
QUANTUM WREATH PRODUCTS AND YANG–BAXTER EQUATIONS

ALEXANDRE MINETS

Abstract. We extend the setup of Lai–Nakano–Xiang’s quantum wreath product algebras to

symmetric monoidal categories and deformed braid relations. Under some mild assumptions, we

drastically simplify the criterion for such algebras to have PBW basis; curiously, the new criterion

is phrased in terms of associative and quantum Yang–Baxter equations. As an application, we

clean up some basis results in the existing literature, and propose a certain generalization of quiver

Hecke algebras.

1. Introduction

1.1. Quantum wreath products. The Iwahori-Hecke algebra H𝑞 = H𝑞(S𝑛) of type 𝐴 is a

deformation of the group algebra k[S𝑛]. Moving from finite to affine type 𝐴, we get to the

affine Hecke algebra Ĥ𝑞 . It is a classic result of Bernstein that Ĥ𝑞 can be realized as a certain

deformation of the wreath product algebra k[𝑥±1] ≀S𝑛. In the last 15 years, there arised a number

of similar, but distinct deformations of wreath products 𝐹 ≀ S𝑛, where 𝐹 is an algebra different

from (Laurent) polynomials. To list a few examples:

∙ 𝐹 = 𝑍[𝑥], 𝑍 the zigzag algebra of a Dynkin quiver: affine zigzag algebras [KM17];

∙ 𝐹 = k[Z/(𝑝 − 1)] ⊗ k[𝑥±1]: pro-𝑝 Iwahori-Hecke algebras [Vig16, CS16];

∙ 𝐹 = Cl⋉ k[𝑥±1], Cl the Clifford algebra: affine Sergeev algebras [JN99];

∙ 𝐹 = k[𝑥], where 𝑥 is an odd variable: odd nilHecke algebras [EKL14];

∙ 𝐹 = ⨁𝑖∈𝐼 k[𝑥], 𝐼 finite set: quiver Hecke algebras [KL09].

There has been a number of attempts to put all these examples under one roof. For example,

Savage [Sav20] and Rosso–Savage [RS20] introduced affine, resp. quantum affine wreath prod-

uct algebras, which roughly speaking resemble degenerate affine, resp. affine Hecke algebras.

These two constructions can be treated uniformly [LM26, MS]. A much more general setup was

studied in [LNX24]. There, the starting point is an arbitrary deformation of wreath and quadratic

relations:

𝐻𝑓 = 𝜎(𝑓 )𝐻 + 𝜌(𝑓 ), 𝑓 ∈ 𝐹
⊗2
; 𝐻

2
= 𝑆𝐻 + 𝑅,

where 𝜎, 𝜌 ∈ Endk(𝐹⊗2), and 𝑆, 𝑅 ∈ 𝐹⊗2. Of course, there is no guarantee that the resulting

algebra, called quantum wreath product or QWP and denoted 𝐹 ≀H𝑛, has the same size as 𝐹⊗𝑛 ⊗

k[S𝑛], or more precisely a PBW basis of the form {𝐟𝐻𝑤 ∶ 𝐟 ∈ 𝐹⊗𝑛, 𝑤 ∈ S𝑛}. The main theorem

of loc. cit., which can be regarded as a classification result, gives an explicit list of necessary and

sufficient conditions on the quadruple (𝜎, 𝜌, 𝑆, 𝑅), such that 𝐹 ≀ H𝑛 has PBW basis. However,

there are some sticking points:

∙ The braid relations are not deformed, so [LNX24] does not cover e.g. quiver Hecke algebras;

∙ The list of relations is rather long (see e.g. Section 3.4), and difficult to check in practice.

1.2. Main result. One of the first conditions that [LNX24] tell us to check is that 𝜎 is an algebra

homomorphism, and 𝜌 is a left 𝜎-derivation. The present paper began as an observation that in

all cases of interest, the skew derivation 𝜌 is inner, i.e. of the form 𝜌𝑟(𝑥) = 𝑟𝑥 − 𝜎(𝑥)𝑟 , where 𝑟
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is an element of a localization of 𝐹⊗2. Building on this, we restrict our attention to a rich class of

QWP-like algebras with deformed braid relation:

Definition (Definition 4.4). Let 𝐹 be a unital algebra, and 𝜑, 𝜓 ∈ Aut(𝐹) algebra automorphisms.

Assume that there exists a central element 𝑐 ∈ 𝐹 , such that 𝜑(𝑐) = 𝜓(𝑐) = 𝑐, and 𝑐 ⊗ 1 − 1 ⊗ 𝑐 is

not a zero divisor. Fix 𝑆, 𝑅, 𝑟 ∈ 𝐹⊗2, 𝐷,𝐷, 𝐸 ∈ 𝐹⊗3, and assume (𝜑 ⊗ 𝜑)(𝑟) = (𝜓 ⊗ 𝜓)(𝑟) = 𝑟 . A

TIC algebra1 𝐹 ≀H𝑛 is the algebra generated by 𝐻1, … , 𝐻𝑛−1 and a subalgebra isomorphic to 𝐹⊗𝑛,

modulo the relations

𝐻
2
𝑖 = 𝑆𝑖𝐻𝑖 + 𝑅𝑖; 𝐻𝑖𝐟 = 𝜎𝑖(𝐟)𝐻𝑖 + 𝜌𝑖(𝐟), 𝐟 ∈ 𝐹

⊗𝑛
;

𝐻𝑖+1𝐻𝑖𝐻𝑖+1 = 𝐻𝑖𝐻𝑖+1𝐻𝑖 + 𝐷𝑖𝐻𝑖 + 𝐷𝑖𝐻𝑖+1 + 𝐸𝑖; 𝐻𝑗𝐻𝑖 = 𝐻𝑖𝐻𝑗 , |𝑖 − 𝑗| > 1,

where 𝜎(𝑓1 ⊗ 𝑓2) ∶= 𝜑(𝑓2) ⊗ 𝜓(𝑓1), and 𝜌 = 𝜌𝑟 the inner 𝜎-derivation.

While the notion of TIC algebra might seem a bit synthetic, it is general enough to cover all

natural examples the author managed to come up with. Our main result is that for TIC algebras,

the equivalent conditions for the existence of PBW basis are dramatically simplified:

Theorem (Theorem 4.8, Corollary 4.12). Let 𝐹 ≀H𝑛 be a TIC algebra, with deformation parameters
(𝑆, 𝑅, 𝐷, 𝐷, 𝐸). Denote 𝛾 ∶= 𝑅 − 𝜎(𝑟)𝑟 . If 𝐹 ≀H𝑛 has PBW basis, then 𝛾 satisfies

(1.1) 𝜎(𝛾) = 𝛾 , 𝛾𝑓 = 𝜎
2
(𝑓 )𝛾 for all 𝑓 ∈ 𝐹

⊗2
.

Conversely, for any 𝑅 ∈ 𝐹⊗2 such that 𝛾 satisfies the conditions above, there exists the unique choice
of (𝑆, 𝐷, 𝐷, 𝐸) such that 𝐹 ≀H𝑛 has PBW basis. Explicitly, these elements are given by

𝑆 = 𝑟12 + 𝑟21, 𝐷 = 𝑟23𝑟13 − 𝑟12𝑟23 − 𝑟13𝑟21, 𝐷 = 𝑟23𝑟12 + 𝑟13𝑟32 − 𝑟12𝑟13,

𝐸 = 𝑟12𝑟13𝑟23 − 𝑟23𝑟13𝑟12 + 𝑟13(𝑅23 − 𝑅12).

More generally, if 𝑟 belongs to a localization of 𝐹⊗2, then 𝐹 ≀ H𝑛 has PBW basis if and only if 𝛾
satisfies (1.1), (𝑆, 𝐷, 𝐷, 𝐸) are given by the formulas above, and moreover 𝑆 ∈ 𝐹⊗2, 𝐷,𝐷, 𝐸 ∈ 𝐹⊗3.

Why is this a useful result? For a general Hecke-like algebra with deformed braid relation,

the hardest condition to check in order to ensure the existence of a PBW basis is the so-called

four-strand ambiguity; see e.g. the final diagram in [Eli22, (5.1)]
2
. The set of conditions it imposes

on the deformation parameters is prohibitively complicated to unwind. However, our definition

of TIC algebras allows to sidestep this thorny issue via an elementary trick:

∙ When 𝜌 = 0, TIC algebra axioms imply that the cubic relation is not deformed (Proposi-

tion 4.5), hence the main theorem of [LNX24] applies;

∙ Renormalizing 𝐻 ↦ 𝐻 − 𝑟 , we reduce to the case 𝜌 = 0;

∙ When the cubic relation is not deformed, the formulas for 𝑆, 𝐷, 𝐷, 𝐸 are trivial to obtain.

Our simplified conditions furthermore allow to reverse the logic of constructing deformed quan-

tum wreath products. Instead of picking deformation parameters and painstakingly checking all

required conditions, we can now treat the existence of PBW basis as an ansatz. Then having

chosen 𝑟, 𝑅 ∈ 𝐹⊗2, the theorem immediately tells us what the rest of the parameters must be.

1.3. Applications. Our main theorem systematically recovers various basis theorems for affine

Hecke-like algebras, listed in Section 5. Let us highlight some examples:

(1) We simplify the proof of basis theorem for PQWP [LM26] and skew PQWP [BL26] algebras

(Sections 5.4 and 5.8);

1
The abbreviation TIC stands for “Tressée, Intérieure, en Couronne”. It was chosen as a nod to RAFH algebras [MS],

as coming up with good axiomatics for QWP algebras is rough enough to develop a tic.

2
Note that this paper predates [LNX24]!

2



(2) We extend the notion of quantum affine wreath product algebras to non-symmetric Frobe-

nius algebras (Section 5.7.2). This generalization turns out to be more subtle than suggested

in [RS20, Rem. 2.8]. Namely, it requires 𝜓 in the definition of TIC algebra to be non-trivial;

(3) We propose a generalization of quiver Hecke algebras, where one is allowed to insert a

Frobenius algebra at each vertex of the quiver (Section 5.5.2).

We plan to extend the Schur–Weyl duality results in [LNX24] to TIC algebras in futurework [LM].

As a first step in this direction, we study whether 𝐹 ≀ H𝑛 admits an action on the tensor space

𝐹⊗𝑛 extending the left regular action (Proposition 3.5).

Finally, note that the formulas for the coefficients 𝐷,𝐷, 𝐸 in the main theorem are nothing

else than the associative and quantum Yang–Baxter equations. This hints that TIC algebras are

closely related to Lie bialgebras and their deformations (Section 4.6), and gives the present paper

its name.

Organization. In order to cover certain super-versions of Hecke algebras, we begin with the

lengthy Section 2, which extends and reformulates the setup of QWP algebras from vector spaces

to (symmetric) tensor categories. While we hope this can be of use for the emerging study of

representation theory in tensor categories, the reader not interested in such generalizations is

invited to skip directly to Section 3. There, wemove away from diagrammatics to purely algebraic

relations, deform the cubic relation of QWP algebras, and introduce a localized version of the

setup, designed to treat various flavours of Demazure operators. The definition of TIC algebras

is given in Section 4, along with the basis theorem, which follows from [LNX24] via a bag of

simple tricks as discussed above. Section 5 is one big list of examples of TIC algebras. Finally, we

describe some situations when the tensor space representation of 𝐹 ≀H𝑛 exists in Section 6.

Acknowledgments. It is the author’s pleasure to thank Aaron Hofer, Chun-Ju Lai, and Leo

Schelstraete for illuminating discussions related to this work. I am grateful to Max Planck Insti-

tute for Mathematics in Bonn and University of Bonn for their hospitality and financial support.

2. Quantum wreath products

In this section, we recall and extend the basis theorem for quantum wreath product algebras

from [LNX24] to algebras in tensor categories. The proofs in loc. cit. carry over almost verbatim;

our contribution is in appropriately generalizing the setup. Our main motivation for this is to be

able to treat some superalgebras of interest in Sections 5.3, 5.6 and 5.9. We urge the reader who

is only interested in usual k-linear algebras to skip directly to Section 3.

2.1. Categorical incantations. Let k be a commutative ring, and fix a k-linear strict rigid

braided monoidal abelian category C with the unit object 1, satisfying EndC(1) = k. We liber-

ally use the string calculus for morphisms in monoidal categories, see e.g. [BK01a]. Our con-

vention is that the string diagrams are read from bottom to top. For instance, the braiding

𝜏 = 𝜏𝑀,𝑁 ∶ 𝑀 ⊗ 𝑁 → 𝑁 ⊗𝑀 will be denoted by an overcrossing:

𝑀 𝑁

𝑁 𝑀

𝜏𝑀,𝑁 = ,

𝑀 𝑁

𝑁 𝑀

𝜏−1𝑀,𝑁 = .

It is sometimes convenient for us to work in the ind-completion of C, which we denote by C⃗. This

category is naturally k-linear strict braided monoidal abelian, but not rigid.

Example 2.1. One can take C to be any symmetric fusion category [EGNO15]. We are mostly

interested in the categories Vec, sVec of finite dimensional vector, resp. super-vector spaces over
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a field k. Note that passing to ind-completions V⃗ec, ⃗sVec is equivalent to forgetting about finite-
dimensionality. For a more exotic example, one can set C to be the Verlinde category Ver𝑝 , 𝑝 > 2,

see [Ost20].

2.2. Algebra objects. Recall that a (unital) algebra in C is the data of (𝐴, 𝜇, 𝜂), where 𝐴 ∈ C,

𝜇 ∶ 𝐴 ⊗ 𝐴 → 𝐴, 𝜂 ∶ 1 → 𝐴, such that the following diagrams commute:

𝐴 ⊗ 𝐴 ⊗ 𝐴 𝐴 ⊗ 𝐴

𝐴 ⊗ 𝐴 𝐴

𝜇⊗id

id⊗𝜇 𝜇

𝜇

1 ⊗ 𝐴 𝐴 ⊗ 𝐴 𝐴 ⊗ 1

𝐴

≃

𝜂⊗id

𝜇
≃

id⊗𝜂

We often drop either 𝜂 or both 𝜇 and 𝜂 from the notation, when they are clear from context. In

terms of string calculus, this definition amounts to

𝜇 = , 𝜂 = ; = , = = .

Example 2.2. We have several simple ways to construct new algebras out of the existing ones:

(1) Let 𝐴, 𝐵 ∈ C be two algebras. The product 𝐴 ⊗ 𝐵 has two natural algebra structures. We

set 𝜂𝐴⊗𝐵 = 𝜂𝐴 ⊗ 𝜂𝐵 in both cases, and the products are given by

𝜇 =
,

𝐴 𝐵 𝐴 𝐵

𝜇′ =
.

𝐴 𝐵 𝐴 𝐵

Unless otherwise specified, we always use the first product. In particular, 𝐴⊗𝑛 is an alge-

bra for all 𝑛 ≥ 1.

(2) Given an object 𝐻 ∈ C, consider the ind-object 𝑇 (𝐻) ∶= ⨁
∞
𝑘≥0 𝐻

⊗𝑘
. This is naturally an

algebra in C⃗, called the tensor algebra of 𝐻 , for 𝜇 ∶ 𝐻⊗𝑖 ⊗ 𝐻⊗𝑗
∼
−−→ 𝐻⊗(𝑖+𝑗).

(3) Let 𝐼 ∈ C, and 𝑖 ∈ HomC(𝐼 , 𝐴). Define

𝐴/⟨𝐼⟩ ∶= coker(𝐴 ⊗ 𝐼 ⊗ 𝐴 id ⊗ 𝑖 ⊗ id
−−−−−−−−→ 𝐴

⊗3 𝜇 ◦ (𝜇 ⊗ id)
−−−−−−−−−→ 𝐴).

The product on 𝐴 induces a map 𝜇 ∶ (𝐴/⟨𝐼 ⟩)⊗2 → 𝐴/⟨𝐼⟩, and setting 𝜂 to be the compo-

sition 1 𝜂
−→ 𝐴↠ 𝐴/⟨𝐼⟩, we get an algebra (𝐴/⟨𝐼 ⟩, 𝜇, 𝜂).

Let 𝐴 ∈ C⃗ be an (ind-)algebra, 𝐻 ∈ C an object, and consider 𝐴 ⊗ 𝑇(𝐻) ∈ C⃗. By (1) and (2)

above, this is an algebra in C⃗; however, it admits many more algebra structures. Let us draw 𝐻

as a dotted line, and choose two morphisms:

𝜎 =

𝐻 𝐴

∈ HomC(𝐻 ⊗ 𝐴, 𝐴 ⊗ 𝐻), 𝜌 =

𝐻 𝐴

∈ HomC(𝐻 ⊗ 𝐴, 𝐴).

Consider the map 𝜇 ∶ (𝐴 ⊗ 𝑇(𝐻))⊗2 → 𝐴⊗ 𝑇(𝐻), where 𝜇 = ∑𝑘,𝑗≥0 𝜇𝑘,𝑗 , and

(2.1)

𝜇𝑘,𝑗 ∶ (𝐴 ⊗ 𝐻
⊗𝑘
) ⊗ (𝐴 ⊗ 𝐻

⊗𝑗
) →

𝑘

⨁

𝑖=0

𝐴 ⊗ 𝐻
⊗𝑖+𝑗

,

𝜇𝑘,𝑗 = (𝜇𝐴 ⊗ id) ◦ (id𝐴 ⊗ (id ⊗ 𝜎 ⊗ id + id ⊗ 𝜌 ⊗ id)
𝑘
⊗ id𝐻⊗𝑗 ).

