF*

Conversely, for any R € F®? such that y satisfies the conditions above, there exists the unique choice
of (S, D, D, E) such that F 1 J,, has PBW basis. Explicitly, these elements are given by

S=rig+rn, D=rsrs—rigrs—rsra, D =rarip+ sty — riahs,
E = riar137s3 — rasrisriz + r13(Ras — Ryg).

More generally, if r belongs to a localization of F®?, then F 1 H, has PBW basis if and only if y
satisfies (1.1), (S, D, D, E) are given by the formulas above, and moreover S € F®?, D, D, E € F®3,

Why is this a useful result? For a general Hecke-like algebra with deformed braid relation,
the hardest condition to check in order to ensure the existence of a PBW basis is the so-called
four-strand ambiguity; see e.g. the final diagram in [Eliz2, (5.1)]*. The set of conditions it imposes
on the deformation parameters is prohibitively complicated to unwind. However, our definition
of TIC algebras allows to sidestep this thorny issue via an elementary trick:

« When p = 0, TIC algebra axioms imply that the cubic relation is not deformed (Proposi-
tion 4.5), hence the main theorem of [LNX24] applies;

+ Renormalizing H — H — r, we reduce to the case p = 0;

« When the cubic relation is not deformed, the formulas for S, D, D, E are trivial to obtain.

Our simplified conditions furthermore allow to reverse the logic of constructing deformed quan-
tum wreath products. Instead of picking deformation parameters and painstakingly checking all
required conditions, we can now treat the existence of PBW basis as an ansatz. Then having
chosen r, R € F®?, the theorem immediately tells us what the rest of the parameters must be.

1.3. Applications. Our main theorem systematically recovers various basis theorems for affine
Hecke-like algebras, listed in Section 5. Let us highlight some examples:

(1) We simplify the proof of basis theorem for PQWP [LM26] and skew PQWP [BL26] algebras
(Sections 5.4 and 5.8);

!The abbreviation TIC stands for “Tressée, Intérieure, en Couronne”. It was chosen as a nod to RAFH algebras [MS],
as coming up with good axiomatics for QWP algebras is rough enough to develop a tic.
®Note that this paper predates [LNX24]!
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(2) We extend the notion of quantum affine wreath product algebras to non-symmetric Frobe-
nius algebras (Section 5.7.2). This generalization turns out to be more subtle than suggested
in [RS20, Rem. 2.8]. Namely, it requires ¢ in the definition of TIC algebra to be non-trivial;

(3) We propose a generalization of quiver Hecke algebras, where one is allowed to insert a
Frobenius algebra at each vertex of the quiver (Section 5.5.2).

We plan to extend the Schur-Weyl duality results in [LNX24] to TIC algebras in future work [LM].
As a first step in this direction, we study whether F 3{,, admits an action on the tensor space
F®" extending the left regular action (Proposition 3.5).

Finally, note that the formulas for the coefficients D, D, E in the main theorem are nothing
else than the associative and quantum Yang—Baxter equations. This hints that TIC algebras are
closely related to Lie bialgebras and their deformations (Section 4.6), and gives the present paper
its name.

Organization. In order to cover certain super-versions of Hecke algebras, we begin with the
lengthy Section 2, which extends and reformulates the setup of QWP algebras from vector spaces
to (symmetric) tensor categories. While we hope this can be of use for the emerging study of
representation theory in tensor categories, the reader not interested in such generalizations is
invited to skip directly to Section 3. There, we move away from diagrammatics to purely algebraic
relations, deform the cubic relation of QWP algebras, and introduce a localized version of the
setup, designed to treat various flavours of Demazure operators. The definition of TIC algebras
is given in Section 4, along with the basis theorem, which follows from [LNX24] via a bag of
simple tricks as discussed above. Section 5 is one big list of examples of TIC algebras. Finally, we
describe some situations when the tensor space representation of F J{, exists in Section 6.

Acknowledgments. It is the author’s pleasure to thank Aaron Hofer, Chun-Ju Lai, and Leo
Schelstraete for illuminating discussions related to this work. I am grateful to Max Planck Insti-
tute for Mathematics in Bonn and University of Bonn for their hospitality and financial support.

2. QUANTUM WREATH PRODUCTS

In this section, we recall and extend the basis theorem for quantum wreath product algebras
from [LNX24] to algebras in tensor categories. The proofs in loc. cit. carry over almost verbatim;
our contribution is in appropriately generalizing the setup. Our main motivation for this is to be
able to treat some superalgebras of interest in Sections 5.3, 5.6 and 5.9. We urge the reader who
is only interested in usual k-linear algebras to skip directly to Section 3.

2.1. Categorical incantations. Let k be a commutative ring, and fix a k-linear strict rigid
braided monoidal abelian category € with the unit object 1, satisfying Ende(1) = k. We liber-
ally use the string calculus for morphisms in monoidal categories, see e.g. [BKo1a]. Our con-
vention is that the string diagrams are read from bottom to top. For instance, the braiding
T=1tyN : M® N - N ® M will be denoted by an overcrossing:

[

It is sometimes convenient for us to work in the ind-completion of C, which we denote by €. This
category is naturally k-linear strict braided monoidal abelian, but not rigid.

Example 2.1. One can take C to be any symmetric fusion category [EGNO15]. We are mostly
interested in the categories Vec, sVec of finite dimensional vector, resp. super-vector spaces over
3



a field k. Note that passing to ind-completions Vec, sVec is equivalent to forgetting about finite-
dimensionality. For a more exotic example, one can set C to be the Verlinde category Ver,, p > 2,
see [Ost20].

2.2. Algebra objects. Recall that a (unital) algebra in C is the data of (A, y, n), where A € C,
pu:A®A— A n: 11— A such that the following diagrams commute:

id i i
ARARA Y Aga 1oa Y Aga i

Jide ﬂ I \ l /

ARA — A

We often drop either 1 or both p and 7 from the notation, when they are clear from context. In
terms of string calculus, this definition amounts to

Al A A A

Example 2.2. We have several simple ways to construct new algebras out of the existing ones:

(1) Let A, B € C be two algebras. The product A ® B has two natural algebra structures. We
set nagB = N4 ® np in both cases, and the products are given by

= , W= .
) 3
AB AB AB AB

Unless otherwise specified, we always use the first product. In particular, A®" is an alge-
bra forall n > 1.

(2) Given an object H € C, consider the ind-object T(H) := @5, H 8k This is naturally an
algebra in G, called the tensor algebra of H, for y : H® ® H® = H®U+),

(3) LetI € C, andi € Home(I, A). Define

ANI) = coker(A@ [ @ A 14®i®id, s&3 uoWid), 4y

The product on A induces a map p : (A/{I))®* — A/(I), and setting 7 to be the compo-

sition 1 > A — A/(I), we get an algebra (A/(I), y, ).

Let A € Cbe an (ind-)algebra, H € C an object, and consider A ® T(H) € C. By (1) and (2)
above, this is an algebra in C; however, it admits many more algebra structures. Let us draw H
as a dotted line, and choose two morphisms:

o= \\o\ € Home(H ® A,A® H), p= \ € Home(H ® A, A).

H A H A

Consider the map p : (A® T(H))®* — A® T(H), where y = 3y 5 fix,j» and
k

o) j (AR H®) @ (A® H¥) > (D A® H®,
. i=0

= (ua ®id) o (ids ® (id ® 0 ® id + id ® p ® id)* ® idper).

Let us elucidate the meaning of the symbol (id ® ¢ ® id + id ® p ® id)* above. This is a map
H®* @ A — @Di<r A® H®'. Each time we apply o, it moves A past one copy of H, and p removes
a copy of H to the left of A. So we apply either o or p at an appropriate place, and (id ® — ® id)
serves to remind that we have some extra copies of H on both sides. Observe that y extends the
productson T(H) =1 Q® T(H) and A = AQ® 1 inside A ® T(H).
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Example 2.3. The map i is given by the following diagram:

Proposition 2.4. Let n = na ® N, and pi as above. Write 015 := 0 ® ida, 023 :=ida ® 0, and
same for p. Then (A® T(H), u, n) is an algebra in C if and only if the following conditions hold:

(2.2) oo (idg ® I7A) =14 ® idpy, po (idyg ® T]A) =0,
(2.3) oo (idg ® pa) = (pa ® idg) © 023 © 012, po(idy ® pa) = pa o (P23 © 012 + p12).

H20 =

In terms of string calculus, the conditions (2.2, 2.3) are written as follows:

. Al A
) A Qe

Note that the second condition of (2.2) follows from the other three conditions. Indeed,

eV - Q) L

and so p o (idy ® n4) must Vamsh.

Proof of Proposition 2.4. Letus denote 7 = 0+ p : H® A > (AQ® H) & A for brevity. First,
let us prove that the conditions (2.2, 2.3) are necessary. For this, we restrict our attention to
A® (A® H) Cc A® T(H). Using the unitality condition on 1 ® H, we obtain

na® idyg = (/1 ® idH) o (idA ® )o (UA ®Ridy ® I]A) =0o (idH ® T]A) +po (idH ® UA),
which yields the equations (2.2). Using the associativity condition on (1® H) ® A® A, we obtain

po(id® p) = (pa ®idy, pa) o (idg ® 7) o (na @ idy ® pra) = 7o (idy @ pa),
po(p®id) = (ua ® idp, pra) o (ida ® 7,idaga) © (Ha ® idHga, pa ® ida) o (N4 ® 7 ® ida)
= pa o (m,idaga) o (1 ®ida) = pa o ((ida ® p) o (0 ® ida) + p ® id),
which yields equations (2.3).

Now let us assume that both (2.2) and (2.3) hold. The left triangle of the unitality condition is
obviously commutative. Evaluating the right triangle on A ® H®¥, we have

p o (id ggprer ® 14) = pa o (ida ® 7%) o (id ygper ® 1a)

“D iy o (ida ® na ® idyer) = ids ® idyer,

and so it also commutes. For the associativity, let Wy be the set of words in letters o, p of length k,
and for w € Wy denote by o(w) the amount of ¢’s occurring in w. A simple induction argument
using (2.3) as the inductive step shows that

(2.4) (0 +p) o (o ® pa) = (ua ® id) ( > (da® (0 +p) ™) (we idA)> .

weWp

Shedding irrelevant factors from the associativity diagram, we need to prove that, forany k,! > 0
we have

%o (idger ® pa ® id) o (idgergs ® 7°) = (ua @ id) o (ida ® (7", ..., 1)) o (¥ ® idfeig ).
5



Note that we can further remove the H®-factor, and so the precomposition by 7. It remains to
prove the following equality of maps with source H®* ® A ® A:

(e ® id) o (idger ® pa) = (pa @ id) o (idy ® (7%, ..., 1d)) o (7* ® id»).