Let us elucidate the meaning of the symbol (id ⊗ 𝜎 ⊗ id + id ⊗ 𝜌 ⊗ id)𝑘 above. This is a map

𝐻⊗𝑘 ⊗𝐴 → ⨁𝑖≤𝑘 𝐴⊗𝐻
⊗𝑖
. Each time we apply 𝜎, it moves 𝐴 past one copy of 𝐻 , and 𝜌 removes

a copy of 𝐻 to the left of 𝐴. So we apply either 𝜎 or 𝜌 at an appropriate place, and (id ⊗ − ⊗ id)

serves to remind that we have some extra copies of 𝐻 on both sides. Observe that 𝜇 extends the

products on 𝑇 (𝐻) ≃ 1 ⊗ 𝑇(𝐻) and 𝐴 ≃ 𝐴 ⊗ 1 inside 𝐴 ⊗ 𝑇(𝐻).
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Example 2.3. The map 𝜇2,0 is given by the following diagram:

𝜇2,0 = + + + .

Proposition 2.4. Let 𝜂 = 𝜂𝐴 ⊗ 𝜂𝑇 (𝐻), and 𝜇 as above. Write 𝜎12 ∶= 𝜎 ⊗ id𝐴, 𝜎23 ∶= id𝐴 ⊗ 𝜎, and
same for 𝜌. Then (𝐴 ⊗ 𝑇 (𝐻), 𝜇, 𝜂) is an algebra in C⃗ if and only if the following conditions hold:

𝜎 ◦ (id𝐻 ⊗ 𝜂𝐴) = 𝜂𝐴 ⊗ id𝐻 , 𝜌 ◦ (id𝐻 ⊗ 𝜂𝐴) = 0,(2.2)

𝜎 ◦ (id𝐻 ⊗ 𝜇𝐴) = (𝜇𝐴 ⊗ id𝐻 ) ◦ 𝜎23 ◦ 𝜎12, 𝜌 ◦ (id𝐻 ⊗ 𝜇𝐴) = 𝜇𝐴 ◦ (𝜌23 ◦ 𝜎12 + 𝜌12).(2.3)

In terms of string calculus, the conditions (2.2, 2.3) are written as follows:

= , = 0,
(D1)

= , = + .
(D2)

Note that the second condition of (2.2) follows from the other three conditions. Indeed,

𝜌 ◦ (id𝐻 ⊗ 𝜂𝐴) = = = + = + ,

and so 𝜌 ◦ (id𝐻 ⊗ 𝜂𝐴) must vanish.

Proof of Proposition 2.4. Let us denote 𝜋 = 𝜎 + 𝜌 ∶ 𝐻 ⊗ 𝐴 → (𝐴 ⊗ 𝐻) ⊕ 𝐴 for brevity. First,

let us prove that the conditions (2.2, 2.3) are necessary. For this, we restrict our attention to

𝐴 ⊕ (𝐴 ⊗ 𝐻) ⊂ 𝐴 ⊗ 𝑇(𝐻). Using the unitality condition on 1 ⊗ 𝐻 , we obtain

𝜂𝐴 ⊗ id𝐻 = (𝜇 ⊗ id𝐻 ) ◦ (id𝐴 ⊗ 𝜋) ◦ (𝜂𝐴 ⊗ id𝐻 ⊗ 𝜂𝐴) = 𝜎 ◦ (id𝐻 ⊗ 𝜂𝐴) + 𝜌 ◦ (id𝐻 ⊗ 𝜂𝐴),

which yields the equations (2.2). Using the associativity condition on (1⊗𝐻)⊗𝐴⊗𝐴, we obtain

𝜇 ◦ (id ⊗ 𝜇) = (𝜇𝐴 ⊗ id𝐻 , 𝜇𝐴) ◦ (id𝐴 ⊗ 𝜋) ◦ (𝜂𝐴 ⊗ id𝐻 ⊗ 𝜇𝐴) = 𝜋 ◦ (id𝐻 ⊗ 𝜇𝐴),

𝜇 ◦ (𝜇 ⊗ id) = (𝜇𝐴 ⊗ id𝐻 , 𝜇𝐴) ◦ (id𝐴 ⊗ 𝜋, id𝐴⊗𝐴) ◦ (𝜇𝐴 ⊗ id𝐻⊗𝐴, 𝜇𝐴 ⊗ id𝐴) ◦ (𝜂𝐴 ⊗ 𝜋 ⊗ id𝐴)

= 𝜇𝐴 ◦ (𝜋, id𝐴⊗𝐴) ◦ (𝜋 ⊗ id𝐴) = 𝜇𝐴 ◦ ((id𝐴 ⊗ 𝜌) ◦ (𝜎 ⊗ id𝐴) + 𝜌 ⊗ id𝐴),

which yields equations (2.3).

Now let us assume that both (2.2) and (2.3) hold. The left triangle of the unitality condition is

obviously commutative. Evaluating the right triangle on 𝐴 ⊗ 𝐻⊗𝑘 , we have

𝜇 ◦ (id𝐴⊗𝐻⊗𝑘 ⊗ 𝜂𝐴) = 𝜇𝐴 ◦ (id𝐴 ⊗ 𝜋
𝑘
) ◦ (id𝐴⊗𝐻⊗𝑘 ⊗ 𝜂𝐴)

(2.2)

= 𝜇𝐴 ◦ (id𝐴 ⊗ 𝜂𝐴 ⊗ id𝐻⊗𝑘 ) = id𝐴 ⊗ id𝐻⊗𝑘 ,

and so it also commutes. For the associativity, let𝑊𝑘 be the set of words in letters 𝜎, 𝜌 of length 𝑘,

and for 𝑤 ∈ 𝑊𝑘 denote by 𝜎(𝑤) the amount of 𝜎’s occurring in 𝑤. A simple induction argument

using (2.3) as the inductive step shows that

(2.4) (𝜎 + 𝜌)
𝑘
◦ (id𝐻⊗𝑘 ⊗ 𝜇𝐴) = (𝜇𝐴 ⊗ id) ◦

(
∑

𝑤∈𝑊𝑘

(id𝐴 ⊗ (𝜎 + 𝜌)
𝜎(𝑤)

) ◦ (𝑤 ⊗ id𝐴)
)
.

Shedding irrelevant factors from the associativity diagram, we need to prove that, for any 𝑘, 𝑙 ≥ 0

we have

𝜋
𝑘
◦ (id𝐻⊗𝑘 ⊗ 𝜇𝐴 ⊗ id) ◦ (id𝐻⊗𝑘⊗𝐴 ⊗ 𝜋

𝑙
) = (𝜇𝐴 ⊗ id) ◦ (id𝐴 ⊗ (𝜋

𝑘+𝑙
, … , 𝜋

𝑙
)) ◦ (𝜋

𝑘
⊗ id𝐻⊗𝑙⊗𝐴).
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Note that we can further remove the 𝐻⊗𝑙-factor, and so the precomposition by 𝜋𝑙 . It remains to

prove the following equality of maps with source 𝐻⊗𝑘 ⊗ 𝐴 ⊗ 𝐴:

(𝜋𝑘 ⊗ id) ◦ (id𝐻⊗𝑘 ⊗ 𝜇𝐴) = (𝜇𝐴 ⊗ id) ◦ (id𝐴 ⊗ (𝜋
𝑘
, … , id)) ◦ (𝜋

𝑘
⊗ id𝐴).

This is exactly the equation (2.4), written in a different form. □

The following two claims are proved by direct computation.

Lemma 2.5. Let 𝐻 ∈ C, and 𝜎 ∶ 𝐻 ⊗𝐴 → 𝐴⊗𝐻 , 𝜌 ∶ 𝐻 ⊗𝐴 → 𝐴 satisfy the conditions (2.2, 2.3).
Pick two other algebras 𝐵1, 𝐵2 ∈ C, and consider the product 𝐵1 ⊗ 𝐴 ⊗ 𝐵2. Then the maps

𝜎
′ ∶= (id𝐵1⊗𝐴 ⊗ 𝜏

−1
𝐻,𝐵2

) ◦ (id𝐵1 ⊗ 𝜎 ⊗ id𝐵2) ◦ (𝜏𝐻,𝐵1 ⊗ id𝐴⊗𝐵2),

𝜌
′ ∶= (id𝐵1 ⊗ 𝜌 ⊗ id𝐵2) ◦ (𝜏𝐻,𝐵1 ⊗ id𝐴⊗𝐵2)

also satisfy (2.2, 2.3), and so turn (𝐵1 ⊗ 𝐴 ⊗ 𝐵2) ⊗ 𝑇 (𝐻) into an algebra. □

Lemma 2.6. For each 1 ≤ 𝑖 ≤ 𝑛, let 𝐻𝑖 ∈ C, and 𝜎𝑖 ∶ 𝐻𝑖⊗𝐴 → 𝐴⊗𝐻𝑖, 𝜌𝑖 ∶ 𝐻𝑖⊗𝐴 → 𝐴 satisfy the
conditions (2.2, 2.3). Then 𝜎 ∶= ∑𝑖 𝜎𝑖, 𝜌 ∶= ∑𝑖 𝜌𝑖 also satisfy (2.2, 2.3), and so turn 𝐴 ⊗ 𝑇(⨁𝑖 𝐻𝑖)

into an algebra. □

Example 2.7. Let 𝐹 ∈ C be an algebra, and set 𝐴 = 𝐹 ⊗ 𝐹 . If the braiding 𝜏𝐹 ,𝐹 is symmetric, the

maps 𝜎 = 𝜏𝐻,𝐹⊗2 ◦ (id𝐻 ⊗𝜏𝐹 ,𝐹 ), 𝜌 = 0 satisfy the conditions (2.2, 2.3). Indeed, the only non-trivial

condition is proved as follows, where we write 𝜏 = 𝜏𝐹⊗𝐹 , 𝜇 = 𝜇𝐹 :

𝜎 ◦ 𝜇𝐴 = = = = = 𝜇𝐴 ⊗ (𝜎 ⊗ 𝜎).

In general, 𝜏𝐹 ,𝐹 is instead a map of algebras (𝐹 ⊗ 𝐹, 𝜇′) → (𝐹 ⊗ 𝐹, 𝜇), where 𝜇, 𝜇′ are as in

Example 2.2(1).

2.3. Quantum wreath products. Let 𝐻 ∈ C, 𝑛 ≥ 2, and write H𝑛 ∶= ⨁
𝑛−1
𝑖=1 𝐻𝑖, where each

𝐻𝑖 is a copy of 𝐻 . Pick an algebra 𝐹 ∈ C⃗, together with maps 𝜎 ∈ HomC(𝐻 ⊗ 𝐹⊗2, 𝐹⊗2 ⊗ 𝐻),

𝜌 ∈ HomC(𝐻 ⊗ 𝐹
⊗2, 𝐹⊗2) satisfying the conditions (2.2, 2.3). Set

𝐴 ∶= 𝐹
⊗𝑛
.

For each 1 ≤ 𝑖 ≤ 𝑛 − 1, we define

𝜎𝑖 ∶= (id𝐹⊗(𝑖+1) ⊗ 𝜏
−1

𝐻,𝐹⊗(𝑛−𝑖−1)
) ◦ (id𝐹⊗(𝑖−1) ⊗ 𝜎 ⊗ id𝐹⊗(𝑛−𝑖−1)) ◦ (𝜏𝐻,𝐹⊗(𝑖−1) ⊗ id𝐹⊗(𝑛−𝑖+1)) ∶ 𝐻 ⊗ 𝐴 → 𝐴 ⊗ 𝐻,

𝜌𝑖 ∶= (id𝐹⊗(𝑖−1) ⊗ 𝜌 ⊗ id𝐹⊗(𝑛−𝑖−1)) ◦ (𝜏𝐻,𝐹⊗(𝑖−1) ⊗ id𝐹⊗(𝑛−𝑖+1)) ∶ 𝐻 ⊗ 𝐴 → 𝐴.

The following relations follow immediately from the definitions for any 𝑗 ≥ 𝑖 + 2:

(2.5)
=

𝑗 𝑖 𝐴

,

𝑗 𝑖 𝐴

=

𝑗 𝑖 𝐴

,

𝑗 𝑖 𝐴

=

𝑗 𝑖 𝐴

,

𝑗 𝑖 𝐴

=

𝑗 𝑖 𝐴

.

𝑗 𝑖 𝐴

By Lemmata 2.5 and 2.6, the sums∑𝑖 𝜎𝑖,∑𝑖 𝜌𝑖 give rise to an algebra structure on 𝐹⊗𝑛 ⊗ 𝑇(H𝑛).

We further fix the following datum:

𝑆 ∈ HomC(𝐻
⊗2
, 𝐹
⊗2
⊗ 𝐻), 𝑅 ∈ HomC(𝐻

⊗2
, 𝐹
⊗2
).

For any collection of indices 𝐼 ⊂ {1, … , 𝑛} we write 𝜄𝐼 ∶ 𝐹
⊗|𝐼 | → 𝐹𝑛 for the inclusion, given by

tensoring identity maps for 𝑖 ∈ 𝐼 and unit maps for 𝑖 ∉ 𝐼 . For each 1 ≤ 𝑖 ≤ 𝑛 − 1, denote the
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identity map 𝐻𝑖
∼
−−→ 𝐻 by ℎ𝑖, and consider the following “coloured” versions of our extra data:

𝑆𝑖 = (𝜄{𝑖,𝑖+1} ⊗ ℎ
−1
𝑖 ) ◦ 𝑆 ◦ (ℎ𝑖 ⊗ ℎ𝑖), 𝑅𝑖 = 𝜄{𝑖,𝑖+1} ◦ 𝑅 ◦ (ℎ𝑖 ⊗ ℎ𝑖).

We also define 𝑍𝑖 = (ℎ𝑖 ⊗ℎ𝑖+1 ⊗ℎ𝑖)
−1 ◦ (ℎ𝑖+1 ⊗ℎ𝑖 ⊗ℎ𝑖+1). Note that this is essentially the identity

map id𝐻⊗3 , except for being coloured in a non-trivial fashion. Diagrammatically, we draw 𝐻𝑖’s as

dotted lines, and 𝐴 = 𝐹⊗𝑛 as a solid line. We draw the maps above as follows, where 𝐻𝑖 is yellow

and 𝐻𝑖+1 blue:

𝑆𝑖 = , 𝑅𝑖 = , 𝑍𝑖 = .

Let us write 𝐻𝑖𝑗 ∶= 𝐻𝑖⊗𝐻𝑗 and so on for brevity. Consider the following collection of maps into

𝐴 ⊗ 𝑇(H𝑛):

(1) For all 1 ≤ 𝑖 ≤ 𝑛 − 1, 𝐐𝑖 = (id𝐻𝑖𝑖 , 𝑆𝑖, 𝑅𝑖) ∶ 𝐻𝑖𝑖 → 𝐴⊗ 𝑇(H𝑛);

(2) For all 1 ≤ 𝑖 < 𝑗 − 1 ≤ 𝑛 − 2, 𝐁
𝑖𝑗

2 = (id𝐻𝑗𝑖 , 𝜏𝐻𝑗 ,𝐻𝑖) ∶ 𝐻𝑗𝑖 → 𝐴⊗ 𝑇(H𝑛);

(3) For all 1 ≤ 𝑖 ≤ 𝑛 − 1, 𝐁𝑖3 = (id𝐻𝑖+1,𝑖,𝑖+1 , 𝑍𝑖) ∶ 𝐻𝑖+1,𝑖,𝑖+1 → 𝐻𝑖,𝑖+1,𝑖.

This collection gives rise to a map 𝐈𝑛 → 𝐴⊗ 𝑇(H𝑛), where 𝐈𝑛 is the big direct sum

𝐈𝑛 ∶=

𝑛−1

⨁

𝑖=1

𝐻𝑖𝑖 ⊕

𝑛−3

⨁

𝑖=1

𝑛−1

⨁

𝑗=𝑖+2

𝐻𝑗𝑖 ⊕

𝑛−1

⨁

𝑖=1

𝐻𝑖+1,𝑖,𝑖+1.

Definition 2.8. Let 𝐹 ∈ C be an algebra. Denote 𝑞 ∶= (𝜎, 𝜌, 𝑆, 𝑅), and call this quadruple

the deformation datum. The quantum wreath product (QWP) associated to (𝐹 , 𝑞) is the quotient

algebra 𝐹 ≀H𝑛 = 𝐹 ≀H𝑛(𝑞) ∶= (𝐹⊗𝑛 ⊗ 𝑇(H𝑛))/⟨𝐈𝑛⟩ as above.