This is exactly the equation (2.4), written in a different form. O

The following two claims are proved by direct computation.

Lemma2.5. Let He C,ando : H®A— A®H, p : H® A — A satisfy the conditions (2.2, 2.3).
Pick two other algebras By, B, € C, and consider the product By ® A ® By. Then the maps
o = (idB1®A ® TIfI?Bz) o (idBl Ro QR ide) o (TH,Bl ® idA@Bz)a
" :=(idp, ® p ®idp,) o (th,p, ® idags,)
also satisfy (2.2, 2.3), and so turn (B; ® A® B;) ® T(H) into an algebra. O

Lemma 2.6. Foreach1 <i<n,letH; € C,ando; : HH® A— A®H,, p; : H;® A — A satisfy the
conditions (2.2, 2.3). Then o 1= Y., 04, p = »,; pi also satisfy (2.2, 2.3), and so turn A @ T(EP; H;)
into an algebra. g

Example 2.7. Let F € C be an algebra, and set A = F ® F. If the braiding 7 r is symmetric, the
maps o = 7y pez © (idy ® Tr ), p = 0 satisfy the conditions (2.2, 2.3). Indeed, the only non-trivial
condition is proved as follows, where we write 7 = trgp, it = pr:

f\T ----------- = 1ia ® (0 ® 0).
In general, rrr is instead a map of algebras (F ® F, ll/) - (F ® F, ,U), where p, i/’ are as in
Example 2.2(1).

Oopig=}

2.3. Quantum wreath products. Let H € C, n > 2, and write H, := @' H,, where each
H; is a copy of H. Pick an algebra F € €, together with maps o € Home(H ® F®%, F®* ® H),
p € Home(H ® F®%, F®?) satisfying the conditions (2.2, 2.3). Set

A = F®",
Foreach1<i < n-1, we define
o; ‘= (idF®(i+1) ® TI_{?F@’("“"I)) ° (idF®(i—1) Ro® id}:@(n—i—l)) ° (TH,F®(1'—1) ® idF®(n—i+1)) :H®A—> A®H,
pi = (idF®(i_1) Rp® idF®(n—i—1)) ° (TH,F®(H) ® idF®(n—i+1)) :H® A—- A

The following relations follow immediately from the definitions for any j > i + 2:

(2-5)

ii A joi A i i A j i A

By Lemmata 2.5 and 2.6, the sums Y., 0y, Y; pi give rise to an algebra structure on F®" ® T(IH,).
We further fix the following datum:
S € Home(H®%, F®? ® H), R € Home(H®?, F®?).

For any collection of indices I C {1,..., n} we write i : F®Il — F" for the inclusion, given by

tensoring identity maps for i € I and unit maps for i ¢ I. For each 1 < i < n — 1, denote the
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identity map H; — H by h;, and consider the following “coloured” versions of our extra data:
Si = (i1} ® hi')oSo(hi ® hy), Ri = 1413 © Ro (b ® hy).
We also define Z; = (h; ® hiy1 ® b)) o (hiy1 ® h; ® hi11). Note that this is essentially the identity
map idyes, except for being coloured in a non-trivial fashion. Diagrammatically, we draw H;’s as
dotted lines, and A = F®" as a solid line. We draw the maps above as follows, where H; is yellow
and H;,{ blue: .
S = Kx

.0

R = J:' > Z;i =

Let us write H;; := H; ® H; and so on for brevity. Consider the following collection of maps into
A® T(H,):

(1) Forall1<i<n-1,Q = (idm,, Si Ri) « Hi > A® T(H,);

(2) Forall1<i<j—1< n—2, By = (idm,, 7r,m,) * Hjy = A® T(H,);
(3) Forall1 <i<n-1,B;=(idy, Z:) + Hiprgiv1 = Hijr1i.

+1,i,i+12

This collection gives rise to a map I, = A ® T(IH,), where I, is the big direct sum

n—1 n—-3 n-1 n—1
Lo=PHie DD Hi @ P Hivisnr
i=1 i=1 j=i+2 i=1

Definition 2.8. Let F € C be an algebra. Denote g := (o, p, S, R), and call this quadruple
the deformation datum. The quantum wreath product (QWP) associated to (F, g) is the quotient
algebra F1 3, = F1H,(q) := (F®" ® T(H,))/(1,) as above.

2.4. Necessary conditions. For each w € G, pick a reduced expression r(w) = s, ... s;,, such
that r(1) = 1, and for every w € &, \ {1} there exists a unique s;, satisfying the equality of
reduced expressions r(w) = r(ws;)s;. With this choice in mind, denote

H, :=H; ZHi1®...®I‘Iil.

1401

Lemma 2.9. The composition ¢, : P,cs, A® H,, &> A® T(H,) — F1 3, is surjective.

Proof. Using the relations BY, B, the image of each summand of A® T(IH,,) in F{H,, is isomorphic

to the image of a summand of the form A ® H; where s;, ... s;, is a reduced expression in the

1.4d]
braid group *Bt,. Further using the relation Q', we can express the images of summands with

repeated indices in terms of summands A ® H,,, w € G,,. ]

Our goal is to obtain the conditions on the deformation datum g, under which the map ¢, is
an isomorphism. Using the associativity of multiplication, we can rewrite various products in
F1H, as linear combinations in the image of ¢, in several ways, by applying the rules Q’, Bizj , B
in different order. If the map ¢, is injective, such rewritings must produce the same result. We list
the conditions obtained in this way below, in diagrammatic terms, and refer the reader to [LNX24,
App. B.1] for their derivation, which carries over essentially verbatim.

(D3)

(D4)




(D6) !"

(D7)

o8 ol

(Do)

i
Jh2
o
A

For completeness, here is the hst of rewrltlngs whlch give rise to these relations:
(D3): Hi®A=H; ®(H ®A),
(D4) © HiH; = Hy = HiHy,
(D5),(D6), (D7) = Hy ® (H; ® (H; ® A)) = Hp12 ® A= Hy1 ® A= H; ® (H, ® (H; ® A)),
(D8),(D9) + Ha Hzp = Hz1a2 = Hiziz = Huo1 = HiiHa1,  HpHiz = HipHyy.

2.5. Basis theorem. Let us denote V = (P, g, A ® H,,. We say that F 1 J(,, has a PBW basis if
the map ¢, : V — F1J{(, is an isomorphism. The following is the main result of [LNX24].

Theorem 2.10. The algebra F 1 JH, has a PBW basis if and only if the conditions (D1—Dog) hold.

Sketch of proof. This theorem is proved in [LNX24] for € = Vec, H = k. The necessity of condi-
tions (D1-Do) is explained above. For the sufficiency, the strategy in loc. cit. is as follows:
1. Let V! = Drw<t A ® Hy, C V. Define maps of left A-modules f : V® A - V, T; :
V ® H; — V by induction on the length ¢
2. Check that these maps satisfy the defining relations of F ! J{,, and hence define a right
F 1 J{,-module structure on V. By definition, this module is cyclic;
3. Verify that the map ¢, is compatible with the right F  J{(,-action;

4. As @, surjects from a cyclic module onto the regular one, it must be an isomorphism.
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This proof carries over almost verbatim to our generalized setup; only the second step requires
some additional explanation. More precisely, in [LNX24] the defining relations are broken down
into six statements (W [£]), (M[£]), (Q[£]), (B2[£]), (Bs[£]), (R[£]). Their verification is achieved via
a “grand loop” argument, once again inductive on the length ¢, which is the computational heart
of that paper. The argument for the first three statement remains identical in our generalized
setting. The other three statements get slightly modified:

Belf])  Tio(Tj®idy) = Tjo (T; ®idy,) o (idy ® 75,55) on V5
Bs[€])  Ti1o (T ®idp,,) o (Tie1 ®idp,,,,) = T o (Te1 ® 1dp) o (T ® idpy,, ) o E;  on V¥
(R[£]) flye does not depend on the choice of reduced expressions of w € &,,.

With these reformulations, the proofs of (B;[¢]) and (Bs[¢]) once again remain identical. Finally,
in order to check the statement (R[¢]), one has to show the following equalities:

fo (THj,Hi ®idy) = (TH}-,H,» @idyi)o f € Home(Hji ® A, WZ),
feo(Ei®ida) = (E®idyz) o f € Home(His141 ® A, V).
Recall that the map f : V/® A — V¥ is defined as follows:

® HA lfl = 0,
s, = (id® ) o (FrV@id) o TP + (id® p) o FEV  if r(ws;) = r(w)s;.

One uses this definition to expand both sides of the equalities above and check them term by
term. By the same inductive argument as in [LNX24, App. B], for the length 2 relation this boils
down to (2.5), and for the length 3 relation to (D5-D7). This concludes the proof. O

Remark 2.11. For a general Hecke-type algebra, one needs to check more relations in order to
ensure the existence of a nice basis, see e.g. the main theorem of [Eli22]. In our special case these
checks are superfluous by a minor miracle. If one deforms the cubic relation Bs this ceases to be
the case; however, see Proposition 4.5.

2.6. On the choice of diagrammatics. Let us conclude the section by explaining why we opted
to draw the identity maps Z; as six-valent vertices. Consider the very degenerate setup, where
k is a field, C = Vec, F = k the trivial algebra, and H a vector space. The relations (D1) imply
that that ¢ = idy, p = 0, and the relations (D2) are trivially satisfied. Set R = 0, and treat
S : H® H — H as an algebra product. Then most of the relations (D3-Dg) become trivial,
except for the following consequences of (D3) and (D8):

For our choice Z; = idyses, the last two relations are equivalent to S ® idys: = idye: ® S, so that
either H is one-dimensional or S = 0. However, there is a more general setup where one can
exhibit non-trivial examples. Namely, let us allow the objects H; to be non-isomorphic, and let
Z; be some map from H;;q,;;41 to Hj;+1;. Then the relations above are satisfied in the category
of Soergel bimodules SBim, see e.g. [EW 16, §1.4.1-2]. Of course, Theorem 2.10 has no reason to
extend to this setting; the appropriate generalization would at the very least require to impose
the As-Zamolodchikov relation on the elements Z;, see also Remark 2.11. Still, the author believes
that there should be an interesting theory of quantum wreath products internal to SBim.



3. THE INVERTIBLE CASE

3.1. Yoneda notations. It will be convenient for us to write down some relations from Yoneda
point of view. Given X, M € C, we refer to maps X — M as X-elements of M. Note that the
set of X-elements My := Home(X, M) is a k-module. By a slight abuse of notation, we write
f(x) := f oxforany f € Home(M, N) and x € Mx. It follows from Yoneda’s lemma that f = g
in Home(M, N) if and only if f(x) = g(x) for all x € My, X € C. In view of this, when X runs
over all objects of C we will further abuse the notation and shorten “x € My, X € €” to “x € M”.
Given a (unital) algebra A € C, we also write xy := pua(x ® y) € Axgy for x € Ax, y € Ay.
Finally, given x € Fx, y € (F® F)y and 1 <i < j < n, we write

(3-1) 6= ag(x) € (FMx, vy = 13(0) € F®My,

see Section 2.3 for the notation. For example, when € = Vec and X = k, the k-elements of M € C
are precisely what one would ordinarily call elements or vectors. When € = sVec, then My is
the subspace of even elements of M, and M is the subspace of odd elements. The casual reader
is strongly encouraged to only ever keep these two examples in mind for the rest of the paper.

3.2. H is invertible. Recall that an object L € C is called invertible if both the unit 1 - L ® LY
and the counit LY ® L — 1 are isomorphisms, where L" is the dual of L. By duality adjunction,
we have Ende(L) = Ende(1) = k. For an invertible L, we sometimes drop the symbol of tensor
product from powers, and write L¥ = L& L7F = (LV)®* for k > 0.

Example 3.1. The only invertible element in € = Vec is the unit 1 = k!. In super-vector spaces
€ = sVec, the invertible elements are the even one-dimensional space k'° = 1 and the odd
one-dimensional space k%,

From now on, unless otherwise stated, we assume that H is invertible. We impose this con-
dition for several reasons. First, we simply do not have any examples with non-invertible H in
mind (besides Remark 5.2). Further, when H is not invertible it might be more natural to con-
sider a more general setup, as discussed in Section 2.6. Finally, it is much easier to work with the
algebraic relations (P1-P9) below than with the diagrammatic relations (D1-Dg).

3.3. QWP algebras, redux. In order for the algebra F1J{, to be well-defined, we need to impose
the conditions (2.2, 2.3). When H is invertible, they admit a simpler form. Namely, any o €
Home(H ® F®, F®?* @ H) can be written as ¢ = (¢’ ® idy) o 7y ez, where ¢’ € Ende(F®?). Let
us write ¢ instead of ¢’ by abuse of notation. Suppressing the braiding 7 e:, as well as H, from
the notation, the conditions rewrite as follows:

(P1) c1®1)=1®1, p(1®1) =0,
(P2) o(ab) = a(a)a(b), p(ab) = a(a)p(b) + p(a)b.

In other words, o is an algebra endomorphism of F®2, and p is an (H-twisted) left o-derivation.
Recall that A = F®", Fixing o an endomorphism of F®?, we have

it A=A p:HR®A-A
S; € Ay, RiGAHZ, Zizlek

Let us write 0;; = 0;0j, pij = pip; and so on for brevity. By invertibility, the braiding 7y is a
scalar, and the braiding 7y r an endomorphism of F:

THH ~ € € k™, TyFr ~ t € Ende(F).
It follows from (2.5) that the maps o, p; satisfy

(3-2) ji = Oij, pji = €Pij, PjOi = €0ipj, Ojpi = €pioy  Ji+2.
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Furthermore, the defining relations of F t J{, can be rewritten as follows:

(wreath) Hia = oi(a)H; + pi(a), acA,
(quadratic) Hi2 = S;H; + R;, 1<i<n-—1,
(braid) HiHiy1H; = Hi+1HiH;iy1, H;jH; = eH;Hj, 1<i<n-2, j>i+2

Here, the wreath relation comes from the definition of map ;¢ in (2.1), and the other relations
from the defining ideal I, > A ® T(IH,).

3.4. Algebraic form of necessary relations. Let us write Ix, resp. rx stand for left, resp.
right multiplication by X. Ignoring the dashed lines in the diagrams (D3-Do), the conditions of
Theorem 2.10 translate into the relations below, where {i, j} = {1, 2}:

(P3) SR = p(R) + o(S)R, S2+ R = p(S) + a(S)S + o(R),

) lsc=0p+po+ reo’, Isp+ 1z = p2 + rro?,

) 010201 = 020102, 0i0jpi = PjoOi0j,

) PiOjpi = Opipj + Pjpi0j + I's,0pi0 ),
(P7) P2pP1P2 + TR,02P102 = P1P2P1 + IR, 01P2071,

) Si = 00i(S)), R; = 0joi(R)), pioi(Si) = 0 = pioj(R;),

) pipi(S) + 0ipi(S)Si + oipi(Ri) = 0 = aip;(S)R; + pip;(Ry).

Note that these relations do not depend on braidings 7y 4 € Ende(A), as these braidings do
not occur in the diagrams (D3-Do) either.

Corollary 3.2. Assume that H is invertible. The QWP algebra F 1 3, has a PBW basis if and only
if the relations (P1-P9) hold. O

3.5. Localization. Most of the examples of QWPs we want to study require us to slightly extend
the algebra F®". Consider the tensor algebra T(L) = P, L*, as well as its bi-infinite version
Tz(L) := Brez LF. We adapt the following definition from [Couz6, Sec. 4.1], which coincides
with the usual definition of localization for € = Vec, sVec.

Definition 3.3. Let L € C be invertible, A € € an (ind-)algebra object, and x € Home(L, A).
Assume that TE,A = idiga and x is central, that is pro (x ® ida) = po 704 o (x ® ida). The
localization of A with respect to x is defined by

Alx7'] 1= A®rq) Tz(L),

where T(L) — A is the algebra map induced by x, and T(L) — Tz(L) the natural inclusion.
Similarly, for any (countable) collection of central elements x; : L; — A, i € I with L; invertible,
satisfying TEI,’L}_ =id. Write . = {x; : i € I}. We define A[.¥ "] by iterating the definition above.

Remark 3.4. In [Cou26], localization is only defined for commutative algebras. Since we impose
centrality on x, this is not an issue, as A ® () Tz(L) = A ®za) (Z(A) 1) Tz(L)).

Now let A := F®" g, 1 as before, and x : L — F®? as in Definition 3.3. Consider the set .7,
of all maps one obtains from x;, 1 < i < n — 1 by applying sequences of ¢,p;, 1 < j < n—1.
Define

Aloc = A[yx_l]-
The maps o;, 7; naturally extend to Aj,.. We can therefore pick S,R € (F®%)., and repeat
Definition 2.8 verbatim. In order to make the distinction between the two setups, we denote the
resulting algebras by (F t H{,,)1oc. Note that, since the proof of Theorem 2.10 treats A as a black
box, it also applies to these localized algebras.
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3.6. Polynomial representation and diagrammatics. In order to realize quantum wreath
product F 3, as a diagrammatic algebra, we need to construct its action on some object of C.
The most natural candidate for this is F®", together with the requirement that F®" C F 1 H,
acts by left multiplication. Let us fix an H-element a € (F®%)y = Home(H, F®?), and define the
following maps for 1 <i<n-—1:

(3.3) hi - H® A— A, hi:ﬂAo(idA®ai)°C7i+pi:+,4&.

In Yoneda notation, this becomes h;(x) = oi(x)e; + pi(x).
Note that we have aja; = ea;aj for j > i+ 2. Indeed, let us set i = 1, j = 3 without loss of
generality. Drawing F ® F as one solid string, we have

Proposition 3.5. Assume that the QWP algebra F 1 H{,, has PBW basis. The collection of maps h;
together with the left action of F®" defines an action of F 1 3{,, on F®" if and only if the following
conditions hold:
(R1) R - p(a) = (o(a) — S)a,

(o12(a1)o2(ar) + o1pa(ar))as + pi(o2(er)az) + pra(ar)

(Rz) = (o21(azx)o1(az) + ozp1(az))az + p2(o1(az)ar) + par(az).

Proof. Let 1 € F®" be the unit. One directly checks that the condition (R1) is equivalent to
H?(1) = SH(1) + R(1), and (R1) is equivalent to H;H,H;(1) = HyH;H,(1). Hence these two
conditions are necessary. For sufficiency, we need to check the compatibility of formulas (3.3)
with the defining relations of F1J{(,, as described in Section 3.3. For the wreath relation, we have

(Ha)b = H(ab) = o(ab)a + p(ab) 2 o(a)o(b)a + a(a)p(b) + p(a)b
= (c(a)H + p(a))b,
so that it holds automatically. For the quadratic relation, we have
(HYa = H(Ha) = H(o(@)a + p(a)) = 0 (@o(@)a + op(a)e + p(o(a)a) + p(a)

(P2). €4) cX(a)(o(a@)a + p(a) — Sa — R) + So(a)a + Sp(a) + Ra

= (SH + R)a + o2(a)(o(@)a + p(a) — S — R) & (SH + R)a.