2.4. Necessary conditions. For each 𝑤 ∈ S𝑛, pick a reduced expression 𝑟(𝑤) = 𝑠𝑖1 …𝑠𝑖𝑙 , such

that 𝑟(1) = 1, and for every 𝑤 ∈ S𝑛 ⧵ {1} there exists a unique 𝑠𝑖, satisfying the equality of

reduced expressions 𝑟(𝑤) = 𝑟(𝑤𝑠𝑖)𝑠𝑖. With this choice in mind, denote

𝐻𝑤 ∶= 𝐻𝑖1…𝑖𝑙 = 𝐻𝑖1 ⊗ … ⊗ 𝐻𝑖𝑙 .

Lemma 2.9. The composition 𝜑𝑛 ∶ ⨁𝑤∈S𝑛
𝐴 ⊗ 𝐻𝑤 ↪ 𝐴⊗ 𝑇(H𝑛)↠ 𝐹 ≀H𝑛 is surjective.

Proof. Using the relations𝐁𝑖𝑗2 , 𝐁
𝑖
3, the image of each summand of𝐴⊗𝑇(H𝑛) in 𝐹 ≀H𝑛 is isomorphic

to the image of a summand of the form 𝐴 ⊗ 𝐻𝑖1…𝑖𝑙 , where 𝑠𝑖1 …𝑠𝑖𝑙 is a reduced expression in the

braid group Br𝑛. Further using the relation 𝐐𝑖, we can express the images of summands with

repeated indices in terms of summands 𝐴 ⊗ 𝐻𝑤, 𝑤 ∈ S𝑛. □

Our goal is to obtain the conditions on the deformation datum 𝑞, under which the map 𝜑𝑛 is

an isomorphism. Using the associativity of multiplication, we can rewrite various products in

𝐹 ≀H𝑛 as linear combinations in the image of 𝜑𝑛 in several ways, by applying the rules 𝐐𝑖, 𝐁
𝑖𝑗

2 , 𝐁
𝑖
3

in different order. If the map 𝜑𝑛 is injective, such rewritings must produce the same result. We list

the conditions obtained in this way below, in diagrammatic terms, and refer the reader to [LNX24,

App. B.1] for their derivation, which carries over essentially verbatim.

(D3) = + , + = + + ,

(D4) = + + , + = + ,
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(D5) =
,

=
,

=
,

(D6) = + +
,

= + +
,

(D7) + = +
,

(D8)

=
,

=
,

=
,

=
,

= = = = 0,

(D9)

+ + = + + = 0,

+ = + = 0.

For completeness, here is the list of rewritings which give rise to these relations:

(D3) ∶ 𝐻𝑖𝑖 ⊗ 𝐴 = 𝐻𝑖 ⊗ (𝐻𝑖 ⊗ 𝐴),

(D4) ∶ 𝐻𝑖𝑖𝐻𝑖 = 𝐻𝑖𝑖𝑖 = 𝐻𝑖𝐻𝑖𝑖,

(D5), (D6), (D7) ∶ 𝐻2 ⊗ (𝐻1 ⊗ (𝐻2 ⊗ 𝐴)) = 𝐻212 ⊗ 𝐴 ≃ 𝐻121 ⊗ 𝐴 = 𝐻1 ⊗ (𝐻2 ⊗ (𝐻1 ⊗ 𝐴)),

(D8), (D9) ∶ 𝐻21𝐻22 = 𝐻2122 ≃ 𝐻1212 ≃ 𝐻1121 = 𝐻11𝐻21, 𝐻22𝐻12 ≃ 𝐻12𝐻11.

2.5. Basis theorem. Let us denote V = ⨁𝑤∈S𝑛
𝐴 ⊗ 𝐻𝑤. We say that 𝐹 ≀H𝑛 has a PBW basis if

the map 𝜑𝑛 ∶ V → 𝐹 ≀H𝑛 is an isomorphism. The following is the main result of [LNX24].

Theorem 2.10. The algebra 𝐹 ≀H𝑛 has a PBW basis if and only if the conditions (D1–D9) hold.

Sketch of proof. This theorem is proved in [LNX24] for C = Vec, 𝐻 = k. The necessity of condi-

tions (D1–D9) is explained above. For the sufficiency, the strategy in loc. cit. is as follows:
1. Let V𝓁 = ⨁𝓁(𝑤)≤𝓁 𝐴 ⊗ 𝐻𝑤 ⊂ V. Define maps of left 𝐴-modules 𝑓 ∶ V ⊗ 𝐴 → V, 𝑇𝑖 ∶

V ⊗ 𝐻𝑖 → V by induction on the length 𝓁;

2. Check that these maps satisfy the defining relations of 𝐹 ≀ H𝑛, and hence define a right

𝐹 ≀H𝑛-module structure on V. By definition, this module is cyclic;

3. Verify that the map 𝜑𝑛 is compatible with the right 𝐹 ≀H𝑛-action;

4. As 𝜑𝑛 surjects from a cyclic module onto the regular one, it must be an isomorphism.
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This proof carries over almost verbatim to our generalized setup; only the second step requires

some additional explanation. More precisely, in [LNX24] the defining relations are broken down

into six statements (𝑊[𝓁]), (𝑀[𝓁]), (𝑄[𝓁]), (𝐵2[𝓁]), (𝐵3[𝓁]), (𝑅[𝓁]). Their verification is achieved via

a “grand loop” argument, once again inductive on the length 𝓁, which is the computational heart

of that paper. The argument for the first three statement remains identical in our generalized

setting. The other three statements get slightly modified:

𝑇𝑖 ◦ (𝑇𝑗 ⊗ id𝐻𝑖) = 𝑇𝑗 ◦ (𝑇𝑖 ⊗ id𝐻𝑗 ) ◦ (idV ⊗ 𝜏𝐻𝑗 ,𝐻𝑖) on V𝓁
;(𝐵2[𝓁])

𝑇𝑖+1 ◦ (𝑇𝑖 ⊗ id𝐻𝑖+1) ◦ (𝑇𝑖+1 ⊗ id𝐻𝑖,𝑖+1) = 𝑇𝑖 ◦ (𝑇𝑖+1 ⊗ id𝐻𝑖) ◦ (𝑇𝑖 ⊗ id𝐻𝑖+1,𝑖) ◦ 𝐸𝑖 on V𝓁
;(𝐵3[𝓁])

𝑓 |V𝓁 does not depend on the choice of reduced expressions of 𝑤 ∈ S𝑛.(𝑅[𝓁])

With these reformulations, the proofs of (𝐵2[𝓁]) and (𝐵3[𝓁]) once again remain identical. Finally,

in order to check the statement (𝑅[𝓁]), one has to show the following equalities:

𝑓 ◦ (𝜏𝐻𝑗 ,𝐻𝑖 ⊗ id𝐴) = (𝜏𝐻𝑗 ,𝐻𝑖 ⊕ idV1) ◦ 𝑓 ∈ HomC(𝐻𝑗𝑖 ⊗ 𝐴,V
2
),

𝑓 ◦ (𝐸𝑖 ⊗ id𝐴) = (𝐸 ⊕ idV2) ◦ 𝑓 ∈ HomC(𝐻𝑖+1,𝑖,𝑖+1 ⊗ 𝐴,V
3
).

Recall that the map 𝑓 (𝓁) ∶ V𝓁 ⊗ 𝐴 → V𝓁
is defined as follows:

𝑓
(𝓁)
|𝐴⊗𝐻𝑤𝑠𝑖 =

{
𝜇𝐴 if 𝑙 = 0,

(id ⊗ 𝜎) ◦ (𝑓 (𝓁−1) ⊗ id) ◦ 𝑇
(𝓁)
𝑖 + (id ⊗ 𝜌) ◦ 𝑓 (𝓁−1) if 𝑟(𝑤𝑠𝑖) = 𝑟(𝑤)𝑠𝑖.

One uses this definition to expand both sides of the equalities above and check them term by

term. By the same inductive argument as in [LNX24, App. B], for the length 2 relation this boils

down to (2.5), and for the length 3 relation to (D5–D7). This concludes the proof. □

Remark 2.11. For a general Hecke-type algebra, one needs to check more relations in order to

ensure the existence of a nice basis, see e.g. the main theorem of [Eli22]. In our special case these

checks are superfluous by a minor miracle. If one deforms the cubic relation 𝐁3 this ceases to be

the case; however, see Proposition 4.5.

2.6. On the choice of diagrammatics. Let us conclude the section by explainingwhywe opted
to draw the identity maps 𝑍𝑖 as six-valent vertices. Consider the very degenerate setup, where

k is a field, C = Vec, 𝐹 = k the trivial algebra, and 𝐻 a vector space. The relations (D1) imply

that that 𝜎 = id𝐻 , 𝜌 = 0, and the relations (D2) are trivially satisfied. Set 𝑅 = 0, and treat

𝑆 ∶ 𝐻 ⊗ 𝐻 → 𝐻 as an algebra product. Then most of the relations (D3–D9) become trivial,

except for the following consequences of (D3) and (D8):

= ,
= , = .

For our choice 𝑍𝑖 = id𝐻⊗3 , the last two relations are equivalent to 𝑆 ⊗ id𝐻⊗2 = id𝐻⊗2 ⊗ 𝑆, so that

either 𝐻 is one-dimensional or 𝑆 = 0. However, there is a more general setup where one can

exhibit non-trivial examples. Namely, let us allow the objects 𝐻𝑖 to be non-isomorphic, and let

𝑍𝑖 be some map from 𝐻𝑖+1,𝑖,𝑖+1 to 𝐻𝑖,𝑖+1,𝑖. Then the relations above are satisfied in the category

of Soergel bimodules SBim, see e.g. [EW16, §1.4.1-2]. Of course, Theorem 2.10 has no reason to

extend to this setting; the appropriate generalization would at the very least require to impose

the𝐴3-Zamolodchikov relation on the elements 𝑍𝑖, see also Remark 2.11. Still, the author believes

that there should be an interesting theory of quantum wreath products internal to SBim.
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3. The invertible case

3.1. Yoneda notations. It will be convenient for us to write down some relations from Yoneda

point of view. Given 𝑋,𝑀 ∈ C, we refer to maps 𝑋 → 𝑀 as 𝑋 -elements of 𝑀 . Note that the

set of 𝑋-elements 𝑀𝑋 ∶= HomC(𝑋,𝑀) is a k-module. By a slight abuse of notation, we write

𝑓 (𝑥) ∶= 𝑓 ◦ 𝑥 for any 𝑓 ∈ HomC(𝑀, 𝑁 ) and 𝑥 ∈ 𝑀𝑋 . It follows from Yoneda’s lemma that 𝑓 = 𝑔

in HomC(𝑀, 𝑁 ) if and only if 𝑓 (𝑥) = 𝑔(𝑥) for all 𝑥 ∈ 𝑀𝑋 , 𝑋 ∈ C. In view of this, when 𝑋 runs

over all objects of C we will further abuse the notation and shorten “𝑥 ∈ 𝑀𝑋 , 𝑋 ∈ C” to “𝑥 ∈ 𝑀”.

Given a (unital) algebra 𝐴 ∈ C, we also write 𝑥𝑦 ∶= 𝜇𝐴(𝑥 ⊗ 𝑦) ∈ 𝐴𝑋⊗𝑌 for 𝑥 ∈ 𝐴𝑋 , 𝑦 ∈ 𝐴𝑌 .

Finally, given 𝑥 ∈ 𝐹𝑋 , 𝑦 ∈ (𝐹 ⊗ 𝐹)𝑌 and 1 ≤ 𝑖 < 𝑗 ≤ 𝑛, we write

(3.1) 𝑥𝑖 ∶= 𝜄{𝑖}(𝑥) ∈ (𝐹
⊗𝑛
)𝑋 , 𝑦𝑖𝑗 ∶= 𝜄{𝑖,𝑗}(𝑦) ∈ (𝐹

⊗𝑛
)𝑌 ,

see Section 2.3 for the notation. For example, when C = Vec and 𝑋 = k, the k-elements of𝑀 ∈ C

are precisely what one would ordinarily call elements or vectors. When C = sVec, then 𝑀
k1|0 is

the subspace of even elements of𝑀 , and𝑀
k0|1 is the subspace of odd elements. The casual reader

is strongly encouraged to only ever keep these two examples in mind for the rest of the paper.

3.2. 𝐻 is invertible. Recall that an object 𝐿 ∈ C is called invertible if both the unit 1 → 𝐿 ⊗ 𝐿∨

and the counit 𝐿∨ ⊗ 𝐿 → 1 are isomorphisms, where 𝐿∨ is the dual of 𝐿. By duality adjunction,

we have EndC(𝐿) = EndC(1) = k. For an invertible 𝐿, we sometimes drop the symbol of tensor

product from powers, and write 𝐿𝑘 = 𝐿⊗𝑘 , 𝐿−𝑘 = (𝐿∨)⊗𝑘 for 𝑘 > 0.

Example 3.1. The only invertible element in C = Vec is the unit 1 = k
1
. In super-vector spaces

C = sVec, the invertible elements are the even one-dimensional space k
1|0 = 1 and the odd

one-dimensional space k
0|1
.

From now on, unless otherwise stated, we assume that 𝐻 is invertible. We impose this con-

dition for several reasons. First, we simply do not have any examples with non-invertible 𝐻 in

mind (besides Remark 5.2). Further, when 𝐻 is not invertible it might be more natural to con-

sider a more general setup, as discussed in Section 2.6. Finally, it is much easier to work with the

algebraic relations (P1–P9) below than with the diagrammatic relations (D1–D9).

3.3. QWPalgebras, redux. In order for the algebra 𝐹 ≀H𝑛 to be well-defined, we need to impose

the conditions (2.2, 2.3). When 𝐻 is invertible, they admit a simpler form. Namely, any 𝜎 ∈

HomC(𝐻 ⊗ 𝐹
⊗2, 𝐹⊗2 ⊗ 𝐻) can be written as 𝜎 = (𝜎′ ⊗ id𝐻 ) ◦ 𝜏𝐻,𝐹⊗2 , where 𝜎

′ ∈ EndC(𝐹⊗2). Let
us write 𝜎 instead of 𝜎′

by abuse of notation. Suppressing the braiding 𝜏𝐻,𝐹⊗2 , as well as 𝐻 , from

the notation, the conditions rewrite as follows:

𝜎(1 ⊗ 1) = 1 ⊗ 1, 𝜌(1 ⊗ 1) = 0,(P1)

𝜎(𝑎𝑏) = 𝜎(𝑎)𝜎(𝑏), 𝜌(𝑎𝑏) = 𝜎(𝑎)𝜌(𝑏) + 𝜌(𝑎)𝑏.(P2)

In other words, 𝜎 is an algebra endomorphism of 𝐹⊗2, and 𝜌 is an (𝐻 -twisted) left 𝜎-derivation.

Recall that 𝐴 = 𝐹⊗𝑛. Fixing 𝜎 an endomorphism of 𝐹⊗2, we have

𝜎𝑖 ∶ 𝐴 → 𝐴, 𝜌𝑖 ∶ 𝐻 ⊗ 𝐴 → 𝐴,

𝑆𝑖 ∈ 𝐴𝐻 , 𝑅𝑖 ∈ 𝐴𝐻 2 , 𝑍𝑖 = 1 ∈ k.

Let us write 𝜎𝑖𝑗 = 𝜎𝑖𝜎𝑗 , 𝜌𝑖𝑗 = 𝜌𝑖𝜌𝑗 and so on for brevity. By invertibility, the braiding 𝜏𝐻,𝐻 is a

scalar, and the braiding 𝜏𝐻,𝐹 an endomorphism of 𝐹 :

𝜏𝐻,𝐻 ⇝ 𝜖 ∈ k
∗
, 𝜏𝐻,𝐹 ⇝ 𝑡 ∈ EndC(𝐹).

It follows from (2.5) that the maps 𝜎𝑖, 𝜌𝑖 satisfy

(3.2) 𝜎𝑗𝑖 = 𝜎𝑖𝑗 , 𝜌𝑗𝑖 = 𝜖𝜌𝑖𝑗 , 𝜌𝑗𝜎𝑖 = 𝜖𝜎𝑖𝜌𝑗 , 𝜎𝑗𝜌𝑖 = 𝜖𝜌𝑖𝜎𝑗 ; 𝑗 ≥ 𝑖 + 2.
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Furthermore, the defining relations of 𝐹 ≀H𝑛 can be rewritten as follows:

𝐻𝑖𝑎 = 𝜎𝑖(𝑎)𝐻𝑖 + 𝜌𝑖(𝑎), 𝑎 ∈ 𝐴,(wreath)

𝐻
2
𝑖 = 𝑆𝑖𝐻𝑖 + 𝑅𝑖, 1 ≤ 𝑖 ≤ 𝑛 − 1,(quadratic)

𝐻𝑖𝐻𝑖+1𝐻𝑖 = 𝐻𝑖+1𝐻𝑖𝐻𝑖+1, 𝐻𝑗𝐻𝑖 = 𝜖𝐻𝑖𝐻𝑗 , 1 ≤ 𝑖 ≤ 𝑛 − 2, 𝑗 ≥ 𝑖 + 2.(braid)

Here, the wreath relation comes from the definition of map 𝜇1,0 in (2.1), and the other relations

from the defining ideal 𝐈𝑛 → 𝐴⊗ 𝑇(H𝑛).

3.4. Algebraic form of necessary relations. Let us write 𝑙𝑋 , resp. 𝑟𝑋 stand for left, resp.

right multiplication by 𝑋 . Ignoring the dashed lines in the diagrams (D3–D9), the conditions of

Theorem 2.10 translate into the relations below, where {𝑖, 𝑗} = {1, 2}:

𝑆𝑅 = 𝜌(𝑅) + 𝜎(𝑆)𝑅, 𝑆
2
+ 𝑅 = 𝜌(𝑆) + 𝜎(𝑆)𝑆 + 𝜎(𝑅),(P3)

𝑙𝑆𝜎 = 𝜎𝜌 + 𝜌𝜎 + 𝑟𝑆𝜎
2
, 𝑙𝑆𝜌 + 𝑙𝑅 = 𝜌

2
+ 𝑟𝑅𝜎

2
,(P4)

𝜎1𝜎2𝜎1 = 𝜎2𝜎1𝜎2, 𝜎𝑖𝜎𝑗𝜌𝑖 = 𝜌𝑗𝜎𝑖𝜎𝑗 ,(P5)

𝜌𝑖𝜎𝑗𝜌𝑖 = 𝜎𝑗𝜌𝑖𝜌𝑗 + 𝜌𝑗𝜌𝑖𝜎𝑗 + 𝑟𝑆𝑗𝜎𝑗𝜌𝑖𝜎𝑗 ,(P6)

𝜌2𝜌1𝜌2 + 𝑟𝑅2𝜎2𝜌1𝜎2 = 𝜌1𝜌2𝜌1 + 𝑟𝑅1𝜎1𝜌2𝜎1,(P7)

𝑆𝑖 = 𝜎𝑗𝜎𝑖(𝑆𝑗 ), 𝑅𝑖 = 𝜎𝑗𝜎𝑖(𝑅𝑗 ), 𝜌𝑖𝜎𝑗 (𝑆𝑖) = 0 = 𝜌𝑖𝜎𝑗 (𝑅𝑖),(P8)

𝜌𝑖𝜌𝑗 (𝑆𝑖) + 𝜎𝑖𝜌𝑗 (𝑆𝑖)𝑆𝑖 + 𝜎𝑖𝜌𝑗 (𝑅𝑖) = 0 = 𝜎𝑖𝜌𝑗 (𝑆𝑖)𝑅𝑖 + 𝜌𝑖𝜌𝑗 (𝑅𝑖).(P9)

Note that these relations do not depend on braidings 𝜏𝐻,𝐴 ∈ EndC(𝐴), as these braidings do
not occur in the diagrams (D3–D9) either.

Corollary 3.2. Assume that 𝐻 is invertible. The QWP algebra 𝐹 ≀H𝑛 has a PBW basis if and only
if the relations (P1–P9) hold. □

3.5. Localization. Most of the examples of QWPswewant to study require us to slightly extend

the algebra 𝐹⊗𝑛. Consider the tensor algebra 𝑇 (𝐿) = ⨁𝑘≥0 𝐿
𝑘
, as well as its bi-infinite version

𝑇Z(𝐿) ∶= ⨁𝑘∈Z 𝐿
𝑘
. We adapt the following definition from [Cou26, Sec. 4.1], which coincides

with the usual definition of localization for C = Vec, sVec.

Definition 3.3. Let 𝐿 ∈ C be invertible, 𝐴 ∈ C⃗ an (ind-)algebra object, and 𝑥 ∈ HomC(𝐿, 𝐴).

Assume that 𝜏2𝐿,𝐴 = id𝐿⊗𝐴 and 𝑥 is central, that is 𝜇 ◦ (𝑥 ⊗ id𝐴) = 𝜇 ◦ 𝜏𝐿,𝐴 ◦ (𝑥 ⊗ id𝐴). The

localization of 𝐴 with respect to 𝑥 is defined by

𝐴[𝑥
−1
] ∶= 𝐴 ⊗𝑇 (𝐿) 𝑇Z(𝐿),

where 𝑇 (𝐿) → 𝐴 is the algebra map induced by 𝑥 , and 𝑇 (𝐿) → 𝑇Z(𝐿) the natural inclusion.

Similarly, for any (countable) collection of central elements 𝑥𝑖 ∶ 𝐿𝑖 → 𝐴, 𝑖 ∈ 𝐼 with 𝐿𝑖 invertible,

satisfying 𝜏2𝐿𝑖,𝐿𝑗 = id. WriteS = {𝑥𝑖 ∶ 𝑖 ∈ 𝐼 }. We define 𝐴[S −1] by iterating the definition above.

Remark 3.4. In [Cou26], localization is only defined for commutative algebras. Since we impose

centrality on 𝑥 , this is not an issue, as 𝐴 ⊗𝑇 (𝐿) 𝑇Z(𝐿) = 𝐴 ⊗𝑍(𝐴) (𝑍(𝐴)𝑇 (𝐿)𝑇Z(𝐿)).

Now let 𝐴 ∶= 𝐹⊗𝑛, 𝜎, 𝜏 as before, and 𝑥 ∶ 𝐿 → 𝐹⊗2 as in Definition 3.3. Consider the set S𝑥

of all maps one obtains from 𝑥𝑖, 1 ≤ 𝑖 ≤ 𝑛 − 1 by applying sequences of 𝜎𝑗 , 𝜌𝑗 , 1 ≤ 𝑗 ≤ 𝑛 − 1.

Define

𝐴loc ∶= 𝐴[S
−1
𝑥 ].

The maps 𝜎𝑖, 𝜏𝑖 naturally extend to 𝐴loc. We can therefore pick 𝑆, 𝑅 ∈ (𝐹⊗2)loc, and repeat

Definition 2.8 verbatim. In order to make the distinction between the two setups, we denote the

resulting algebras by (𝐹 ≀H𝑛)loc. Note that, since the proof of Theorem 2.10 treats 𝐴 as a black

box, it also applies to these localized algebras.
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3.6. Polynomial representation and diagrammatics. In order to realize quantum wreath

product 𝐹 ≀H𝑛 as a diagrammatic algebra, we need to construct its action on some object of C⃗.

The most natural candidate for this is 𝐹⊗𝑛, together with the requirement that 𝐹⊗𝑛 ⊂ 𝐹 ≀ H𝑛

acts by left multiplication. Let us fix an 𝐻 -element 𝛼 ∈ (𝐹⊗2)𝐻 = HomC(𝐻, 𝐹
⊗2), and define the

following maps for 1 ≤ 𝑖 ≤ 𝑛 − 1:

(3.3) ℎ𝑖 ∶ 𝐻𝑖 ⊗ 𝐴 → 𝐴, ℎ𝑖 = 𝜇𝐴 ◦ (id𝐴 ⊗ 𝛼𝑖) ◦ 𝜎𝑖 + 𝜌𝑖 = 𝛼𝑖 + .

In Yoneda notation, this becomes ℎ𝑖(𝑥) = 𝜎𝑖(𝑥)𝛼𝑖 + 𝜌𝑖(𝑥).

Note that we have 𝛼𝑗𝛼𝑖 = 𝜖𝛼𝑖𝛼𝑗 for 𝑗 ≥ 𝑖 + 2. Indeed, let us set 𝑖 = 1, 𝑗 = 3 without loss of

generality. Drawing 𝐹 ⊗ 𝐹 as one solid string, we have

𝛼3𝛼1 =

𝛼 𝛼

=

𝛼𝛼

=

𝛼𝛼

= 𝜖 𝛼𝛼 = 𝜖

𝛼 𝛼

= 𝜖𝛼1𝛼3.

Proposition 3.5. Assume that the QWP algebra 𝐹 ≀H𝑛 has PBW basis. The collection of maps ℎ𝑖
together with the left action of 𝐹⊗𝑛 defines an action of 𝐹 ≀H𝑛 on 𝐹⊗𝑛 if and only if the following
conditions hold:

𝑅 − 𝜌(𝛼) = (𝜎(𝛼) − 𝑆)𝛼,(R1)

(𝜎12(𝛼1)𝜎2(𝛼1) + 𝜎1𝜌2(𝛼1))𝛼1 + 𝜌1(𝜎2(𝛼1)𝛼2) + 𝜌12(𝛼1)

= (𝜎21(𝛼2)𝜎1(𝛼2) + 𝜎2𝜌1(𝛼2))𝛼2 + 𝜌2(𝜎1(𝛼2)𝛼1) + 𝜌21(𝛼2).
(R2)

Proof. Let 1 ∈ 𝐹⊗𝑛 be the unit. One directly checks that the condition (R1) is equivalent to

𝐻 2(1) = 𝑆𝐻(1) + 𝑅(1), and (R1) is equivalent to 𝐻1𝐻2𝐻1(1) = 𝐻2𝐻1𝐻2(1). Hence these two

conditions are necessary. For sufficiency, we need to check the compatibility of formulas (3.3)

with the defining relations of 𝐹 ≀H𝑛, as described in Section 3.3. For the wreath relation, we have

(𝐻𝑎)𝑏 = 𝐻(𝑎𝑏) = 𝜎(𝑎𝑏)𝛼 + 𝜌(𝑎𝑏)
(P2)

= 𝜎(𝑎)𝜎(𝑏)𝛼 + 𝜎(𝑎)𝜌(𝑏) + 𝜌(𝑎)𝑏

= (𝜎(𝑎)𝐻 + 𝜌(𝑎))𝑏,

so that it holds automatically. For the quadratic relation, we have

(𝐻
2
)𝑎 = 𝐻(𝐻𝑎) = 𝐻(𝜎(𝑎)𝛼 + 𝜌(𝑎)) = 𝜎

2
(𝑎)𝜎(𝛼)𝛼 + 𝜎𝜌(𝑎)𝛼 + 𝜌(𝜎(𝑎)𝛼) + 𝜌

2
(𝑎)

(P2), (P4)
=== 𝜎

2
(𝑎)(𝜎(𝛼)𝛼 + 𝜌(𝛼) − 𝑆𝛼 − 𝑅) + 𝑆𝜎(𝑎)𝛼 + 𝑆𝜌(𝑎) + 𝑅𝑎

= (𝑆𝐻 + 𝑅)𝑎 + 𝜎
2
(𝑎)(𝜎(𝛼)𝛼 + 𝜌(𝛼) − 𝑆𝛼 − 𝑅)

(R1)

== (𝑆𝐻 + 𝑅)𝑎.

The braid relation 𝐻𝑗𝐻𝑖 = 𝜖𝐻𝑖𝐻𝑗 holds automatically:

(𝐻𝑗𝐻𝑖)𝑎 = 𝐻𝑗 (𝜎𝑖(𝑎)𝛼𝑖 + 𝜌𝑖(𝑎))
(P2)

= 𝜎𝑗𝑖(𝑎)𝜎𝑗 (𝛼𝑖)𝛼𝑗 + 𝜌𝑗𝜎𝑖(𝑎)𝛼𝑖 + 𝜎𝑗𝜌𝑖(𝑎)𝛼𝑗 + 𝜌𝑗𝑖(𝑎)

(3.2)

= 𝜎𝑖𝑗 (𝑎)𝛼𝑖𝛼𝑗 + 𝜖(𝜎𝑖𝜌𝑗 (𝑎)𝛼𝑖 + 𝜎𝑗𝜌𝑖𝜎𝑗 (𝑎)𝛼𝑗 + 𝜌𝑖𝑗 (𝑎))

= (𝜖𝐻𝑖𝐻𝑗 )𝑎 + 𝜎𝑖𝑗 (𝑎)(𝛼𝑖𝛼𝑗 − 𝜖𝛼𝑗𝛼𝑖) = (𝜖𝐻𝑖𝐻𝑗 )𝑎,

Finally, for the remaining braid relation, using the relation (P2) we obtain

(𝐻1𝐻2𝐻1)𝑎 = 𝜎121(𝑎)(𝜎12(𝛼1)𝜎1(𝛼2)𝛼1 + 𝜎1𝜌2(𝛼1)𝛼1 + 𝜌1𝜎2(𝛼1)𝛼2 + 𝜎12(𝛼1)𝜌1(𝛼2) + 𝜌12(𝛼1))

+ 𝜌1𝜎21(𝑎)(𝜎2(𝛼1)𝛼2 + 𝜌2(𝛼1)) + 𝜌2𝜎12(𝑎)(𝜎1(𝛼2)𝛼1 + 𝜌1(𝛼2))

+ (𝜎1𝜌21(𝑎) + 𝜌12𝜎1(𝑎) + 𝜎1𝜌2𝜎1(𝑎)𝜎1(𝛼1))𝛼1 + 𝜎1𝜌2𝜎1(𝑎)𝜌1(𝛼1) + 𝜌1𝜎2𝜌1(𝑎)𝛼2 + 𝜌121(𝑎),
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and an analogous expression for 𝐻2𝐻1𝐻2 with 1 and 2 swapped. The first line in the two expres-

sions coincides by the first equation of (P5) and (R2). The second equation of (P5) immediately

implies that the second line coincides as well. Let us rewrite the third line:

(𝜎1𝜌21(𝑎) + 𝜌12𝛼1(𝑎) + 𝜎1𝜌2𝜎1(𝑎)𝜎1(𝛼1))𝛼1 + 𝜎1𝜌2𝜎1(𝑎)𝜌1(𝛼1) + 𝜌1𝜎2𝜌1(𝑎)𝛼2 + 𝜌121(𝑎)

(P6)

= 𝜎1𝜌2𝜎1(𝑎)((𝜎1(𝛼1) − 𝑆1)𝛼1 + 𝜌1(𝛼1)) + (𝜌2𝜎1𝜌2(𝑎)𝛼1 + 𝜌1𝜎2𝜌1(𝑎)𝛼2) + 𝜌121(𝑎)

(R1)

= 𝜌121(𝑎) + 𝜎1𝜌2𝜎1(𝑎)𝑅1 + (𝜌2𝜎1𝜌2(𝑎)𝛼1 + 𝜌1𝜎2𝜌1(𝑎)𝛼2).

Using the relation (P7), we see that this expression is invariant under swapping 1 with 2, and so

we may conclude. □

Remark 3.6. If 𝜎 = 𝜏 and 𝜌 = 0, conditions (R1, R2) assume a much simpler form:

𝑅 = (𝛼21 − 𝑆)𝛼12; 𝛼𝑗𝛼𝑖 = 𝜖𝛼𝑖𝛼𝑗 , 𝑗 ≥ 𝑖 + 2; 𝛼23𝛼13𝛼12 = 𝛼12𝛼13𝛼23.

Note the similarity of the first equation with the condition (C1) in [LM26]. We expect that as

soon as 𝐹 ≀H𝑛 acts on 𝐹
⊗𝑛
, we can construct its Schur version; see also Remark 4.15.

The action in Proposition 3.5 does not give rise to a map 𝐹 ≀H𝑛 → EndC(𝐹⊗𝑛). On one hand,

there is no natural map 𝐴 → EndC(𝐴) for a general category C. On the other hand, as C is

monoidal, the exchange relation (1 ⊗ 𝑓 ) ◦ (𝑔 ⊗ 1) = (𝑔 ⊗ 1) ◦ (1 ⊗ 𝑓 ) would imply 𝐻1𝐻3 = 𝐻3𝐻1,

which does not hold when 𝜖 ≠ 1. If C is rigid, both problems can be resolved by working instead

in the natural enrichment C of C over itself, whose objects are the same as objects in C, and

HomC(𝑀, 𝑁 ) ∶= 𝑀∗ ⊗ 𝑁 ; see e.g. [MP19]. Then if 𝐹 ∈ C, we have a natural map of algebras

𝐹 → EndC(𝐹) = 𝐹∗ ⊗ 𝐹 . The category C is usually not monoidal, but rather has a braided

interchange relation; see e.g. [BE17, §1.2] for a discussion of this failure for super vector spaces.

This feature allows us to capture the relation 𝐻3𝐻1 = 𝜖𝐻1𝐻3.

Assuming the relations (R1, R2) hold, we can introduce diagrammatic calculus for 𝐹 ≀ H𝑛.

We draw copies of 𝐹 as solid lines, and remove all the other objects from diagrams by abuse of

notation:

𝑥 ∈ 𝐹𝑋 ⇝
1 ≤ 𝑖 ≤ 𝑛

…

𝑋 𝑖

𝑥 …
=∶ …

𝑖

…
𝑥

; 𝐻𝑖 ⇝

𝐻

…

𝑖 𝑖 + 1

ℎ𝑖 … =∶ …

𝑖 𝑖 + 1

… .

Then the defining relations of 𝐹 ≀H𝑛 can be drawn as follows:

𝑥
… =

𝑡(𝑥)

… , …

𝑥
= …

𝑡(𝑥)
,

𝑥
=

𝜎(𝑥)

+ 𝜌(𝑥)
,

=
𝑆

+ 𝑅 , … = 𝜖 … , = .

Note the presence of the map 𝑡 = 𝜏𝐻,𝐹 in the first two relations; it occurs because of our definition

of 𝜎𝑖 in Section 2.3.