The braid relation H;H; = eH;H; holds automatically:

(HjH;)a = Hi(oi(a)a; + pi(a)) & gji(a)oj(a)a; + pjoi(a)a; + ojpi(a)a; + pji(a)

(3.2)
= oij(a)aiaj + e(oipj(a)a; + ojpioi(a)a; + pij(a))

= (eH;Hj)a + oij(a)(a;a; — eajoy) = (eH;Hj)a,
Finally, for the remaining braid relation, using the relation (P2) we obtain
(HiH:Hi)a = o1z1(a)(o12(ar)oi(az)ar + o1p2(ar)ar + proa(an)az + orz(a)pi(az) + piz(ar))
+ prozi(a)(oz(a)az + p2(a)) + prora(a)(oi(az)ay + pi(az))
+ (01p21(a) + p1z01(a) + o1p201(a)a1(a1))e + o1p201(a)pi(er) + prozpi(@)as + prai(a),
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and an analogous expression for HyH; H, with 1 and 2 swapped. The first line in the two expres-
sions coincides by the first equation of (P5) and (R2). The second equation of (P5) immediately
implies that the second line coincides as well. Let us rewrite the third line:

(o1p21(a) + przai(a) + o1p201(a)oi(ar))ar + o1p201(a)pi(ar) + proapi(a)az + prai(a)
(Po)

= o1p201(a)((o1(ar) — SD)ar + pi(ar)) + (p2o1p2(@)ar + prozpi(@)az) + pi2i(a)
R1

w p121(a) + o1p201(@)Ry + (p201p2(@) s + proapi(@)az).

Using the relation (P7), we see that this expression is invariant under swapping 1 with 2, and so
we may conclude. n

Remark 3.6. If 0 = 7 and p = 0, conditions (R1, R2) assume a much simpler form:
R = (a21 — S)ana; ajo; = ey, j>i+2; A23Q13A12 = A12013(23.

Note the similarity of the first equation with the condition (C1) in [LM26]. We expect that as
soon as F 1 H, acts on F®", we can construct its Schur version; see also Remark 4.15.

The action in Proposition 3.5 does not give rise to a map F ¢ H,, — Ende(F®"). On one hand,
there is no natural map A — Ende(A) for a general category C. On the other hand, as C is
monoidal, the exchange relation (1® f)-(g®1) =(g® 1) (1 ® f) would imply H;Hs = H3Hy,
which does not hold when € # 1. If € is rigid, both problems can be resolved by working instead
in the natural enrichment € of € over itself, whose objects are the same as objects in €, and
Home(M,N) := M* ® N; see e.g. [MP19]. Then if F € C, we have a natural map of algebras
F — Ende(F) = F* ® F. The category C is usually not monoidal, but rather has a braided
interchange relation; see e.g. [BE17, §1.2] for a discussion of this failure for super vector spaces.
This feature allows us to capture the relation H3H; = eH; Hs.

Assuming the relations (R1, R2) hold, we can introduce diagrammatic calculus for F @ 3.
We draw copies of F as solid lines, and remove all the other objects from diagrams by abuse of
notation:

1<i<n , A

i i H i i+1 i i+1

Then the defining relations of F 1 J{,, can be drawn as follows:

g Ul XK

Note the presence of the map ¢t = 7  in the first two relations; it occurs because of our definition
of o; in Section 2.3.

3.7. Deforming cubic relation. It is important for us to consider a slight generalization of

QWP algebras, where we allow the degree 3 braid relation to deform. Let us pick additional

elements C, C € (F®*)y, D, D € (F®*)y2, E € (F®*)ys. As before, this gives rise to the elements
Ci,éiEAH, Di,EiEAHz, EiEAHa, 1<i<n-2,

where e.g. E; = 1;;41,+2(E), and so on.
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Definition 3.7. Let H € C be invertible, F € C an algebra, o : F®* — F®2 an algebra en-
domorphism, p : H ® F®?2 — F®? a left o-derivation. Denote ¢ := (o, p,S,R,C,C,D, D, E).
The deformed quantum wreath product F1 H, = F 1 H,(q) associated to (F, g) is the quotient of
F®" @ T(H,) by wreath, quadratic, and degree 2 braid relation, as well as the following degree
3 braid relation:

(braid’) Hiy1H;Hi1 = HiHi11H; + CiHiHis1 + CiHio1H; + DiH; + DiHi + E;, 1<i<n-2.

As in Section 3.5, we can also replace A = F®" by its localization, and allow the new deforma-
tion parameters to live there. The notion of having a PBW basis extends to deformed QWPs in
an obvious way. The necessary conditions (P5-P9) will deform accordingly, but we do not need
their explicit form. However, even after taking this deformation into account, the analogue of
Theorem 2.10 is not true in general.

For the deformed QWPs, one can easily prove the analogue of Proposition 3.5. We will only
need it in the case C = C = 0, where the relation (R2) needs to be replaced with

(o12(a1)oz(ar) + o1po(ey) + D)y + p1(oa(ar)az) + praey) + E
= (o2(a2)o1(a) + 2p1(az) = D)aty + pa(o1(arz)ar) + par(arz).

Similarly, in the diagrammatics the last relation gets replaced with
= T .

4. PBW BASES VERSUS YANG-BAXTER EQUATIONS

(R27)

Let us remind the reader that H is invertible. We continue to use Yoneda-style vocabulary
from Section 3.1. For the ease of reference, let us separate the conditions (P5) and (P8) into two:

(P5.1) 010201 = 0201072, (Ps5.2) 0i0jpi = Pjoi0j,
(PSI) Si = O'jO'i(Sj), Ri = O'jO'i(Rj), (PSZ) ij'i(Sj) =0= ij'i(Rj).

4.1. Inner skew-derivations. Let us restrict our attention to a broad class of automorphisms
o and o-derivations p which is much easier to analyse.

Definition 4.1. Let ¢, ¥ : F — F be two commuting algebra automorphisms, and let 7 = 7 f
be the braiding in C. We call (¢ ® ¥/) o T : F®? — F®? a twisted natural braiding.

Note that any twisted natural braiding o := (¢ ® ) o 7 satisfies braid relations. Indeed, using
the naturality of = we have:

010201 = (@@ Y ®id)o 71 ([d® 9@ Y) o 120(p® Y ®id) o 1y
=(@*® Yo @ Y*) o 111271 = (9> ® 9Y ® Y*) o 127175 = 020102.

Moreover, when € is symmetric monoidal, Example 2.7 tells us that this is a braiding by algebra
automorphisms.

Definition 4.2. Let A be an algebra, 0 : A — A an algebra automorphism. We call the map
pr  H®A— A, pr(a) =ra—o(a)r

the (H-twisted) inner o-derivation associated to r € Ay. We say that a € A is o-central if p, = 0.

In many cases of interest, being is o-central is an extremely restrictive condition.
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Lemma 4.3. Let C be a symmetric monoidal category, o a twisted natural braiding, and *Bt, —
End(F®"), w = sj, ... s, = Oy = 0y, ... 0y, the natural homomorphism. Assume that there exists a
central (k-)element c € F, satisfying

o(c) = ¢(c) =c, ¢1 + c3 € FQ®F are not zero divisors.
Then for any w € &, \ {id}, there are no non-zero o.,-central elements in F®",

Proof. Assume x € F®" is o,,-central. Then

0=xc;—on(c)x=(c; — e[(w)cw(l))x.

Since (¢; + ¢2) is not a zero divisor, the same holds for (¢; — e[(w)cw(l)), and so x must vanish. [J

In particular, if k[x] C F is a central subalgebra such that F is a free k[x]-module, the lemma
above applies for ¢ = x.

Definition 4.4. We say that the deformed QWP algebra F 1 J{, is a TIC algebra, if the following
assumptions hold:

(1) € is symmetric monoidal;
(2) 0 =(¢p ® ¥) o 7 is a twisted natural braiding;
(3) p = py is an inner o-derivation for r € (F®?)y, such that

(4.1) (p@p))=WeyY)r) =r;

(4) There exists c € F satisfying the conditions of Lemma 4.3.

From now on, we work exclusively with TIC algebras, unless otherwise stated. As explained
above, they automatically satisfy the conditions (P1), (P2), (P5.1). Furthermore, the condition on
r implies that o12(r1) = 12, 021(r2) = 11

o12(n) = (9" @ Y ® Y) o 112(r 8 1) = (D @ (¥ ® Y)(r) =
021(r2) = (p® ¢ ® ¢2) c15(1®71)=(p® @)(r)® lﬁz(l) = r.

4.2. The case p = 0. In order to apply Theorem 2.10 to TIC algebras, let us first restrict our
attention to the simplest case p = 0.

Proposition 4.5. For any TIC algebra with p = 0 which has a PBW basis, we have C = C = D =
D=E=0.
Proof. Consider the necessary condition Hy(H;(H;x)) = Hpyzx for x € F®3:
Hy(Hy(Hx)) = 0212(x)Ha1z
= 0121(x)Hiz1 + 0121(x)CHyz + 0121(x)CHzy + 0121(x)DH; + 0121(x)DH; + 0121 (x)E,
Hyqox = Hys1x + CHyox + CHyyx + DHyx + DHyx + Ex
0121(x)Hiz1 + Co12(x)Hyz + Co1(x)Hyy + Doy (x)H; + Doy(x)H, + Ex.

As o is invertible, term-by-term comparison yields that C is o;-central, C is o;-central, D is
o12-central, D is o91-central, and E is 012;-central. We conclude by Lemma 4.3. O
Corollary 4.6. A TIC algebra F 3, with p = 0 has PBW basis if and only if:
S=C=C=D=D=E=0, Riso’-central,
R=0(R), Ry=o012(R1), Ri=02(Ry).
Proof. Thanks to Proposition 4.5, we can apply Theorem 2.10. Conditions (P1), (P2), (P5.1) are

automatically satisfied for any TIC algebra. Conditions (P5.2), (P6), (P7), (P8.2), (P9) are vacuous
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when p = 0. Condition (P4) is equivalent to the requirement that S is c-central and R is o*-

central. By Lemma 4.3, this implies that S = 0. The condition (P3) becomes R = o(R). Finally,
the condition (P8.1) becomes Ry = 512(R;), R = 021(Ry). O

4.3. Renormalizing the generators. Let us now consider a TIC algebra F I, with p = p,,
r € (F®?)y. Consider the (H-)elements H; := H; — r; € F t H,. Note that the wreath relation can
be rewritten as follows:
Ha=oi(a)H +pa) = (H-ra=o(a)Hi—-r) < Ha=os(a).

Let us introduce the following elements:

Y(r) := iy + o1(ran) — roo1(ry) € (F®)pe,

Y(r) = rary + 02(r112) — ri02(r1) € (F) e,

B(r) := rio5(r)r, — rao1(r)r + o2(r)Rz — 01(r2)Ry € (F&)pps.