3.7. Deforming cubic relation. It is important for us to consider a slight generalization of

QWP algebras, where we allow the degree 3 braid relation to deform. Let us pick additional

elements 𝐶, 𝐶 ∈ (𝐹⊗3)𝐻 , 𝐷,𝐷 ∈ (𝐹⊗3)𝐻 2 , 𝐸 ∈ (𝐹⊗3)𝐻 3 . As before, this gives rise to the elements

𝐶𝑖, 𝐶𝑖 ∈ 𝐴𝐻 , 𝐷𝑖, 𝐷𝑖 ∈ 𝐴𝐻 2 , 𝐸𝑖 ∈ 𝐴𝐻 3 , 1 ≤ 𝑖 ≤ 𝑛 − 2,

where e.g. 𝐸𝑖 = 𝜄𝑖,𝑖+1,𝑖+2(𝐸), and so on.
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Definition 3.7. Let 𝐻 ∈ C be invertible, 𝐹 ∈ C an algebra, 𝜎 ∶ 𝐹⊗2 → 𝐹⊗2 an algebra en-

domorphism, 𝜌 ∶ 𝐻 ⊗ 𝐹⊗2 → 𝐹⊗2 a left 𝜎-derivation. Denote 𝑞 ∶= (𝜎, 𝜌, 𝑆, 𝑅, 𝐶, 𝐶, 𝐷, 𝐷, 𝐸).

The deformed quantum wreath product 𝐹 ≀H𝑛 = 𝐹 ≀H𝑛(𝑞) associated to (𝐹 , 𝑞) is the quotient of

𝐹⊗𝑛 ⊗ 𝑇(H𝑛) by wreath, quadratic, and degree 2 braid relation, as well as the following degree

3 braid relation:

𝐻𝑖+1𝐻𝑖𝐻𝑖+1 = 𝐻𝑖𝐻𝑖+1𝐻𝑖 + 𝐶𝑖𝐻𝑖𝐻𝑖+1 + 𝐶𝑖𝐻𝑖+1𝐻𝑖 + 𝐷𝑖𝐻𝑖 + 𝐷𝑖𝐻𝑖+1 + 𝐸𝑖, 1 ≤ 𝑖 ≤ 𝑛 − 2.(braid’)

As in Section 3.5, we can also replace 𝐴 = 𝐹⊗𝑛 by its localization, and allow the new deforma-

tion parameters to live there. The notion of having a PBW basis extends to deformed QWPs in

an obvious way. The necessary conditions (P5–P9) will deform accordingly, but we do not need

their explicit form. However, even after taking this deformation into account, the analogue of

Theorem 2.10 is not true in general.

For the deformed QWPs, one can easily prove the analogue of Proposition 3.5. We will only

need it in the case 𝐶 = 𝐶 = 0, where the relation (R2) needs to be replaced with

(R2’)

(𝜎12(𝛼1)𝜎2(𝛼1) + 𝜎1𝜌2(𝛼1) + 𝐷)𝛼1 + 𝜌1(𝜎2(𝛼1)𝛼2) + 𝜌12(𝛼1) + 𝐸

= (𝜎21(𝛼2)𝜎1(𝛼2) + 𝜎2𝜌1(𝛼2) − 𝐷)𝛼2 + 𝜌2(𝜎1(𝛼2)𝛼1) + 𝜌21(𝛼2).

Similarly, in the diagrammatics the last relation gets replaced with

= +
𝐷

+
𝐷

+ 𝐸 .

4. PBW bases versus Yang–Baxter eqations

Let us remind the reader that 𝐻 is invertible. We continue to use Yoneda-style vocabulary

from Section 3.1. For the ease of reference, let us separate the conditions (P5) and (P8) into two:

𝜎1𝜎2𝜎1 = 𝜎2𝜎1𝜎2,(P5.1)

𝑆𝑖 = 𝜎𝑗𝜎𝑖(𝑆𝑗 ), 𝑅𝑖 = 𝜎𝑗𝜎𝑖(𝑅𝑗 ),(P8.1)

𝜎𝑖𝜎𝑗𝜌𝑖 = 𝜌𝑗𝜎𝑖𝜎𝑗 ,(P5.2)

𝜌𝑗𝜎𝑖(𝑆𝑗 ) = 0 = 𝜌𝑗𝜎𝑖(𝑅𝑗 ).(P8.2)

4.1. Inner skew-derivations. Let us restrict our attention to a broad class of automorphisms

𝜎 and 𝜎-derivations 𝜌 which is much easier to analyse.

Definition 4.1. Let 𝜑, 𝜓 ∶ 𝐹 → 𝐹 be two commuting algebra automorphisms, and let 𝜏 = 𝜏𝐹 ,𝐹

be the braiding in C. We call (𝜑 ⊗ 𝜓) ◦ 𝜏 ∶ 𝐹⊗2 → 𝐹⊗2 a twisted natural braiding.

Note that any twisted natural braiding 𝜎 ∶= (𝜑⊗𝜓) ◦ 𝜏 satisfies braid relations. Indeed, using

the naturality of 𝜏 we have:

𝜎1𝜎2𝜎1 = (𝜑 ⊗ 𝜓 ⊗ id) ◦ 𝜏1 ◦ (id ⊗ 𝜑 ⊗ 𝜓) ◦ 𝜏2 ◦ (𝜑 ⊗ 𝜓 ⊗ id) ◦ 𝜏1

= (𝜑
2
⊗ 𝜓𝜑 ⊗ 𝜓

2
) ◦ 𝜏1𝜏2𝜏1 = (𝜑

2
⊗ 𝜑𝜓 ⊗ 𝜓

2
) ◦ 𝜏2𝜏1𝜏2 = 𝜎2𝜎1𝜎2.

Moreover, when C is symmetric monoidal, Example 2.7 tells us that this is a braiding by algebra

automorphisms.

Definition 4.2. Let 𝐴 be an algebra, 𝜎 ∶ 𝐴 → 𝐴 an algebra automorphism. We call the map

𝜌𝑟 ∶ 𝐻 ⊗ 𝐴 → 𝐴, 𝜌𝑟(𝑎) = 𝑟𝑎 − 𝜎(𝑎)𝑟

the (𝐻 -twisted) inner 𝜎-derivation associated to 𝑟 ∈ 𝐴𝐻 . We say that 𝑎 ∈ 𝐴 is 𝜎-central if 𝜌𝑎 ≡ 0.

In many cases of interest, being is 𝜎-central is an extremely restrictive condition.
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Lemma 4.3. Let C be a symmetric monoidal category, 𝜎 a twisted natural braiding, and Br𝑛 →

End(𝐹⊗𝑛), 𝑤 = 𝑠𝑖1 …𝑠𝑖𝑙 ↦ 𝜎𝑤 ∶= 𝜎𝑖1 …𝜎𝑖𝑙 the natural homomorphism. Assume that there exists a
central (k-)element 𝑐 ∈ 𝐹 , satisfying

𝜑(𝑐) = 𝜓(𝑐) = 𝑐, 𝑐1 ± 𝑐2 ∈ 𝐹 ⊗ 𝐹 are not zero divisors.

Then for any 𝑤 ∈ S𝑛 ⧵ {id}, there are no non-zero 𝜎𝑤-central elements in 𝐹⊗𝑛.

Proof. Assume 𝑥 ∈ 𝐹⊗𝑛 is 𝜎𝑤-central. Then

0 = 𝑥𝑐1 − 𝜎𝑤(𝑐1)𝑥 = (𝑐1 − 𝜖
𝓁(𝑤)

𝑐𝑤(1))𝑥.

Since (𝑐1±𝑐2) is not a zero divisor, the same holds for (𝑐1−𝜖
𝓁(𝑤)𝑐𝑤(1)), and so 𝑥 must vanish. □

In particular, if k[𝑥] ⊂ 𝐹 is a central subalgebra such that 𝐹 is a free k[𝑥]-module, the lemma

above applies for 𝑐 = 𝑥 .

Definition 4.4. We say that the deformed QWP algebra 𝐹 ≀H𝑛 is a TIC algebra, if the following
assumptions hold:

(1) C is symmetric monoidal;

(2) 𝜎 = (𝜑 ⊗ 𝜓) ◦ 𝜏 is a twisted natural braiding;

(3) 𝜌 = 𝜌𝑟 is an inner 𝜎-derivation for 𝑟 ∈ (𝐹⊗2)𝐻 , such that

(4.1) (𝜑 ⊗ 𝜑)(𝑟) = (𝜓 ⊗ 𝜓)(𝑟) = 𝑟;

(4) There exists 𝑐 ∈ 𝐹 satisfying the conditions of Lemma 4.3.

From now on, we work exclusively with TIC algebras, unless otherwise stated. As explained

above, they automatically satisfy the conditions (P1), (P2), (P5.1). Furthermore, the condition on

𝑟 implies that 𝜎12(𝑟1) = 𝑟2, 𝜎21(𝑟2) = 𝑟1:

𝜎12(𝑟1) = (𝜑
2
⊗ 𝜓 ⊗ 𝜓) ◦ 𝜏12(𝑟 ⊗ 1) = 𝜑

2
(1) ⊗ (𝜓 ⊗ 𝜓)(𝑟) = 𝑟2;

𝜎21(𝑟2) = (𝜑 ⊗ 𝜑 ⊗ 𝜓
2
) ◦ 𝜏21(1 ⊗ 𝑟) = (𝜑 ⊗ 𝜑)(𝑟) ⊗ 𝜓

2
(1) = 𝑟1.

4.2. The case 𝜌 = 0. In order to apply Theorem 2.10 to TIC algebras, let us first restrict our

attention to the simplest case 𝜌 = 0.

Proposition 4.5. For any TIC algebra with 𝜌 = 0 which has a PBW basis, we have 𝐶 = 𝐶 = 𝐷 =

𝐷 = 𝐸 = 0.

Proof. Consider the necessary condition 𝐻2(𝐻1(𝐻2𝑥)) = 𝐻212𝑥 for 𝑥 ∈ 𝐹⊗3:

𝐻2(𝐻1(𝐻2𝑥)) = 𝜎212(𝑥)𝐻212

= 𝜎121(𝑥)𝐻121 + 𝜎121(𝑥)𝐶𝐻12 + 𝜎121(𝑥)𝐶𝐻21 + 𝜎121(𝑥)𝐷𝐻1 + 𝜎121(𝑥)𝐷𝐻2 + 𝜎121(𝑥)𝐸,

𝐻212𝑥 = 𝐻121𝑥 + 𝐶𝐻12𝑥 + 𝐶𝐻21𝑥 + 𝐷𝐻1𝑥 + 𝐷𝐻2𝑥 + 𝐸𝑥

= 𝜎121(𝑥)𝐻121 + 𝐶𝜎12(𝑥)𝐻12 + 𝐶𝜎21(𝑥)𝐻21 + 𝐷𝜎1(𝑥)𝐻1 + 𝐷𝜎2(𝑥)𝐻2 + 𝐸𝑥.

As 𝜎 is invertible, term-by-term comparison yields that 𝐶 is 𝜎2-central, 𝐶 is 𝜎1-central, 𝐷 is

𝜎12-central, 𝐷 is 𝜎21-central, and 𝐸 is 𝜎121-central. We conclude by Lemma 4.3. □

Corollary 4.6. A TIC algebra 𝐹 ≀H𝑛 with 𝜌 = 0 has PBW basis if and only if:

𝑆 = 𝐶 = 𝐶 = 𝐷 = 𝐷 = 𝐸 = 0, 𝑅 is 𝜎2-central,

𝑅 = 𝜎(𝑅), 𝑅2 = 𝜎12(𝑅1), 𝑅1 = 𝜎21(𝑅2).

Proof. Thanks to Proposition 4.5, we can apply Theorem 2.10. Conditions (P1), (P2), (P5.1) are

automatically satisfied for any TIC algebra. Conditions (P5.2), (P6), (P7), (P8.2), (P9) are vacuous
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when 𝜌 = 0. Condition (P4) is equivalent to the requirement that 𝑆 is 𝜎-central and 𝑅 is 𝜎2
-

central. By Lemma 4.3, this implies that 𝑆 = 0. The condition (P3) becomes 𝑅 = 𝜎(𝑅). Finally,

the condition (P8.1) becomes 𝑅2 = 𝜎12(𝑅1), 𝑅1 = 𝜎21(𝑅2). □

4.3. Renormalizing the generators. Let us now consider a TIC algebra 𝐹 ≀ H𝑛 with 𝜌 = 𝜌𝑟 ,

𝑟 ∈ (𝐹⊗2)𝐻 . Consider the (𝐻 -)elements 𝐻𝑖 ∶= 𝐻𝑖 − 𝑟𝑖 ∈ 𝐹 ≀H𝑛. Note that the wreath relation can

be rewritten as follows:

𝐻𝑖𝑎 = 𝜎𝑖(𝑎)𝐻𝑖 + 𝜌𝑖(𝑎) ⇔ (𝐻𝑖 − 𝑟𝑖)𝑎 = 𝜎𝑖(𝑎)(𝐻𝑖 − 𝑟𝑖) ⇔ 𝐻𝑖𝑎 = 𝜎𝑖(𝑎)𝐻𝑖.

Let us introduce the following elements:

𝑌 (𝑟) ∶= 𝑟1𝑟2 + 𝜎1(𝑟2𝑟1) − 𝑟2𝜎1(𝑟2) ∈ (𝐹
⊗3
)𝐻 2 ,

𝑌 (𝑟) ∶= 𝑟2𝑟1 + 𝜎2(𝑟1𝑟2) − 𝑟1𝜎2(𝑟1) ∈ (𝐹
⊗3
)𝐻 2 ,

𝐵(𝑟) ∶= 𝑟1𝜎2(𝑟1)𝑟2 − 𝑟2𝜎1(𝑟2)𝑟1 + 𝜎2(𝑟1)𝑅2 − 𝜎1(𝑟2)𝑅1 ∈ (𝐹
⊗3
)𝐻 3 .

A direct computation yields the following analogues of quadratic and braid relations between

𝐻𝑖’s:

𝐻
2
𝑖 = 𝑆

′
𝑖𝐻𝑖 + 𝑅

′
𝑖 , 𝐻𝑖𝐻𝑗 = 𝜖𝐻𝑗𝐻𝑖;

𝐻𝑖+1𝐻𝑖𝐻𝑖+1 = 𝐻𝑖𝐻𝑖+1𝐻𝑖 + 𝐶𝑖𝐻𝑖𝐻𝑖+1 + 𝐶𝑖𝐻𝑖+1𝐻𝑖 + 𝐷
′
𝑖𝐻𝑖 + 𝐷

′
𝐻𝑖+1 + 𝐸

′
,

where the coefficients are given as follows:

𝑆
′ ∶= 𝑆 − 𝑟 − 𝜎(𝑟), 𝑅

′ ∶= 𝑅 + 𝑆𝑟 − 𝑟
2
,

𝐷
′ ∶= 𝐷 + 𝑌 (𝑟) + 𝜎1(𝑟2)𝑆

′
1 + 𝐶𝜎1(𝑟2) + 𝐶𝑟2,

𝐷
′
∶= 𝐷 − 𝑌 (𝑟) − 𝜎2(𝑟1)𝑆

′
2 + 𝐶𝑟1 + 𝐶𝜎2(𝑟1),

𝐸
′
= 𝐸 − 𝐵(𝑟) + 𝑌 (𝑟)𝑟1 − 𝑌 (𝑟)𝑟2 + (𝜎1(𝑟2)𝑆

′
1 + 𝐶𝑟2)𝑟1 − (𝜎2(𝑟1)𝑆

′
2 + 𝐶𝑟1)𝑟1.

Note that the first two coefficients in the cubic relation remain the same because of the equations

𝑟𝑖 = 𝜎𝑗𝑖(𝑟𝑗 ), {𝑖, 𝑗} = {1, 2}, which hold in any TIC algebra.

Lemma 4.7. Let 𝑞 = (𝜎, 𝜌𝑟 , 𝑆, 𝑅, 𝐶, 𝐶, 𝐷, 𝐷, 𝐸) be the deformation datum of a TIC algebra, and
write 𝑞′ = (𝜎, 0, 𝑆′, 𝑅′, 𝐶, 𝐶, 𝐷′, 𝐷

′
, 𝐸′) in the notation above. The assignment 𝐻𝑖 ↦ 𝐻𝑖 + 𝑟𝑖, 𝑎 ↦ 𝑎,

𝑎 ∈ 𝐴 = 𝐹⊗𝑛 defines an isomorphism of algebras 𝐹 ≀H𝑛(𝑞) ≃ 𝐹 ≀H𝑛(𝑞
′). In particular, 𝐹 ≀H𝑛(𝑞)

has a PBW basis if and only if 𝐹 ≀H𝑛(𝑞
′) does.

Proof. By the computations above, the assignment produces a homomorphism of algebras; more-

over, it has an obvious inverse 𝐻𝑖 ↦ 𝐻𝑖 − 𝑟𝑖. For the second claim, assume that 𝐹 ≀ H𝑛(𝑞) ≃

⨁𝑤∈S𝑛
𝐴 ⊗ 𝐻𝑤. Under the map 𝐻𝑖 ↦ 𝐻𝑖 + 𝑟𝑖, each element 𝐻𝑤 gets sent to an element of the

form 𝐻𝑤 +∑𝑤′<𝑤 𝑎𝑤′𝐻𝑤′ . By upper-triangularity, this means if a non-trivial linear combination

of elements 𝐻𝑤 vanishes in 𝐹 ≀ H𝑛(𝑞
′), then some other non-trivial linear combination of ele-

ments 𝐻𝑤 must vanish in 𝐹 ≀H𝑛(𝑞), which contradicts our assumption. Hence 𝐹 ≀H𝑛(𝑞
′) has a

PBW basis, and the inverse implication is proved analogously. □

Combining Corollary 4.6 and Lemma 4.7, we obtain the following elegant criterion for TIC

algebras to have a PBW basis.