A direct computation yields the following analogues of quadratic and braid relations between
H;’s:

—~

ITIi+1ITIiITIi+1 = ﬁiﬁiﬂﬁi + CiEE+1 + C-Eﬂﬁi + D{ﬁz +D Hiy + E,
where the coefficients are given as follows:
S :=S—r—o(r), R :=R+Sr—r?
D’ :=D+Y(r) + 01(r2)S] + Co1(r2) + Crs,
D’ :=D—-Y(r) — 65(r)S}, + Cry + Coz(ry),
E' =E—B(r)+ Y(r)r; = Y(r)ry + (01(r2)S; + Cro)ry — (02(r1)Sy + Cry)ry.

Note that the first two coefficients in the cubic relation remain the same because of the equations
r; = 0i(r;), {i, j} = {1, 2}, which hold in any TIC algebra.

Lemma 4.7. Let g = (0,p,,S,R,C,C,D, D, E) be the deformation datum of a TIC algebra, and
write ¢ = (¢,0,5, R/, C, C, D, D, E’) in the notation above. The assignment H; — H+r,am a,
a € A = F®" defines an isomorphism of algebras F 1 H,(q) = F13,(q’). In particular, F 1 3,(q)
has a PBW basis if and only if F1 H,(q") does.

Proof. By the computations above, the assignment produces a homomorphism of algebras; more-
over, it has an obvious inverse FIi +— H; — r;. For the second claim, assume that F! H,(q) =
@we@n A ® H,,. Under the map H; — ﬁi + r;, each element H,, gets sent to an element of the
form H, + Y,/ < G/ H,,. By upper-triangularity, this means if a non-trivial linear combination
of elements H,, vanishes in F H,(q’), then some other non-trivial linear combination of ele-
ments H,, must vanish in F t ,(g), which contradicts our assumption. Hence F t H,(q’) has a
PBW basis, and the inverse implication is proved analogously. O

Combining Corollary 4.6 and Lemma 4.7, we obtain the following elegant criterion for TIC
algebras to have a PBW basis.

Theorem 4.8. A TIC algebra F1H,(q), g = (o, pr, S, R, C, C, D, D, E) has a PBW basis if and only
if the following conditions hold:
(4.2) S=r+o(r), R=y—-o(r)r;

(4.3) y is o*-central, y = a(y), vi=oi(yp), {i,j}=1{12}

(4.4) C=C=0, D =-Y(r), D =Y(r), E = B(r). O
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In other words, for any choice of r (satisfying (4.1)) and y (satisfying (4.3)) there exists the
unique septuple of parameters (S, R, C, C, D, D, E) such that F 3(,(q) has a PBW basis.

Corollary 4.9. Let F13,(q) be a TIC algebra with non-deformed cubic braid relation. Then it has a
PBW basis if and only if S = r + o(r), R = y — o(r)r, y satisfies (4.3), and Y(r) = Y(r) = B(r) = 0.

Note that the conditions Y(r) = 0, Y(r) = 0 are the associative Yang-Baxter equations (see
e.g. [Aguo1]), and B(r) = 0 is a deformation of the quantum Yang—-Baxter equation.

Remark 4.10. Without the condition (4) in the definition of TIC algebra, the statement of The-
orem 4.8 is very much false. Indeed, let F = k, r = 0, and consider the finite Hecke algebra
H(S;) = k[H]/(H*-(q—1)H+q). ThenS=q—1#0 =r + o(r).

4.4. Compatibility with localization. In order to treat our examples of interest, we need to
pass to the localized setting of Section 3.5. We write A = F®" as before. Let x : H — F®? be
a central non-zero divisor, and pick an element r € F®?[x~!]. The inner derivation p = p, is a
priori valued in F®%[x!], hence a choice of deformation parameters S, R, ... only gives rise to a
localized QWP algebra (F t H,)ioc as in Section 3.5. However, let us assume that p(f) € F®? for
all f € F®2, and all the deformation parameters belong to A C Ajec. In this case, the deformed
QWP algebra F 1 3, is well-defined. If furthermore the conditions of Definition 4.4 hold, we call
F 13, a TIC algebra by abuse of notation.

Proposition 4.11. Let x € F®? be a central non-zero divisor, and consider a TIC algebra F 1 3(,(q)
with r € F®?[x~1]. It has a PBW basis if and only if the conditions (1.2-4.4) of Theorem 4.8 hold.

Proof. Note that the subalgebra of (F 1 J,)1o. generated by A, H; coincides with the image of the
map ¢, in Lemma 2.9. Hence, we have the following commutative square:

@we@n A®H,, ? @weGn Aloc ® Hyy

l‘/’ n l( ®n)loc

F1H, ——— (F1Hp)oc

The vertical arrows are surjective by Lemma 2.9, while the horizontal arrows are injective as
the localizing element x is not a zero divisor. By Theorem 4.8, the arrow on the right is an
isomorphism if and only if the conditions (4.2-4.4) hold.

As the square above is commutative, (¢@,)1oc is injective only if ¢, is injective. In the other
direction, let us assume that (¢,)ioc is not injective. Fix a non-zero G € P,,cs, Aloc ® Hyy such
that (¢,)10c(G) = 0. Multiplying G by elements of .7, on the left, and using the assumption that
x is not a zero divisor, we can further assume that G € P,,cg, A ® H,,. Using the commutativity
of the square again, we deduce that ¢,(G) = 0. Hence (¢p)10c is an isomorphism if and only if ¢,
is, so we may conclude. O

Corollary g4.12. Let r € F®%[x7!], such that p, preserves F®?. Assume that y = R — o(r)r
satisfies (4.3). Then there exists a choice of parameters S, C, C, D, D, E such that F 1 3,, has a PBW
basis if and only if r+ o (r) € F®2, Y(r), Y(r), B(r) € F®3. If these conditions hold, the correct choice
is given by equations (4.2), (4.4). O

4.5. Polynomial representation. The following proposition shows that y measures the ob-
struction for F1J, to admit “naive diagrammatics”. Importantly, y almost never vanishes in our
examples of interest.

Proposition 4.13. Let ?J{, be a TIC algebra which has PBW basis. The element a = r satisfies (R1)
if and only if y = 0. If this is the case, it also satisfies the condition (R2).
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Proof. The condition (R1) rewrites as follows:

R—p(r)=(c(r)=Sr=y—(c(r)—r—oa(r)+r)r=y.
For the relation (R2), let us expand its Lh.s.:
(ror13 + o1pa(r))ry + (re — 12 — p2)(risry + p1(r2)
= rprisry + (ri3ro1 — rar13)ry — pa(rire) = risrarry — rarir + risraahy.

Similarly expanding the r.h.s., we see that (R2) is equivalent to rorir; = rirpry. As we assume
Y = 0, we have

(rirp)ry = (r2r)rz = rarisry — ririsry — risrair + nsrsere

= rpristy — stz + ri3Ry — risRe = B(r) =0,

so we may conclude. O

4.6. Relation to Lie bialgebras. In this subsection, consider the case ¢ = Vec, ¢ = 7 the
standard braiding. Recall that an associative k-algebra F together with a k-linear map § : F —
F ® F is called a Lie bialgebra if § is a Lie cobracket, and

6([a,b]) = (ad, ®1 + 1 ® ad,)d(b) — (ad, ®1 + 1 ® ady,)d(a).
Given r € F ® F, consider the map
O i=pro(npp®idp) : F>FQ®F; 5(x)=r(1®x)—(x® Dr.

Proposition 4.14. Consider a TIC algebra F H, in Vec witho = 7, S = 0 and D = —D. If it has
a PBW basis, then (F, i — p1 o 7, 8,) is a Lie bialgebra.

Proof. Thanks to Theorem 4.8, we know that S = r + o(r), D = —=Y(r), D = Y(r). Because of our
assumptions, this implies

ro+ryq =0, Y(r) = Y(r) = [ri2, ris] + [r2, r23] + [r13, 23] = 0.

By [CPgs, Prop. 2.1.2], we conclude that (F, p — pr o 7, §,) is a Lie bialgebra. ]

Remark 4.15. One can interpret Proposition 4.14 as saying that the (cocommutative) universal
enveloping algebra U(gl,(F)) admits a non-cocommutative deformation, supplied by r. A natural
question then is whether a similar statement can be made about gl,(F), whether we have § =
D + D = 0 or not. This is the subject of ongoing work with C.-J. Lai [LM], where we construct
a certain deformation of U(gl,(F)) as a limit of wreath Schur algebras associated to polynomial
quantum wreath products F[x] t }(,; see Section 5.4 for definitions.

4.7. Useful lemmata. Recall that trigonometric solutions of the graded version of associative
Yang-Baxter equation Y(r) = 0 were studied in [Scho3]. One of the curious observations of
loc. cit. is that such solutions automatically satisfy the quantum Yang-Baxter equation as well,
which, provided that R is a scalar, is precisely B(r) = 0. A similar observation holds in our
situation.

Lemma 4.16. Let F 1 H, be a TIC algebra with PBW basis. Assume that S € k. If Y(r) = 0,
then we automatically have Y(r) = 0. If moreover o(r)r is central and o,(ry) = 02(r1), we have
B(r) = o1(r)(Rz — Ry).
Proof. Applying o, to Y(r), we get:
0= 02(Y(r)) = o2(r)oz(r2) + 1(S — o2(r1)) — (S —r2)ny
= 0,(r1)o2(ry) — rio2(r1) + rary = Y(r).
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For the second claim, it suffices to show that ryo3(r1)r; = rno1(r)r:

Y(r)=0
roy(r)ry == rrry+ Sox(r)r, — ax(r)ri

Y(r)=0
- ria1(r2) — Sr201(r2) + r2o1(r2)r1 + Soa(r1)ry — oa(r1)rs

= ryo1(r)r + (o2(r)r)o1(rz) — o2(r)(o2(r2)r2) = ro(r2)m,

and so we are done. O

In particular, Lemma 4.16 provides us with a rich source of TIC algebras with PBW basis.
Namely, let r be a fractional skew-symmetric solution of the associative Yang-Baxter equation
Y(r) = 0. Set R € k, and assume that o = 7 the natural braiding. Then Corollary 4.12 applies, as
long as o(r)r is central.