Theorem 4.8. A TIC algebra 𝐹 ≀H𝑛(𝑞), 𝑞 = (𝜎, 𝜌𝑟 , 𝑆, 𝑅, 𝐶, 𝐶, 𝐷, 𝐷, 𝐸) has a PBW basis if and only
if the following conditions hold:

𝑆 = 𝑟 + 𝜎(𝑟), 𝑅 = 𝛾 − 𝜎(𝑟)𝑟;(4.2)

𝛾 is 𝜎2-central, 𝛾 = 𝜎(𝛾), 𝛾𝑖 = 𝜎𝑗𝑖(𝛾𝑗 ), {𝑖, 𝑗} = {1, 2},(4.3)

□(4.4) 𝐶 = 𝐶 = 0, 𝐷 = −𝑌 (𝑟), 𝐷 = 𝑌 (𝑟), 𝐸 = 𝐵(𝑟).
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In other words, for any choice of 𝑟 (satisfying (4.1)) and 𝛾 (satisfying (4.3)) there exists the

unique septuple of parameters (𝑆, 𝑅, 𝐶, 𝐶, 𝐷, 𝐷, 𝐸) such that 𝐹 ≀H𝑛(𝑞) has a PBW basis.

Corollary 4.9. Let 𝐹 ≀H𝑛(𝑞) be a TIC algebra with non-deformed cubic braid relation. Then it has a
PBW basis if and only if 𝑆 = 𝑟 +𝜎(𝑟), 𝑅 = 𝛾 −𝜎(𝑟)𝑟 , 𝛾 satisfies (4.3), and 𝑌 (𝑟) = 𝑌 (𝑟) = 𝐵(𝑟) = 0.

Note that the conditions 𝑌 (𝑟) = 0, 𝑌 (𝑟) = 0 are the associative Yang–Baxter equations (see

e.g. [Agu01]), and 𝐵(𝑟) = 0 is a deformation of the quantum Yang–Baxter equation.

Remark 4.10. Without the condition (4) in the definition of TIC algebra, the statement of The-

orem 4.8 is very much false. Indeed, let 𝐹 = k, 𝑟 = 0, and consider the finite Hecke algebra

H(S2) = k[𝐻]/(𝐻 2 − (𝑞 − 1)𝐻 + 𝑞). Then 𝑆 = 𝑞 − 1 ≠ 0 = 𝑟 + 𝜎(𝑟).

4.4. Compatibility with localization. In order to treat our examples of interest, we need to

pass to the localized setting of Section 3.5. We write 𝐴 = 𝐹⊗𝑛 as before. Let 𝑥 ∶ 𝐻 → 𝐹⊗2 be

a central non-zero divisor, and pick an element 𝑟 ∈ 𝐹⊗2[𝑥−1]. The inner derivation 𝜌 = 𝜌𝑟 is a

priori valued in 𝐹⊗2[𝑥−1], hence a choice of deformation parameters 𝑆, 𝑅, … only gives rise to a

localized QWP algebra (𝐹 ≀H𝑛)loc as in Section 3.5. However, let us assume that 𝜌(𝐟) ∈ 𝐹⊗2 for

all 𝐟 ∈ 𝐹⊗2, and all the deformation parameters belong to 𝐴 ⊂ 𝐴loc. In this case, the deformed

QWP algebra 𝐹 ≀H𝑛 is well-defined. If furthermore the conditions of Definition 4.4 hold, we call

𝐹 ≀H𝑛 a TIC algebra by abuse of notation.

Proposition 4.11. Let 𝑥 ∈ 𝐹⊗2 be a central non-zero divisor, and consider a TIC algebra 𝐹 ≀H𝑛(𝑞)

with 𝑟 ∈ 𝐹⊗2[𝑥−1]. It has a PBW basis if and only if the conditions (4.2-4.4) of Theorem 4.8 hold.

Proof. Note that the subalgebra of (𝐹 ≀H𝑛)loc generated by 𝐴,𝐻𝑖 coincides with the image of the

map 𝜑𝑛 in Lemma 2.9. Hence, we have the following commutative square:

⨁𝑤∈S𝑛
𝐴 ⊗ 𝐻𝑤 ⨁𝑤∈S𝑛

𝐴loc ⊗ 𝐻𝑤

𝐹 ≀H𝑛 (𝐹 ≀H𝑛)loc

𝜑𝑛 (𝜑𝑛)loc

The vertical arrows are surjective by Lemma 2.9, while the horizontal arrows are injective as

the localizing element 𝑥 is not a zero divisor. By Theorem 4.8, the arrow on the right is an

isomorphism if and only if the conditions (4.2-4.4) hold.

As the square above is commutative, (𝜑𝑛)loc is injective only if 𝜑𝑛 is injective. In the other

direction, let us assume that (𝜑𝑛)loc is not injective. Fix a non-zero 𝐺 ∈ ⨁𝑤∈S𝑛
𝐴loc ⊗ 𝐻𝑤 such

that (𝜑𝑛)loc(𝐺) = 0. Multiplying 𝐺 by elements of S𝑥 on the left, and using the assumption that

𝑥 is not a zero divisor, we can further assume that 𝐺 ∈ ⨁𝑤∈S𝑛
𝐴⊗𝐻𝑤. Using the commutativity

of the square again, we deduce that 𝜑𝑛(𝐺) = 0. Hence (𝜑𝑛)loc is an isomorphism if and only if 𝜑𝑛

is, so we may conclude. □

Corollary 4.12. Let 𝑟 ∈ 𝐹⊗2[𝑥−1], such that 𝜌𝑟 preserves 𝐹⊗2. Assume that 𝛾 = 𝑅 − 𝜎(𝑟)𝑟

satisfies (4.3). Then there exists a choice of parameters 𝑆, 𝐶, 𝐶, 𝐷, 𝐷, 𝐸 such that 𝐹 ≀H𝑛 has a PBW
basis if and only if 𝑟 +𝜎(𝑟) ∈ 𝐹⊗2, 𝑌 (𝑟), 𝑌 (𝑟), 𝐵(𝑟) ∈ 𝐹⊗3. If these conditions hold, the correct choice
is given by equations (4.2), (4.4). □

4.5. Polynomial representation. The following proposition shows that 𝛾 measures the ob-

struction for 𝐹 ≀H𝑛 to admit “naive diagrammatics”. Importantly, 𝛾 almost never vanishes in our

examples of interest.

Proposition 4.13. Let 𝐹 ≀H𝑛 be a TIC algebra which has PBWbasis. The element 𝛼 = 𝑟 satisfies (R1)
if and only if 𝛾 = 0. If this is the case, it also satisfies the condition (R2).
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Proof. The condition (R1) rewrites as follows:

𝑅 − 𝜌(𝑟) − (𝜎(𝑟) − 𝑆)𝑟 = 𝛾 − (𝜎(𝑟) − 𝑟 − 𝜎(𝑟) + 𝑟)𝑟 = 𝛾 .

For the relation (R2), let us expand its l.h.s.:

(𝑟2𝑟13 + 𝜎1𝜌2(𝑟1))𝑟1 + (𝑟2 − 𝑟2 − 𝜌2)(𝑟13𝑟1 + 𝜌1(𝑟2))

= 𝑟2𝑟13𝑟1 + (𝑟13𝑟21 − 𝑟2𝑟13)𝑟1 − 𝜌2(𝑟1𝑟2) = 𝑟13𝑟21𝑟1 − 𝑟2𝑟1𝑟2 + 𝑟13𝑟32𝑟2.

Similarly expanding the r.h.s., we see that (R2) is equivalent to 𝑟2𝑟1𝑟2 = 𝑟1𝑟2𝑟1. As we assume

𝛾 = 0, we have

(𝑟1𝑟2)𝑟1 − (𝑟2𝑟1)𝑟2 = 𝑟2𝑟13𝑟1 − 𝑟1𝑟13𝑟2 − 𝑟13𝑟21𝑟1 + 𝑟13𝑟32𝑟2

= 𝑟2𝑟13𝑟1 − 𝑟1𝑟13𝑟2 + 𝑟13𝑅1 − 𝑟13𝑅2 = 𝐵(𝑟) = 0,

so we may conclude. □

4.6. Relation to Lie bialgebras. In this subsection, consider the case C = Vec, 𝜎 = 𝜏 the

standard braiding. Recall that an associative k-algebra 𝐹 together with a k-linear map 𝛿 ∶ 𝐹 →

𝐹 ⊗ 𝐹 is called a Lie bialgebra if 𝛿 is a Lie cobracket, and

𝛿([𝑎, 𝑏]) = (ad𝑎⊗1 + 1 ⊗ ad𝑎)𝛿(𝑏) − (ad𝑏 ⊗1 + 1 ⊗ ad𝑏)𝛿(𝑎).

Given 𝑟 ∈ 𝐹 ⊗ 𝐹 , consider the map

𝛿𝑟 ∶= 𝜌𝑟 ◦ (𝜂𝐹 ⊗ id𝐹 ) ∶ 𝐹 → 𝐹 ⊗ 𝐹; 𝛿𝑟(𝑥) = 𝑟(1 ⊗ 𝑥) − (𝑥 ⊗ 1)𝑟.

Proposition 4.14. Consider a TIC algebra 𝐹 ≀H𝑛 in Vec with 𝜎 = 𝜏, 𝑆 = 0 and 𝐷 = −𝐷. If it has
a PBW basis, then (𝐹 , 𝜇 − 𝜇 ◦ 𝜏, 𝛿𝑟) is a Lie bialgebra.

Proof. Thanks to Theorem 4.8, we know that 𝑆 = 𝑟 +𝜎(𝑟), 𝐷 = −𝑌 (𝑟), 𝐷 = 𝑌 (𝑟). Because of our

assumptions, this implies

𝑟12 + 𝑟21 = 0, 𝑌 (𝑟) − 𝑌 (𝑟) = [𝑟12, 𝑟13] + [𝑟12, 𝑟23] + [𝑟13, 𝑟23] = 0.

By [CP95, Prop. 2.1.2], we conclude that (𝐹 , 𝜇 − 𝜇 ◦ 𝜏, 𝛿𝑟) is a Lie bialgebra. □

Remark 4.15. One can interpret Proposition 4.14 as saying that the (cocommutative) universal

enveloping algebra𝑈(gl1(𝐹)) admits a non-cocommutative deformation, supplied by 𝑟 . A natural

question then is whether a similar statement can be made about gl𝑛(𝐹), whether we have 𝑆 =

𝐷 + 𝐷 = 0 or not. This is the subject of ongoing work with C.-J. Lai [LM], where we construct

a certain deformation of 𝑈(gl𝑛(𝐹)) as a limit of wreath Schur algebras associated to polynomial

quantum wreath products 𝐹[𝑥] ≀H𝑛; see Section 5.4 for definitions.

4.7. Useful lemmata. Recall that trigonometric solutions of the graded version of associative

Yang–Baxter equation 𝑌 (𝑟) = 0 were studied in [Sch03]. One of the curious observations of

loc. cit. is that such solutions automatically satisfy the quantum Yang–Baxter equation as well,

which, provided that 𝑅 is a scalar, is precisely 𝐵(𝑟) = 0. A similar observation holds in our

situation.

Lemma 4.16. Let 𝐹 ≀ H𝑛 be a TIC algebra with PBW basis. Assume that 𝑆 ∈ k. If 𝑌 (𝑟) = 0,
then we automatically have 𝑌 (𝑟) = 0. If moreover 𝜎(𝑟)𝑟 is central and 𝜎1(𝑟2) = 𝜎2(𝑟1), we have
𝐵(𝑟) = 𝜎1(𝑟2)(𝑅2 − 𝑅1).

Proof. Applying 𝜎2 to 𝑌 (𝑟), we get:

0 = 𝜎2(𝑌 (𝑟)) = 𝜎2(𝑟1)𝜎2(𝑟2) + 𝑟1(𝑆 − 𝜎2(𝑟1)) − (𝑆 − 𝑟2)𝑟1

= 𝜎2(𝑟1)𝜎2(𝑟2) − 𝑟1𝜎2(𝑟1) + 𝑟2𝑟1 = 𝑌 (𝑟).
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For the second claim, it suffices to show that 𝑟1𝜎2(𝑟1)𝑟2 = 𝑟2𝜎1(𝑟2)𝑟1:

𝑟1𝜎2(𝑟1)𝑟2
𝑌 (𝑟)=0
=== 𝑟2𝑟1𝑟2 + 𝑆𝜎2(𝑟1)𝑟2 − 𝜎2(𝑟1)𝑟

2
2

𝑌 (𝑟)=0
=== 𝑟

2
2𝜎1(𝑟2) − 𝑆𝑟2𝜎1(𝑟2) + 𝑟2𝜎1(𝑟2)𝑟1 + 𝑆𝜎2(𝑟1)𝑟2 − 𝜎2(𝑟1)𝑟

2
2

= 𝑟2𝜎1(𝑟2)𝑟1 + (𝜎2(𝑟2)𝑟2)𝜎1(𝑟2) − 𝜎2(𝑟1)(𝜎2(𝑟2)𝑟2) = 𝑟2𝜎1(𝑟2)𝑟1,

and so we are done. □

In particular, Lemma 4.16 provides us with a rich source of TIC algebras with PBW basis.

Namely, let 𝑟 be a fractional skew-symmetric solution of the associative Yang–Baxter equation

𝑌 (𝑟) = 0. Set 𝑅 ∈ k, and assume that 𝜎 = 𝜏 the natural braiding. Then Corollary 4.12 applies, as

long as 𝜎(𝑟)𝑟 is central.

5. Examples of TIC algebras

While the class of TIC algebras is by definition smaller than the class of (deformed) QWP

algebras, essentially all examples of QWP algebras of “affine Hecke flavour” that occur in nature

are actually TIC algebras. In this section, we list all such examples the author is aware of. In

each case, we specify 𝜎, 𝑟 and 𝑅, and then deduce the rest of the relations from Theorem 4.8

and Corollary 4.12 by imposing that our algebra has a PBW basis. This recovers various basis

theorems in the literature.

From now on, we assume that the category C is either Vec or sVec, and set 𝜎 = 𝜏 everywhere

except for Sections 5.7 and 5.9. The following claim immediately follows from assumption (4.1):

Lemma 5.1. Assume that 𝜎(𝑟)𝑟 is 𝜎-invariant and 𝜎2-central. Then 𝛾 satisfies (4.3) if and only if
𝑅 does. □

In all our examples, the element 𝜎(𝑟)𝑟 is always 𝜎-invariant and 𝜎2
-central, so we will never

mention the element 𝛾 again.

5.1. Type 𝐴 affine Hecke algebras. Let C = Vec, 𝐹 = k[𝑥], so that 𝐴 = k[𝑥1, … , 𝑥𝑛], and 𝜎𝑖

acts by permutation. Set 𝑟 =
ℎ+𝑞𝑥1
𝑥1−𝑥2

, ℎ, 𝑞 ∈ k, so that 𝜌 = (ℎ + 𝑞𝑥1)𝜕, where 𝜕 is the Demazure

operator

𝜕(𝑓 ) =
𝑓 (𝑥1, 𝑥2) − 𝑓 (𝑥2, 𝑥1)

𝑥1 − 𝑥2
.

We have 𝑆 = 𝑟 + 𝜎(𝑟) = 𝑞, and 𝐷 = 0:

𝑌 (𝑟) =
(ℎ + 𝑞𝑥1)(ℎ + 𝑞𝑥2)((𝑥1 − 𝑥2) − (𝑥2 − 𝑥3) − (𝑥1 − 𝑥3))

(𝑥1 − 𝑥2)(𝑥2 − 𝑥3)(𝑥1 − 𝑥3)
= 0.

By Lemma 4.16, we therefore have 𝐷 = 0, and

𝐸 = 𝑟13(𝑅2 − 𝑅1) = −𝜕13(𝑅1).

In particular, 𝐸 = 0 if and only if 𝑅 ∈ k. In this case, we recover affine Hecke algebra for

ℎ = 0, 𝑞 = 𝐪 − 1, 𝑅 = 𝐪 (after inverting 𝑥), and its degenerate version for ℎ = 1, 𝑞 = 0, 𝑅 = 1.