5. ExamMpLEs oF TIC ALGEBRAS

While the class of TIC algebras is by definition smaller than the class of (deformed) QWP
algebras, essentially all examples of QWP algebras of “affine Hecke flavour” that occur in nature
are actually TIC algebras. In this section, we list all such examples the author is aware of. In
each case, we specify o, r and R, and then deduce the rest of the relations from Theorem 4.8
and Corollary 4.12 by imposing that our algebra has a PBW basis. This recovers various basis
theorems in the literature.

From now on, we assume that the category C is either Vec or sVec, and set ¢ = 7 everywhere
except for Sections 5.7 and 5.9. The following claim immediately follows from assumption (4.1):

Lemma 5.1. Assume that o(r)r is o-invariant and o*-central. Then y satisfies (4.3) if and only if
R does. O

In all our examples, the element o(r)r is always o-invariant and o2-central, so we will never
mention the element y again.

5.1. Type A affine Hecke algebras. Let C = Vec, F = k[x], so that A = Kk[xy,..., x,], and o;
htgx h,q € k, so that p = (h + gx;)9, where 0 is the Demazure

x1—x2°

acts by permutation. Set r =
operator
J (a1, x2) = fo, x1)

X1 — X2

a(f) =
We have S =r+ o(r) = q,and D = 0:
(h+ gx1)(h + gx) (1 = x5) = (2 = x3) = (01 = x3)) _
(21 — x2)(x2 — x3)(x1 — x3)

By Lemma 4.16, we therefore have D =0, and

E = ri3(R; — Ry) = —0913(Ry).

0.

Y(r) =

In particular, E = 0 if and only if R € k. In this case, we recover affine Hecke algebra for
h =0,qg =q—1,R = q (after inverting x), and its degenerate versionforh =1,g=0,R= 1.

5.2. Formal Hecke algebras. A certain generalization of affine Hecke algebras was proposed
in [HMLSZ14]. Recall that a (one-dimensional, commutative) formal group law over a commuta-
tive ring R is a power series F(u,v) € (u+v)+ uvR[u,v], which satisfies the associativity condition
F(u, F(v, w)) = F(F(u,v), w). For each formal group law, the authors of loc. cit. construct an as-
sociated formal Hecke algebra, which specializes to affine/degenerate affine Hecke algebra for
multiplicative/additive group law. Instead of recalling the precise definition, let us show how to
recover it from Theorem 4.8.
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Very briefly, one sets k = R[A], and F = k[x]. For each v € Z", the formal group law F gives
rise to an element x, € R[xy, ..., x,] C k[xy, ..., x,], as well as certain elements p(xy), p(x_,) € k,
see [HMLSZ14, Sec. 2-3] for details. Let us write § = (1,—1), and distinguish the two cases,
namely where x := xg — x_g vanishes or not. Set ® = u(x,) — p(x_,), R = p(x,)pu(x_,), and

[ Pl k%0,

r € k[xy, x2], r= { thﬂ‘i’xfﬁ,

, K =0;
X

As o(xp) = x_pg, we have S = © if k # 0 and S = 0 otherwise. Since the ring F®" is commutative
and R € k, we have E = B(r) = ri3(R; — Ry) = 0. Furthermore,
D = ri3(ra3 — ra1) — riares = —D.

This coefficient is precisely the linear term o, in the cubic relation [HMLSZ 14, Th. 8.14]. Hence
the coefficients imposed by Theorem 4.8 recover the defining relations of formal affine Hecke
algebra of type A as listed in [HMLSZ14, Th. 8.14].

5.3. Odd nilHecke. Let C = sVec, and set F = k[x], where x is an odd variable. Then A is the
ring of odd polynomials

A =k(xq, ..., x0) /(xixj + Xjx;, 1 # j).
Let H € sVec be the odd invertible object, so that € = —1. The action of ¢; on A is given by signed

transposition, that is o;(x;) = —x; if j ¢ {i,i + 1}, and 0;(x;) = xi+1. Note that any polynomial in
x?,1 < i < nbelongs to the center of A, and set
X1 X
r= g L

It is easy to check that the resulting p, is precisely the odd divided difference operator as defined
in [EKL14]. We have S = 0, and D = 0 by a direct check. By Lemma 4.16, this implies D = 0,
and E = r;3(R; — Ry). Similarly to Section 5.1, we have E = 0 if and only if R € k; for R = 0 we
recover the odd nilHecke algebra, as considered in [EKL14].

5.4. RAFH and PQWP. Let C = Vec, F’ a finite-dimensional (unital) algebra, F = F’[x], and
pick a o-invariant, o-central element A € F’ @ F’. Note that when A is non-degenerate, its dual
A € (F/ ® F’)Y defines a symmetric Frobenius algebra structure on F’. Set

(5.1) . A(h + qxl)’

X1 — X2
It is easy to check that for a € F/QF/, f € k[xq, xo] we have p(a® f) = Aa(h+ gx1)d(f). We have
S = gA. Note that A12Az3 = A3A13 = A3Aqz and ApzAgz = A12A13 = Ag3A,3 by the properties
of A. Factoring out A;2A;3 and AysAq2, the exact same computation as in Section 5.1 shows that
D = D = 0. Analogously, we have E = —r;3(R; — R;). If R € F/ ® F’, then A13R,3 = Rs33/A13, and
so we have

h, q € k.

r1i3(R1 — Rz) = ri3Ry — Rayris = ri3s(Ry — Rap) = 0.
This recovers RAFH algebras as considered in [MS], which for ¢ = 0, resp. h = 0 specialize to
affine wreath product algebras in [Sav2o], resp. [RS20].
One can slightly generalize this definition by keeping R € F/ ® F’, and setting

_ A0 + Aloxl + AOIXZ + AnXle

(5.2) r ,
X1 — X2

where AV € F’® F/ are o-invariant, o-central elements, possibly degenerate. Here, S = A1*— A%,
A direct (if lengthy) computation shows that E = B(r) = 0, whereas D = —D = A%All — AYIAL,
When the latter expression vanishes, we recover the basis theorem for PQWP algebras in [LM26,
Prop. 3.10].
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5.5. Quiver Hecke algebras. Let I be a finite set, F/ = @P,; ke; a direct sum of one-dimensional
algebras, where ¢;, i € I are idempotents, and F = F’[x]. Set

e R e
Tt

ier X1 7 X2

and pick a o-invariant element R € F ® F. More explicitly, it means that R = }; ;¢ QY (x1, x2)e; ®
e;, where QY € k[x;, x], and Q"(x1, x2) = Q/'(x2, x1) for all i, j € I. We clearly have S = Y(r) =
Y(r) = 0. Furthermore, as R € F ® F is symmetric, we have
(53) B(r) = ri3(Ry — Ry) = Z 913(Q)(e; ® € ® e),
i, jel

where d15(f) = W is the Demazure operator. In case where the elements Q" satisfy
some additional conditions (see e.g. [McN19, Sec. 2]), which guarantee the existence of a conve-
nient grading, the defining relations of the TIC algebra F ! J{, hence coincide with the defining
relations of quiver Hecke algebra associated to Q; the set of vertices of the corresponding quiver
iss I, and the arrows from i to j are read off the polynomial QY. In particular, Theorem 4.8
recovers the basis theorem for quiver Hecke algebras [KLog, Th. 2.5].

Building up on Sections 5.1 and 5.4, the definition above admits some natural generalizations.

5.5.1. K-theoretic quiver Hecke algebras. Let F/ be as in Section 5.5, F = F'[x*'], R € (F ® F)®2,
and

Z (e ® el)xl

el X1 X2
Similarly to before, we have S = 1, D = D = 0, and

E=B(r)=rs3R;— Ry) = — Z x1013(Q7)(e; ® €; ® &),
ijel

For example, let us set I = [1,n], Q¥ = 0if [i—j| # 1, and Q" (x1, x2) = Q" Vi(xy, x1) = x1x, 1 — 1
for 1 <i < n—1. In this case, all coefficients in E = Z Elj,(e, ® e ® ¢;) vanish unless [i — j| = 1,
and

Eiiv1i = x1013(1 — x165 1) = =165 ' 913(x1) = —x1%; 5
Eirriin = x1913(1 — %27 ) = —x132913(x1 1) = x5

Hence, we recover precisely the relations of the K-theoretic quiver Hecke algebra for the quiver
Ay, as computed in [Zho23, Sec. 6.2.2]. In particular, we deduce from Theorem 4.8 that these
algebras have a diagrammatic basis akin to the usual quiver Hecke algebras. Note that for the
Ap-quiver, the existence of basis also follows from the geometric realization of K-theoretic quiver
Hecke algebra as the K-theory of quiver Steinberg; in the non-symmetric case, this argument will

not apply.

5.5.2. Frobenius quiver Hecke algebras. Let {F/};c; be a collection of finite-dimensional symmetric
Frobenius algebras, and A’ € F/ ® F/ the Frobenius elements. Note that A := Y ,; A’ is a Frobenius
element for F/ := @, F/. Define F = F’[x] and set

r = _Z €EFQ®F.
X1— X2 g X1 X2

Pick R € F ® F central and symmetric. Note that being central is now a non-trivial condition;
unraveling it, we see that for each i, j € I we have

Z fixfx,  fHez(F @ F)).
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Analogously to Section 5.4, we have S = D = D = 0, and E = ri3(R, — R;). Using the special
form of R, we see that E = }, . E;ji(e; ® e; ® ¢;), where
Al .
Eji=—2 <Z( 5@ e)xfxy — (e ® ];’;’)x§x;> == > A ® e)ars(xf)xl € F°.
k.l k.l

X3 — X1

Hence Proposition 4.11 continues to apply, and we get a basis theorem for the resulting TIC
algebra. Note that it can be equipped with a grading analogous to the usual quiver Hecke algebra,
where F’ sits in degree 0. It would be very interesting to see whether these algebras categorify
some variant of quantum groups.

5.6. Super-versions of RAFH. Let C = sVec, F/ an associative superalgebra, and F = F/[x].
The invertible object H is either even or odd. Regardless, the element R € (F®%)y: is always
even. We can extend the setup of the previous section in two ways, depending on whether x is
an even or an odd variable.