5.2. Formal Hecke algebras. A certain generalization of affine Hecke algebras was proposed

in [HMLSZ14]. Recall that a (one-dimensional, commutative) formal group law over a commuta-

tive ring R is a power series 𝐹(𝑢, 𝑣) ∈ (𝑢+𝑣)+𝑢𝑣RJ𝑢, 𝑣K, which satisfies the associativity condition
𝐹(𝑢, 𝐹(𝑣, 𝑤)) = 𝐹(𝐹(𝑢, 𝑣), 𝑤). For each formal group law, the authors of loc. cit. construct an as-

sociated formal Hecke algebra, which specializes to affine/degenerate affine Hecke algebra for

multiplicative/additive group law. Instead of recalling the precise definition, let us show how to

recover it from Theorem 4.8.
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Very briefly, one sets k = RJℎK, and 𝐹 = kJ𝑥K. For each 𝑣 ∈ Z𝑛
, the formal group law 𝐹 gives

rise to an element 𝑥𝑣 ∈ RJ𝑥1, … , 𝑥𝑛K ⊂ kJ𝑥1, … , 𝑥𝑛K, as well as certain elements 𝜇(𝑥𝛾 ), 𝜇(𝑥−𝛾 ) ∈ k,

see [HMLSZ14, Sec. 2-3] for details. Let us write 𝛽 = (1, −1), and distinguish the two cases,

namely where 𝜅 ∶= 𝑥𝛽 − 𝑥−𝛽 vanishes or not. Set Θ = 𝜇(𝑥𝛾 ) − 𝜇(𝑥−𝛾 ), 𝑅 = 𝜇(𝑥𝛾 )𝜇(𝑥−𝛾 ), and

𝑟 ∈ kJ𝑥1, 𝑥2K, 𝑟 =

{
Θ

𝑥−𝛽

𝑥𝛽+𝑥−𝛽
, 𝜅 ≠ 0,

2ℎ
𝑥𝛽
, 𝜅 = 0;

As 𝜎(𝑥𝛽) = 𝑥−𝛽 , we have 𝑆 = Θ if 𝜅 ≠ 0 and 𝑆 = 0 otherwise. Since the ring 𝐹⊗𝑛 is commutative

and 𝑅 ∈ k, we have 𝐸 = 𝐵(𝑟) = 𝑟13(𝑅1 − 𝑅2) = 0. Furthermore,

𝐷 = 𝑟13(𝑟23 − 𝑟21) − 𝑟12𝑟23 = −𝐷.

This coefficient is precisely the linear term 𝜎12 in the cubic relation [HMLSZ14, Th. 8.14]. Hence

the coefficients imposed by Theorem 4.8 recover the defining relations of formal affine Hecke

algebra of type 𝐴 as listed in [HMLSZ14, Th. 8.14].

5.3. Odd nilHecke. Let C = sVec, and set 𝐹 = k[𝑥], where 𝑥 is an odd variable. Then 𝐴 is the

ring of odd polynomials

𝐴 = k⟨𝑥1, … , 𝑥𝑛⟩/(𝑥𝑖𝑥𝑗 + 𝑥𝑗𝑥𝑖, 𝑖 ≠ 𝑗).

Let𝐻 ∈ sVec be the odd invertible object, so that 𝜖 = −1. The action of 𝜎𝑖 on 𝐴 is given by signed

transposition, that is 𝜎𝑖(𝑥𝑗 ) = −𝑥𝑗 if 𝑗 ∉ {𝑖, 𝑖 + 1}, and 𝜎𝑖(𝑥𝑖) = 𝑥𝑖+1. Note that any polynomial in

𝑥2𝑖 , 1 ≤ 𝑖 ≤ 𝑛 belongs to the center of 𝐴, and set

𝑟 =
𝑥1 − 𝑥2

𝑥21 − 𝑥
2
2

.

It is easy to check that the resulting 𝜌𝑟 is precisely the odd divided difference operator as defined

in [EKL14]. We have 𝑆 = 0, and 𝐷 = 0 by a direct check. By Lemma 4.16, this implies 𝐷 = 0,

and 𝐸 = 𝑟13(𝑅2 − 𝑅1). Similarly to Section 5.1, we have 𝐸 = 0 if and only if 𝑅 ∈ k; for 𝑅 = 0 we

recover the odd nilHecke algebra, as considered in [EKL14].

5.4. RAFH and PQWP. Let C = Vec, 𝐹 ′ a finite-dimensional (unital) algebra, 𝐹 = 𝐹 ′[𝑥], and

pick a 𝜎-invariant, 𝜎-central element Δ ∈ 𝐹 ′ ⊗ 𝐹 ′. Note that when Δ is non-degenerate, its dual

Δ∨ ∈ (𝐹 ′ ⊗ 𝐹 ′)∨ defines a symmetric Frobenius algebra structure on 𝐹 ′. Set

(5.1) 𝑟 =
Δ(ℎ + 𝑞𝑥1)

𝑥1 − 𝑥2
, ℎ, 𝑞 ∈ k.

It is easy to check that for 𝑎 ∈ 𝐹 ′⊗𝐹 ′, 𝑓 ∈ k[𝑥1, 𝑥2]we have 𝜌(𝑎⊗𝑓 ) = Δ𝑎(ℎ+𝑞𝑥1)𝜕(𝑓 ). We have

𝑆 = 𝑞Δ. Note that Δ12Δ23 = Δ23Δ13 = Δ13Δ12 and Δ23Δ12 = Δ12Δ13 = Δ13Δ23 by the properties

of Δ. Factoring out Δ12Δ23 and Δ23Δ12, the exact same computation as in Section 5.1 shows that

𝐷 = 𝐷 = 0. Analogously, we have 𝐸 = −𝑟13(𝑅1 − 𝑅2). If 𝑅 ∈ 𝐹 ′ ⊗ 𝐹 ′, then Δ13𝑅23 = 𝑅32Δ13, and

so we have

𝑟13(𝑅1 − 𝑅2) = 𝑟13𝑅1 − 𝑅21𝑟13 = 𝑟13(𝑅1 − 𝑅21) = 0.

This recovers RAFH algebras as considered in [MS], which for 𝑞 = 0, resp. ℎ = 0 specialize to

affine wreath product algebras in [Sav20], resp. [RS20].

One can slightly generalize this definition by keeping 𝑅 ∈ 𝐹 ′ ⊗ 𝐹 ′, and setting

(5.2) 𝑟 =
Δ00 + Δ10𝑥1 + Δ01𝑥2 + Δ11𝑥1𝑥2

𝑥1 − 𝑥2
,

where Δ𝑖𝑗 ∈ 𝐹 ′⊗𝐹 ′ are 𝜎-invariant, 𝜎-central elements, possibly degenerate. Here, 𝑆 = Δ10−Δ01
.

A direct (if lengthy) computation shows that 𝐸 = 𝐵(𝑟) = 0, whereas 𝐷 = −𝐷 = Δ00
1 Δ11

2 − Δ01
1 Δ10

2 .

When the latter expression vanishes, we recover the basis theorem for PQWP algebras in [LM26,

Prop. 3.10].
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5.5. QuiverHecke algebras. Let 𝐼 be a finite set, 𝐹 ′ = ⨁𝑖∈𝐼 k𝑒𝑖 a direct sum of one-dimensional

algebras, where 𝑒𝑖, 𝑖 ∈ 𝐼 are idempotents, and 𝐹 = 𝐹 ′[𝑥]. Set

𝑟 = ∑

𝑖∈𝐼

𝑒𝑖 ⊗ 𝑒𝑖

𝑥1 − 𝑥2
,

and pick a 𝜎-invariant element 𝑅 ∈ 𝐹 ⊗𝐹 . More explicitly, it means that 𝑅 = ∑𝑖,𝑗∈𝐼 𝑄
𝑖𝑗 (𝑥1, 𝑥2)𝑒𝑖⊗

𝑒𝑗 , where 𝑄
𝑖𝑗 ∈ k[𝑥1, 𝑥2], and 𝑄

𝑖𝑗 (𝑥1, 𝑥2) = 𝑄
𝑗𝑖(𝑥2, 𝑥1) for all 𝑖, 𝑗 ∈ 𝐼 . We clearly have 𝑆 = 𝑌 (𝑟) =

𝑌 (𝑟) = 0. Furthermore, as 𝑅 ∈ 𝐹 ⊗ 𝐹 is symmetric, we have

(5.3) 𝐵(𝑟) = 𝑟13(𝑅2 − 𝑅1) = ∑

𝑖,𝑗∈𝐼

𝜕13(𝑄
𝑖𝑗
)(𝑒𝑖 ⊗ 𝑒𝑗 ⊗ 𝑒𝑖),

where 𝜕13(𝑓 ) =
𝑓 (𝑥1,𝑥2)−𝑓 (𝑥3,𝑥2)

𝑥1−𝑥3
is the Demazure operator. In case where the elements 𝑄𝑖𝑗 satisfy

some additional conditions (see e.g. [McN19, Sec. 2]), which guarantee the existence of a conve-

nient grading, the defining relations of the TIC algebra 𝐹 ≀H𝑛 hence coincide with the defining

relations of quiver Hecke algebra associated to 𝑄; the set of vertices of the corresponding quiver

iss 𝐼 , and the arrows from 𝑖 to 𝑗 are read off the polynomial 𝑄𝑖𝑗 . In particular, Theorem 4.8

recovers the basis theorem for quiver Hecke algebras [KL09, Th. 2.5].

Building up on Sections 5.1 and 5.4, the definition above admits some natural generalizations.

5.5.1. 𝐾 -theoretic quiver Hecke algebras. Let 𝐹 ′ be as in Section 5.5, 𝐹 = 𝐹 ′[𝑥±1], 𝑅 ∈ (𝐹 ⊗ 𝐹)S2
,

and

𝑟 = ∑

𝑖∈𝐼

(𝑒𝑖 ⊗ 𝑒𝑖)𝑥1

𝑥1 − 𝑥2
.

Similarly to before, we have 𝑆 = 1, 𝐷 = 𝐷 = 0, and

𝐸 = 𝐵(𝑟) = 𝑟13(𝑅2 − 𝑅1) = −∑

𝑖,𝑗∈𝐼

𝑥1𝜕13(𝑄
𝑖𝑗
)(𝑒𝑖 ⊗ 𝑒𝑗 ⊗ 𝑒𝑖),

For example, let us set 𝐼 = [1, 𝑛],𝑄𝑖𝑗 = 0 if |𝑖−𝑗| ≠ 1, and𝑄𝑖,𝑖+1(𝑥1, 𝑥2) = 𝑄
𝑖+1,𝑖(𝑥2, 𝑥1) = 𝑥1𝑥

−1
2 −1

for 1 ≤ 𝑖 ≤ 𝑛 − 1. In this case, all coefficients in 𝐸 = ∑𝑖,𝑗 𝐸𝑖𝑗 𝑖(𝑒𝑖 ⊗ 𝑒𝑗 ⊗ 𝑒𝑖) vanish unless |𝑖 − 𝑗| = 1,

and

𝐸𝑖,𝑖+1,𝑖 = 𝑥1𝜕13(1 − 𝑥1𝑥
−1
2 ) = −𝑥1𝑥

−1
2 𝜕13(𝑥1) = −𝑥1𝑥

−1
2 ;

𝐸𝑖+1,𝑖,𝑖+1 = 𝑥1𝜕13(1 − 𝑥2𝑥
−1
1 ) = −𝑥1𝑥2𝜕13(𝑥

−1
1 ) = 𝑥2𝑥

−1
3 .

Hence, we recover precisely the relations of the 𝐾 -theoretic quiver Hecke algebra for the quiver

𝐴𝑛, as computed in [Zho23, Sec. 6.2.2]. In particular, we deduce from Theorem 4.8 that these

algebras have a diagrammatic basis akin to the usual quiver Hecke algebras. Note that for the

𝐴𝑛-quiver, the existence of basis also follows from the geometric realization of𝐾 -theoretic quiver

Hecke algebra as the𝐾 -theory of quiver Steinberg; in the non-symmetric case, this argument will

not apply.

5.5.2. Frobenius quiver Hecke algebras. Let {𝐹 ′𝑖 }𝑖∈𝐼 be a collection of finite-dimensional symmetric

Frobenius algebras, andΔ𝑖 ∈ 𝐹 ′𝑖 ⊗𝐹
′
𝑖 the Frobenius elements. Note thatΔ ∶= ∑𝑖∈𝐼 Δ

𝑖
is a Frobenius

element for 𝐹 ′ ∶= ⨁𝑖∈𝐼 𝐹
′
𝑖 . Define 𝐹 = 𝐹 ′[𝑥], and set

𝑟 =
Δ

𝑥1 − 𝑥2
= ∑

𝑖∈𝐼

Δ′
𝑖

𝑥1 − 𝑥2
∈ 𝐹 ⊗ 𝐹.

Pick 𝑅 ∈ 𝐹 ⊗ 𝐹 central and symmetric. Note that being central is now a non-trivial condition;

unraveling it, we see that for each 𝑖, 𝑗 ∈ 𝐼 we have

𝑄
𝑖𝑗
= ∑

𝑘,𝑙

𝑓
𝑘𝑙
𝑖𝑗 𝑥

𝑘
1 𝑥

𝑙
2, 𝑓

𝑘𝑙
𝑖𝑗 ∈ 𝑍(𝐹

′
𝑖 ⊗ 𝐹

′
𝑗 ).
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Analogously to Section 5.4, we have 𝑆 = 𝐷 = 𝐷 = 0, and 𝐸 = 𝑟13(𝑅2 − 𝑅1). Using the special

form of 𝑅, we see that 𝐸 = ∑𝑖,𝑗 𝐸𝑖𝑗 𝑖(𝑒𝑖 ⊗ 𝑒𝑗 ⊗ 𝑒𝑖), where

𝐸𝑖𝑗 𝑖 =
Δ𝑖13

𝑥3 − 𝑥1 (
∑

𝑘,𝑙

(𝑓
𝑘𝑙
𝑖𝑗 ⊗ 𝑒𝑖)𝑥

𝑘
1 𝑥

𝑙
2 − (𝑒𝑖 ⊗ 𝑓

𝑘𝑙
𝑗𝑖 )𝑥

𝑘
3 𝑥

𝑙
2
)

= −∑

𝑘,𝑙

Δ
𝑖
13(𝑓

𝑘𝑙
𝑖𝑗 ⊗ 𝑒𝑖)𝜕13(𝑥

𝑘
1 )𝑥

𝑙
2 ∈ 𝐹

⊗3
.

Hence Proposition 4.11 continues to apply, and we get a basis theorem for the resulting TIC

algebra. Note that it can be equipped with a grading analogous to the usual quiver Hecke algebra,

where 𝐹 ′ sits in degree 0. It would be very interesting to see whether these algebras categorify

some variant of quantum groups.

5.6. Super-versions of RAFH. Let C = sVec, 𝐹 ′ an associative superalgebra, and 𝐹 = 𝐹 ′[𝑥].

The invertible object 𝐻 is either even or odd. Regardless, the element 𝑅 ∈ (𝐹⊗2)𝐻 2 is always

even. We can extend the setup of the previous section in two ways, depending on whether 𝑥 is

an even or an odd variable.

5.6.1. Even case. Let 𝑥 be even, and let Δ0, Δ1 ∈ 𝐹 ′ ⊗ 𝐹 ′ be two 𝜎-invariant, 𝜎-central elements

of same parity as 𝐻 . Set

𝑟 =
Δ0 + Δ1𝑥1

𝑥1 − 𝑥2
.

Then 𝑆 = Δ1
, and the same argument as in Section 5.4 shows that 𝐷 = 𝐷 = 𝐸 = 0, provided that

𝑅 ∈ 𝐹 ′ ⊗ 𝐹 ′ is 𝜎-invariant and central. We leave the analysis for the more general choice (5.2) to

the interested reader.

5.6.2. Odd case. Let 𝑥 be odd, and let Δ ∈ 𝐹 ′ ⊗ 𝐹 ′ be a 𝜎-invariant, 𝜎-central elements of parity

opposite to 𝐻 . Set

𝑟 =
Δ(𝑥1 − 𝑥2)

𝑥21 − 𝑥
2
2

.

Then 𝑆 = 0, and once again 𝐷 = 𝐷 = 𝐸 = 0. This gives a precise sense to the “odd wreath

product algebras” in [Sav20, Rem. 3.3] for symmetric Frobenius algebras.

Remark 5.2. Quiver Hecke superalgebras [KKT16] do not immediately fit our theory, because

our crossings 𝐻𝑖 have fixed parity, while the parity of crossings in quiver Hecke superalgebras

depends on which strands are being crossed. This can be remedied this by dropping the invert-

ibility condition on 𝐻 , and setting 𝐻 = k
1|0⊕k0|1

. Roughly speaking, we can define 𝜎 by asking

that for each pair of colours only the summand of 𝐻 of appropriate parity acts by swapping

the tensor factors in 𝐹 ′ ⊗ 𝐹 ′, and the other summand acts by zero. We then put polynomials

of appropriate parity at each vertex. The resulting QWP is too big; however, it will contain a

big annihilator, and after factoring it out one obtains the desired quiver Hecke superalgebra. As

QWP algebras in question are not TIC algebras in the sense of Definition 4.4, we leave the details

to an interested reader.