5.6.1. Even case. Let x be even, and let A°, A' € F/ ® F/ be two o-invariant, o-central elements
of same parity as H. Set
_ A + Alxl

X1 — X2

r

Then S = Al, and the same argument as in Section 5.4 shows that D = D = E = 0, provided that
R € F/ ® F’ is o-invariant and central. We leave the analysis for the more general choice (5.2) to
the interested reader.

5.6.2. Odd case. Let x be odd, and let A € F/ ® F’ be a o-invariant, o-central elements of parity
opposite to H. Set

- A(x1 — x2)
x2—x2

Then S = 0, and once again D = D = E = 0. This gives a precise sense to the “odd wreath
product algebras” in [Savzo, Rem. 3.3] for symmetric Frobenius algebras.

Remark 5.2. Quiver Hecke superalgebras [KKT16] do not immediately fit our theory, because
our crossings H; have fixed parity, while the parity of crossings in quiver Hecke superalgebras
depends on which strands are being crossed. This can be remedied this by dropping the invert-
ibility condition on H, and setting H = k' @ k%' Roughly speaking, we can define o by asking
that for each pair of colours only the summand of H of appropriate parity acts by swapping
the tensor factors in F/ ® F/, and the other summand acts by zero. We then put polynomials
of appropriate parity at each vertex. The resulting QWP is too big; however, it will contain a
big annihilator, and after factoring it out one obtains the desired quiver Hecke superalgebra. As
QWP algebras in question are not TIC algebras in the sense of Definition 4.4, we leave the details
to an interested reader.

5.7. Twisted polynomial rings. Let us consider one important case where ¢ is different from
the natural braiding 7. Set € = Vec or sVec, F” € € an algebra, and fix an automorphism ¢ of F/
of finite order 6. Define F = k[x]| x F’, for x an even variable. The semidirect product notation

here means that F = k[x]| ® F/ as an element of é, and

* e e h) = o (W)I(iNh:  kleN, fif,eF.
Note that i/ extends to an automorphism of F by setting ¢/(x) = x. Since ¢/’ = id, the subalgebra
k[x?] c F belongs to the center. Define 7¥ := (id® /) s 7 = 7o(¢ ®id), and pick a r¥-invariant,
r¥-central element A € F’ ® F’. Unpacking these conditions, we have

i) =1)  AMA®f)=t(W(f)® A fi.fp€F.
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For example, if F is a non-symmetric Frobenius algebra and ¢ its Nakayama automorphism, we
can set A to be the dual of the trace form.

Remark 5.3. One may wonder whether we could start with an odd automorphism ¢ : k' ®F" —
F’. In fact, we immediately run into trouble, as the two sides of the relation fx = x/~'(f) have
different parity, regardless of the parity of x; compare this with [Savzo, Rem. 3.3]. This also
obliges us to restrict our attention to Frobenius algebras with even trace form.

Let us define the following elements of F ® F, observing that A®V) = A:
k-1 o
(5.4) AW = Z xKiAxl e F®F.
i=0

Lemma 5.4. The elements A satisfy the following properties:
(1) Forany fi, f, € F/, we have AR (f; ® f,) = (¥ (f1) ® fo)A®;
(2) We have AP x; — x;,A® = Axk — xKA and AP x, — ;AP = xFr(A) — r(A)xK;
(3) Foranyk > 1, we have (Y ® PAR) = AW,

In particular, for k = 0 we have
A f = (N, feF ®F,

(5.5)
AOyx; — x, A = A(xlg - xze), ADx, — x AO = T(A)(xze - xf).

Proof. The proof is by computation. For the first claim, for any 0 < i < k — 1 we have
AN (fi @ f) = 5T AW (R) @ fo)x) = X TP (A) © f)Ax
= () ® fo)xy A,
and so the desired formula follows after summation. For the second claim, we have
AP x; — 5 AR = (AFHD _ xkA) - (A®HD — AxF) = AxK — xFA,
AP xy — 5 AR = g (AFD _ Axky — g (ARFD — xkA) = xK2(A) — 2(A)xE,

where in the second chain of equalities we used /1(A) = 7(A) = ;*(A). Finally, for the last
claim we note that

Ya1(A) = P21(A) = 1 (A) = 2(A) = A,

so that each term of A® is  ® y/-invariant. 0

Unlike the case of RAFH algebras, we cannot set h and g in (5.1) to be simultaneously non-zero,
and so need to consider two separate cases.

5.7.1. Additive case. Let us set 0 = ¢ = 7pp, and p = p,, where

A©)

6 r=——0s.
(5.6) B

It follows from Lemma 5.4 that p(f) = 0 for f € F/ ® F/, and p(x;) = A, p(xz) = —7(A). As

a consequence, p, restricts to a skew derivation of F ® F; in fact, this is the exact same skew

derivation as in [Sav20, Sec. 4.1]. We are hence in the situation of Proposition 4.11. Note that
6-1

6-1 6-1
r(A®) = Y e = ) Ay T T W] = Y () ()X
i=0 i=0 i=0

=D,
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) O _(A® )
In particular, S = r + 7(r) = Axg%(x%) = 0. Furthermore, it follows from the formulas (5.5)
1 2
that 7(r)r is T-invariant and (72-)central, so that the same is true of R. We further assume that

R € F/ ® F'. The proof of the following is by direct computation, see Section A.1.
Proposition 5.5. For the element r given by (5.6) we have Y(r) = Y(r) = B(r) = 0. O

As a consequence, we recover the basis theorem in [Savz2o, Th. 4.6] for C = Vec, and extends
it to super-vector spaces.

5.7.2. Multiplicative case. Now, let ¢ be the twisted natural braiding ¥ = (id ® ¥) - r, and

A©) x1
. r=———-.
(5.7) I~
Since 1 acts trivially on x;’s, we have p,(x1) = Axy, pr(x2) = —1(A)x; similarly to the additive

case. Furthermore, for any f € F/ ® F/ we have

68 = A0RS (DA (DA — far (DA _

Xp — X Xp — Xy

Hence p, restricts to a skew derivation of F ® F, and we can once again apply Proposition 4.11.

We have o © " "
AOx; — Yor(A AOx, — x,A
S=r+o(r)= x1 = Yo (AP, = X1~ X2 — A

x7— xf x0— xf

Note that A@x;A = ¢(A)A@x; = AA@x,, so that rA = Ar. This implies that o(r)r is o-
invariant:

olc()r)=c((A=r)r)=A-0c(r)o(r)=r(A—r)=(A-r)r =oc(r)r.

It is also easy to check that o(r)r is o2-central. Indeed, for xi, x; this immediately follows from
the 72-centrality of o(rx;)rx;! in the additive case, while for f € F/ ® F’ we have
Al0)y2 2 INCY:
oryrf = BT 0S Vet WDV _ gy,

Xy — X3 Xy — X3

As always, the element R is hence o-invariant and o?-central. Assume that R € F/ ® F’. Let us
write r = r’x;, where r’ is given by (5.6). Using Proposition 5.5, we have

Y(r) = nry + a1(rar) — r201(r2) = r{ 1 (rxaxz + 01(r) Y101(r)xxz — ry 201 (r5)x1%;
= (riry + 1i(r) 111 Y2(r]) — ryri(r))xixa = (g + T1(ryry) — ryt1(ry))x1x2 = 0.
The equality Y(r) = 0 is proved analogously. Using the special form of R, we also have
ra01(r)ry — rioa(r)ry = (rymy Ebf(ré)l//l Yo(r]) = ritayn lﬁz(”f)l//f(rz))xfxz

(rérl(ré)r{ - r{rz(rf)rz’)xlzxz =0,

o2(rDx1R, = Rooy ' (1)x1 = 12(72(Ro)r])x1 = 12(r))7212(Ra)x
= 11(r))11(R)x1 = o1(ry)x107 ' (R) = 01(r2)Ry,

so that B(r) = 0 as well.

o(r1)Ry

Remark 5.6. In [RS20, Rem. 2.8], the authors state that the case of non-symmetric Frobenius
algebra can be treated analogously to the symmetric one, i.e. with ¢ = 7. However, it is clear
that the associative Yang-Baxter equation Y(r) = 0 is only satisfied for o = 7.

5.8. Skew PQWP algebras. Let usagain fix an algebra F’ € C, an automorphism ¢ of F/ of finite

order 6, and F := k[x] x F’. Set 0 = r, and pick a r-invariant, 7-central element A € F/ @ F/. As

opposed to the setup of Section 5.7, A and i do not interact yet; let us impose that (y @ ¥ )(A) = A.
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We again define A® by the formula (5.4), and r by the formula (5.7). The same argument as in
Lemma 5.4 shows that

A(G)xlf = fA(g)xl, APy, — x, A = A(xle - xze),
A, — AP = g} (A — Ax) = 1 (A = x]A) = ¢ (D)(xg - 7).

In particular, we have p(f) = 0 for f € F/, p(x;) = Ax;, and p(x2) = —¢¥1(A)x; = —xiA.
Hence, we are in the situation of Proposition 4.11. It is clear that S = r + 7(r) = A. As always,
let R € F/ ® F’ be r-invariant and central. A computation completely analogous to the one in
Proposition 5.5 shows that D = D = E = 0.

Definition 5.7. We call the resulting TIC algebra F 1 3{, a skew PQWP algebra.

In particular, let F’ = k[t]/(t™ — 1), ¥(t) = £*t, and F = k[x*!] x F/, where ¢ is a primitive
0-th root of unity, m an even number, and 6 divides m. Set either R = gor R = qtm/ 2@ tm/2,
where g € k. Then Definition 5.7 specializes to the skew PQWP algebras introduced in [BL26],
and so Theorem 4.8 specializes to [BL26, Th. 3.1.5].

Remark 5.8. In fact, the skew PQWP algebras considered in [BL26] can be realized as ordinary
PQWP algebras. Indeed, in the setup of Section 5.4, let F/ = Matx», be the matrix algebra,
A = Y., Eij the Frobenius element corresponding to the trace form, F = F/[y*']. Let us
assume m = 0 for simplicity. One can easily verify that the map

Matyon[y*'] = k[x*'] w K[t]/(t" - 1),

m
Y xm, Ei— Z(gmt)], (EIZ + Ey3 + - + Em—l,m + yEml) = X
=1

is an isomorphism of algebras. Moreover, the element r’ = % is sent precisely to the element

r defined by (5.7). This establishes an isomorphism between PQZWP and skew PQWP
Mat e[y 10 H = K[x*1] x k[t] /(™ — 1)) K.
When m = k6 is a multiple of 6, one obtains a similar isomorphism by setting F/ = (Matg,4)®*.

5.9. Affine Sergeev algebra. Finally, let us consider a slightly more involved example. Let C =
sVec, and Cl = k[c]/(c? + 1) the Clifford algebra, where c is odd. Define F = Cl x k[x*!], where
x is an even variable, and the semidirect product is taken with respect to the action cx = x !c.
Let ¢y : F — F be the automorphism defined by 1(x) = x, /(c) = —c. We take o0 = 7V, which
permutes x;’s and ¢;’s without signs. Note that the last condition of Definition 4.4 is satisfied for
the element x + x 1.

Consider the element m = [T, ;_.,(x] — x)) = Il =1 - xix]). It is clearly not a zero divisor,
and is central in F®2. Therefore in the localization F®?[m™!] the (right) inverses of all factors in
the products above will make sense. Let ¢ = g — g1, where q € k* is a scalar. Set R = 1 and

(5.9) r=e(x(x — x2) 7 + creax (1 — x13) 7).

A quick computation shows that p(x;) = e(cicox; — x2), p(x2) = €(1 + c1¢2)x2, p(c1) = 0,
p(cz) = e(e; — ¢2), so that Proposition 4.11 applies. Furthermore, we have S = r + o(r) = ¢,
and a direct computation (see Section A.2) shows that Y(r) = Y(r) = B(r) = 0, so that the cubic
braid relation is not deformed. Comparing with formulas [JN9o, (1.2, 2.2, 3.1-2)], we see that the

resulting TIC algebra is precisely the affine Sergeev algebra (also known as affine Hecke-Clifford
superalgebra), and Theorem 4.8 recovers the basis theorem [BKo1b, Th. 2.2].

Remark 5.9. The degenerate affine Sergeev algebra already fits in the framework of Section 5.7.1,
see [Savz2o, Ex. 3.7].
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6. EXISTENCE OF POLYNOMIAL REPRESENTATIONS

In this section, we briefly address the question whether the polynomial representation F®" of
Section 3.6 is defined in our cases of interest. For simplicity, we assume throughout that o = 7.

6.1. Non-deformed case. Let us first consider the case D = D = E = 0. This holds for the
algebras considered in Sections 5.1, 5.3, 5.4, 5.6, 5.7.1 and 5.8. In all these cases, we have a smaller
subalgebra F/ C F, such that R € F/ ® F” and all skew derivations p; vanish on (F/)®". Note that
whenever R = 0, the equations (R1, R2) are satisfied by « = 0. Hence in this case, the polynomial
representation can always be defined by Proposition 3.5.

Let us next assume that S = 0. Then the equation (R1) becomes R = a1 a12. Assume that there
exists a o-invariant, o-central element +R € F’ ® F’, such that (VR)? = R; for example, when
R = 1 we can take VR = 1. Then a = R immediately satisfies (R1). Moreover, as « is central
and p;(a;) = 0 for all i, j, the equation (R2) also holds.

Now consider the case S # 0. In all our examples, the element S is then a o-invariant, o-central
element of F/ ® F’. Let us assume for simplicity that 2 is invertible in k, and

A :=5/2, R=1, a€k[A]cF ®F.

Then we can write down a formal solution of (R1):

A% A*
a:Aim:Ai<1+2—8+--->

This solution might or might not converge to an element of k[A]. Let us assume it does, which
is the case e.g. when A is nilpotent. As « € F/ ® F/, the equation (R2) assumes the simpler form
Q2313012 = A12X13%23. Recall that we have A12A23 = A23A13 = A13A12 and A23A12 = A12A13 =
A130,3. Let us denote C = o — A; this element is central by definition. Expanding the products,
we obtain
a3 13012 — A12013023 = (Ci2 — Ci3 + Co3)(A13A12 — A12As3).

If F/ is commutative, then Aj3A12 = A12/A13 and so this expression trivially vanishes; in general,
it does not.

6.2. Deformed case. Let us now drop the assumption that the elements D, D, E vanish. As
explained in Section 3.7, we need to replace the condition (R2) of Proposition 3.5 with (R2’).
Observe that when D = D = 0 and E # 0, neither & = 1 nor a = 0 satisfy the equation (R2").

Instead of trying to treat the general case, let us illustrate what can happen by looking at
Section 5.5. Consider quiver Hecke algebra for the A,-quiver, that is when

n
R= Z QY(x1, %2)e; ® ej, Q7 =o0forli—jl#1, Qiir1 = X1 — xo.
ij=1
We have S = D = D = 0, and it follows from the equation (5.3) that
n—1

E= Z(ei Re1®e— e ®e®eyr)
i=1

Take a of the form a = 3;_;_, a'’(e ® e;j), a” € k[xy, x2]. The equation (R1) rewrites as
a TV (xy, %) (31, 1) = X1 — %, 1<i<n-1.
Since we work in a commutative ring and the polynomials '/ are at most linear, the equa-

tion (R2’) becomes

crlpz(al)al +E= szpl(O{z)(Zz.
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A direct computation shows that this equation holds if we set (a*'*!, a'*1%) € {(x; — x2, 1), (1, x; —
x1)} for each i. This choice can be made independently for each i, so that we obtain 2" ! ver-
sions of the polynomial representation. This recovers the well-known fact that the polynomial
representation of quiver Hecke algebra depends on the choice of the orientation of the quiver.

Remark 6.1. Recall the Frobenius quiver Hecke algebras in Section 5.5.2, and set Q¥ = 0 for
li—jl =1, Q" = fi(x; — x2), fi € Z(F/ ® F/,;). Then a computation analogous to the above
shows that, setting (a**!, ') = (fi(x; — x3),1) or (1, fi(xz — x1)), we obtain a polynomial
representation.

APPENDIX A. VANISHING OF DEFORMATION TERMS

A.1. Proof of Proposition 5.5. Recall that o = 7 and 7(r) = —r. By Lemma 4.16, Y(r) = 0
will imply Y(r) = 0. Bringing all terms to the common denominator, we need to check that the
following expression vanishes:

MDA (] = x) = APAD (] - x) - APAD ] - x)).

Moving all x;’s to the right, and remembering that (¢ ® PIAD) = A® the terms rewrite as
follows:
0—-1

0) A (6 0— —1—j
AEZ)AE3)(x1 —x3) = Z va 1(A12)¢ (Azs)xi P j(x1 _x3)
i,j=0

0 9 _ i i P 0_ i 1—i
APADGE —x) = 3 y3 D)y B ) T el — ),
ij:O

0) A (0 —ie i 20—
Ags)A( )(xlg )— Z 2 1(A23)¢3] . Z(Als)x1xzx3z o 2(x1 _xz)

i,j=0
Note that every term has polynomial degree 360 — 2, and in each term at least one variable occurs
with the degree at least 6. Let us check that the coefficient at the term x+x]x? 9-277] vanishes

for all i, j. Picking out the terms of x;-degree 0 + i for a fixed i, repeatedly using (¢ @ ¥)(A) = A
and setting x; = x3 = 1 to unburden the notation, we get:

20—-2—i 20-2—i

D U AP (Des)x] — Z Yy T Q) Y (Ar)xg
Jj=0—-1—i

022 i . . -1 . .. .

+ Eb;li]iz(Aﬁ)%_l_l(Alz)xé - Z ¢5171(A23)¢;17]72(A13)X5
Jj=0 j=0
0=2-i o

= 3027’711//;’_]_2(A13A12—A23A13)x2 Z Yty I 1(A12A23—A23A13)x2
Jj=0 j=0-1—i
20-2-i ' '

+ Yy ‘ﬁgj_l(Alem — A13A12)x;.
=6

Since A is 7¥-central and 7¥-invariant, we have
A120s3 = P2(A13)A12 = A13Aiz = Y3(Ds2)A13 = NgzAys.
0+j 20-2—i—j

It follows that the expression above vanishes. The coefficients at the terms xix, ’x; ,
xix; 39 +(26-2-12)) yanish by an analogous computation. We conclude that Y(r) = Y(r) = 0.

Finally, let us check that B(r) = 0. We have

ARy = RpA) = ARy = ADR,,
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so that ri3R; = ri3R;, and we may conclude by Lemma 4.16. O

A.2. Computations for affine Sergeev algebra. Let us check that the r-matrix defined by (5.9)
satisfies Y(r) = Y(r) = B(r) = 0. Without loss of generality, we can set ¢ = 1. Observe
the following simple identities in the localization F®?[m™!], which follow from the relations in
F = Cl x k[x*!]:

(1= x) e = () exiCaxe — D)7 Gaxe — D)7 = (=D exi(a — x) 7 i€f{1,2}.

Using these equalities, let us compute Y(r). First, let us denote:

P=(x;—x) (o — x3) 1 — x3) 7,

P’ =(1-xx) (1= xx3) (1= xpx3) ", P7 =P/(1—xx;)(% — x;)~".

We write ¢;; := cicj, x;; := x;x; for brevity. In these notations, we obtain

rire = (el — %)™ + creaxxa(1 — x126) D060 — x3) 71 + caesxzxs(1 — xax3) )

x2263(1 — %3)P + er2x123(1 — x13)P™ + c13x13202(1 — x13)P" — c232x23(31 — x3)P%;

a1(rar) = x133(3 — %2)P — crax123%1 (%2 — %3)P*? — c13213%1 (1 — X23)P™ + €232003%1 (1 — x23)P*;

ryo1(ry) = st(xl — x2)P + c12x123(1 — x12)P"? — e13x13(x1 — x2)P" + ep3x333(1 — x12) P2,

Comparing term by term the coefficients at P, P/, we conclude that Y(r) = 0. By Lemma 4.16,

we also have Y(r) = 0. Note that o,(r;) = 02(r;) and o (r)r is central; applying Lemma 4.16 once

again, we obtain B(r) = o1(r2)(R2 — Ry) = 0. O
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