5.7. Twisted polynomial rings. Let us consider one important case where 𝜎 is different from

the natural braiding 𝜏. Set C = Vec or sVec, 𝐹 ′ ∈ C an algebra, and fix an automorphism 𝜓 of 𝐹 ′

of finite order 𝜃. Define 𝐹 = k[𝑥] ⋉ 𝐹 ′, for 𝑥 an even variable. The semidirect product notation

here means that 𝐹 = k[𝑥] ⊗ 𝐹 ′ as an element of C⃗, and

(𝑥
𝑘
⊗ 𝑓1)(𝑥

𝑙
⊗ 𝑓2) = 𝑥

𝑘+𝑙
⊗ ((𝜓

′
)
−𝑙
(𝜏(𝑓1))𝑓2); 𝑘, 𝑙 ∈ N, 𝑓1, 𝑓2 ∈ 𝐹

′
.

Note that 𝜓 extends to an automorphism of 𝐹 by setting 𝜓(𝑥) = 𝑥 . Since 𝜓𝜃 = id, the subalgebra

k[𝑥𝜃] ⊂ 𝐹 belongs to the center. Define 𝜏𝜓 ∶= (id⊗𝜓) ◦𝜏 = 𝜏 ◦ (𝜓⊗id), and pick a 𝜏𝜓-invariant,

𝜏𝜓-central element Δ ∈ 𝐹 ′ ⊗ 𝐹 ′. Unpacking these conditions, we have

𝜓1(Δ) = 𝜏(Δ); Δ(𝑓1 ⊗ 𝑓2) = 𝜏(𝜓(𝑓1) ⊗ 𝑓2)Δ, 𝑓1, 𝑓2 ∈ 𝐹
′
.
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For example, if 𝐹 ′ is a non-symmetric Frobenius algebra and 𝜓 its Nakayama automorphism, we

can set Δ to be the dual of the trace form.

Remark 5.3. Onemaywonder whether we could start with an odd automorphism𝜓 ∶ k0|1⊗𝐹 ′ →

𝐹 ′. In fact, we immediately run into trouble, as the two sides of the relation 𝑓 𝑥 = 𝑥𝜓−1(𝑓 ) have

different parity, regardless of the parity of 𝑥; compare this with [Sav20, Rem. 3.3]. This also

obliges us to restrict our attention to Frobenius algebras with even trace form.

Let us define the following elements of 𝐹 ⊗ 𝐹 , observing that Δ(1) = Δ:

(5.4) Δ
(𝑘) ∶=

𝑘−1

∑

𝑖=0

𝑥
𝑘−1−𝑖
2 Δ𝑥

𝑖
1 ∈ 𝐹 ⊗ 𝐹.

Lemma 5.4. The elements Δ(𝑘) satisfy the following properties:

(1) For any 𝑓1, 𝑓2 ∈ 𝐹 ′, we have Δ(𝑘)(𝑓1 ⊗ 𝑓2) = 𝜏(𝜓
𝑘(𝑓1) ⊗ 𝑓2)Δ

(𝑘);
(2) We have Δ(𝑘)𝑥1 − 𝑥2Δ

(𝑘) = Δ𝑥𝑘1 − 𝑥𝑘2Δ and Δ(𝑘)𝑥2 − 𝑥1Δ
(𝑘) = 𝑥𝑘2 𝜏(Δ) − 𝜏(Δ)𝑥

𝑘
1 ;

(3) For any 𝑘 ≥ 1, we have (𝜓 ⊗ 𝜓)(Δ(𝑘)) = Δ(𝑘).

In particular, for 𝑘 = 𝜃 we have

(5.5)

Δ
(𝜃)
𝑓 = 𝜏(𝑓 )Δ

(𝜃)
, 𝑓 ∈ 𝐹

′
⊗ 𝐹

′
;

Δ
(𝜃)
𝑥1 − 𝑥2Δ

(𝜃)
= Δ(𝑥

𝜃
1 − 𝑥

𝜃
2 ), Δ

(𝜃)
𝑥2 − 𝑥1Δ

(𝜃)
= 𝜏(Δ)(𝑥

𝜃
2 − 𝑥

𝜃
1 ).

Proof. The proof is by computation. For the first claim, for any 0 ≤ 𝑖 ≤ 𝑘 − 1 we have

𝑥
𝑘−1−𝑖
2 Δ𝑥

𝑖
1(𝑓1 ⊗ 𝑓2) = 𝑥

𝑘−1−𝑖
2 Δ(𝜓

𝑖
(𝑓1) ⊗ 𝑓2)𝑥

𝑖
1 = 𝑥

𝑘−1−𝑖
2 𝜏(𝜓

𝑖+1
(𝑓1) ⊗ 𝑓2)Δ𝑥

𝑖
1

= 𝜏(𝜓
𝑘
(𝑓1) ⊗ 𝑓2)𝑥

𝑘−1−𝑖
2 Δ𝑥

𝑖
1,

and so the desired formula follows after summation. For the second claim, we have

Δ
(𝑘)
𝑥1 − 𝑥2Δ

(𝑘)
= (Δ

(𝑘+1)
− 𝑥

𝑘
2Δ) − (Δ

(𝑘+1)
− Δ𝑥

𝑘
1 ) = Δ𝑥

𝑘
1 − 𝑥

𝑘
2Δ,

Δ
(𝑘)
𝑥2 − 𝑥1Δ

(𝑘)
= 𝜓

−1
2 (Δ

(𝑘+1)
− Δ𝑥

𝑘
1 ) − 𝜓1(Δ

(𝑘+1)
− 𝑥

𝑘
2Δ) = 𝑥

𝑘
2 𝜏(Δ) − 𝜏(Δ)𝑥

𝑘
1 ,

where in the second chain of equalities we used 𝜓1(Δ) = 𝜏(Δ) = 𝜓−1
2 (Δ). Finally, for the last

claim we note that

𝜓2𝜓1(Δ) = 𝜓2𝜏(Δ) = 𝜏𝜓1(Δ) = 𝜏
2
(Δ) = Δ,

so that each term of Δ(𝑘)
is 𝜓 ⊗ 𝜓-invariant. □

Unlike the case of RAFH algebras, we cannot set ℎ and 𝑞 in (5.1) to be simultaneously non-zero,

and so need to consider two separate cases.

5.7.1. Additive case. Let us set 𝜎 = 𝜏 = 𝜏𝐹 ,𝐹 , and 𝜌 = 𝜌𝑟 , where

(5.6) 𝑟 =
Δ(𝜃)

𝑥𝜃1 − 𝑥𝜃2
.

It follows from Lemma 5.4 that 𝜌(𝑓 ) = 0 for 𝑓 ∈ 𝐹 ′ ⊗ 𝐹 ′, and 𝜌(𝑥1) = Δ, 𝜌(𝑥2) = −𝜏(Δ). As

a consequence, 𝜌𝑟 restricts to a skew derivation of 𝐹 ⊗ 𝐹 ; in fact, this is the exact same skew

derivation as in [Sav20, Sec. 4.1]. We are hence in the situation of Proposition 4.11. Note that

𝜏(Δ
(𝜃)
) =

𝜃−1

∑

𝑖=0

𝑥
𝜃−1−𝑖
1 𝜏(Δ)𝑥

𝑖
2 =

𝜃−1

∑

𝑖=0

𝑥
𝑖
2𝜓

−𝑖
2 𝜓

𝜃−1−𝑖
1 𝜏(Δ)𝑥

𝜃−1−𝑖
1 =

𝜃−1

∑

𝑖=0

𝑥
𝑖
2(𝜓1𝜓2)

−𝑖
(Δ)𝑥

𝜃−1−𝑖
1

= Δ
(𝜃)
.
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In particular, 𝑆 = 𝑟 + 𝜏(𝑟) =
Δ(𝜃)−𝜏(Δ(𝜃))

𝑥𝜃1−𝑥
𝜃
2

= 0. Furthermore, it follows from the formulas (5.5)

that 𝜏(𝑟)𝑟 is 𝜏-invariant and (𝜏2-)central, so that the same is true of 𝑅. We further assume that

𝑅 ∈ 𝐹 ′ ⊗ 𝐹 ′. The proof of the following is by direct computation, see Section A.1.

Proposition 5.5. For the element 𝑟 given by (5.6) we have 𝑌 (𝑟) = 𝑌 (𝑟) = 𝐵(𝑟) = 0. □

As a consequence, we recover the basis theorem in [Sav20, Th. 4.6] for C = Vec, and extends

it to super-vector spaces.

5.7.2. Multiplicative case. Now, let 𝜎 be the twisted natural braiding 𝜏𝜓 = (id ⊗ 𝜓) ◦ 𝜏, and

(5.7) 𝑟 =
Δ(𝜃)𝑥1

𝑥𝜃1 − 𝑥𝜃2
.

Since 𝜓 acts trivially on 𝑥𝑖’s, we have 𝜌𝑟(𝑥1) = Δ𝑥1, 𝜌𝑟(𝑥2) = −𝜏(Δ)𝑥1 similarly to the additive

case. Furthermore, for any 𝑓 ∈ 𝐹 ′ ⊗ 𝐹 ′ we have

(5.8) 𝜌𝑟(𝑓 ) =
Δ(𝜃)𝑥1𝑓 − 𝜓2𝜏(𝑓 )Δ

(𝜃)𝑥1

𝑥𝜃1 − 𝑥𝜃2
=
𝜏𝜓1(𝑓 )Δ

(𝜃)𝑥1 − 𝜓2𝜏(𝑓 )Δ
(𝜃)𝑥1

𝑥𝜃1 − 𝑥𝜃2
= 0.

Hence 𝜌𝑟 restricts to a skew derivation of 𝐹 ⊗ 𝐹 , and we can once again apply Proposition 4.11.

We have

𝑆 = 𝑟 + 𝜎(𝑟) =
Δ(𝜃)𝑥1 − 𝜓2𝜏(Δ

(𝜃))𝑥2

𝑥𝜃1 − 𝑥𝜃2
=

Δ(𝜃)𝑥1 − 𝑥2Δ
(𝜃)

𝑥𝜃1 − 𝑥𝜃2
= Δ.

Note that Δ(𝜃)𝑥1Δ = 𝜎(Δ)Δ(𝜃)𝑥1 = ΔΔ(𝜃)𝑥1, so that 𝑟Δ = Δ𝑟 . This implies that 𝜎(𝑟)𝑟 is 𝜎-

invariant:

𝜎(𝜎(𝑟)𝑟) = 𝜎((Δ − 𝑟)𝑟) = (Δ − 𝜎(𝑟))𝜎(𝑟) = 𝑟(Δ − 𝑟) = (Δ − 𝑟)𝑟 = 𝜎(𝑟)𝑟.

It is also easy to check that 𝜎(𝑟)𝑟 is 𝜎2
-central. Indeed, for 𝑥1, 𝑥2 this immediately follows from

the 𝜏2-centrality of 𝜎(𝑟𝑥−11 )𝑟𝑥−11 in the additive case, while for 𝑓 ∈ 𝐹 ′ ⊗ 𝐹 ′ we have

𝜎(𝑟)𝑟𝑓 =
𝑥2(Δ

(𝜃))2𝑥1𝑓

𝑥𝜃1 − 𝑥𝜃2
=
𝜓2𝜏

2𝜓1(𝑓 )𝑥2(Δ
(𝜃))2𝑥1

𝑥𝜃1 − 𝑥𝜃2
= 𝜎

2
(𝑓 )𝜎(𝑟)𝑟.

As always, the element 𝑅 is hence 𝜎-invariant and 𝜎2
-central. Assume that 𝑅 ∈ 𝐹 ′ ⊗ 𝐹 ′. Let us

write 𝑟 = 𝑟 ′𝑥1, where 𝑟
′
is given by (5.6). Using Proposition 5.5, we have

𝑌 (𝑟) = 𝑟1𝑟2 + 𝜎1(𝑟2𝑟1) − 𝑟2𝜎1(𝑟2) = 𝑟
′
1𝜓1(𝑟

′
2)𝑥1𝑥2 + 𝜎1(𝑟

′
2)𝜓1𝜎1(𝑟

′
1)𝑥1𝑥2 − 𝑟

′
2𝜓2𝜎1(𝑟

′
2)𝑥1𝑥2

= (𝑟
′
1𝑟

′
2 + 𝜏1(𝑟

′
2)𝜏1𝜓1𝜓2(𝑟

′
1) − 𝑟

′
2𝜏1(𝑟

′
2))𝑥1𝑥2 = (𝑟

′
1𝑟

′
2 + 𝜏1(𝑟

′
2𝑟

′
1) − 𝑟

′
2𝜏1(𝑟

′
2))𝑥1𝑥2 = 0.

The equality 𝑌 (𝑟) = 0 is proved analogously. Using the special form of 𝑅, we also have

𝑟2𝜎1(𝑟2)𝑟1 − 𝑟1𝜎2(𝑟1)𝑟2 = (𝑟
′
2𝜏1𝜓

2
1(𝑟

′
2)𝜓1𝜓2(𝑟

′
1) − 𝑟

′
1𝜏2𝜓1𝜓2(𝑟

′
1)𝜓

2
1(𝑟2))𝑥

2
1𝑥2

= (𝑟
′
2𝜏1(𝑟

′
2)𝑟

′
1 − 𝑟

′
1𝜏2(𝑟

′
1)𝑟

′
2)𝑥

2
1𝑥2 = 0,

𝜎2(𝑟1)𝑅2 = 𝜎2(𝑟
′
1)𝑥1𝑅2 = 𝑅2𝜎

−1
2 (𝑟

′
1)𝑥1 = 𝜏2(𝜏2(𝑅2)𝑟

′
1)𝑥1 = 𝜏2(𝑟

′
1)𝜏212(𝑅2)𝑥1

= 𝜏1(𝑟
′
2)𝜏1(𝑅1)𝑥1 = 𝜎1(𝑟

′
2)𝑥1𝜎

−1
1 (𝑅1) = 𝜎1(𝑟2)𝑅1,

so that 𝐵(𝑟) = 0 as well.

Remark 5.6. In [RS20, Rem. 2.8], the authors state that the case of non-symmetric Frobenius

algebra can be treated analogously to the symmetric one, i.e. with 𝜎 = 𝜏. However, it is clear

that the associative Yang–Baxter equation 𝑌 (𝑟) = 0 is only satisfied for 𝜎 = 𝜏𝜓 .

5.8. SkewPQWPalgebras. Let us again fix an algebra 𝐹 ′ ∈ C, an automorphism𝜓 of 𝐹 ′ of finite

order 𝜃, and 𝐹 ∶= k[𝑥]⋉ 𝐹 ′. Set 𝜎 = 𝜏, and pick a 𝜏-invariant, 𝜏-central element Δ ∈ 𝐹 ′⊗𝐹 ′. As

opposed to the setup of Section 5.7, Δ and𝜓 do not interact yet; let us impose that (𝜓⊗𝜓)(Δ) = Δ.
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We again define Δ(𝑘)
by the formula (5.4), and 𝑟 by the formula (5.7). The same argument as in

Lemma 5.4 shows that

Δ
(𝜃)
𝑥1𝑓 = 𝑓 Δ

(𝜃)
𝑥1, Δ

(𝜃)
𝑥1 − 𝑥2Δ

(𝜃)
= Δ(𝑥

𝜃
1 − 𝑥

𝜃
2 ),

Δ
(𝜃)
𝑥2 − 𝑥1Δ

(𝜃)
= 𝜓

−1
2 (Δ

(𝜃+1)
− Δ𝑥

𝜃
1 ) − 𝜓1(Δ

(𝜃+1)
− 𝑥

𝜃
2Δ) = 𝜓1(Δ)(𝑥

𝜃
2 − 𝑥

𝜃
1 ).

In particular, we have 𝜌(𝑓 ) = 0 for 𝑓 ∈ 𝐹 ′, 𝜌(𝑥1) = Δ𝑥1, and 𝜌(𝑥2) = −𝜓1(Δ)𝑥1 = −𝑥1Δ.

Hence, we are in the situation of Proposition 4.11. It is clear that 𝑆 = 𝑟 + 𝜏(𝑟) = Δ. As always,

let 𝑅 ∈ 𝐹 ′ ⊗ 𝐹 ′ be 𝜏-invariant and central. A computation completely analogous to the one in

Proposition 5.5 shows that 𝐷 = 𝐷 = 𝐸 = 0.

Definition 5.7. We call the resulting TIC algebra 𝐹 ≀H𝑛 a skew PQWP algebra.

In particular, let 𝐹 ′ = k[𝑡]/(𝑡𝑚 − 1), 𝜓(𝑡) = 𝜉2𝑡, and 𝐹 = k[𝑥±1] ⋉ 𝐹 ′, where 𝜉 is a primitive

𝜃-th root of unity, 𝑚 an even number, and 𝜃 divides 𝑚. Set either 𝑅 = 𝑞 or 𝑅 = 𝑞𝑡𝑚/2 ⊗ 𝑡𝑚/2,

where 𝑞 ∈ k. Then Definition 5.7 specializes to the skew PQWP algebras introduced in [BL26],

and so Theorem 4.8 specializes to [BL26, Th. 3.1.5].

Remark 5.8. In fact, the skew PQWP algebras considered in [BL26] can be realized as ordinary

PQWP algebras. Indeed, in the setup of Section 5.4, let 𝐹 ′ = Mat𝑚×𝑚 be the matrix algebra,

Δ = ∑
𝑚
𝑖,𝑗=1 𝐸𝑖𝑗 the Frobenius element corresponding to the trace form, 𝐹 = 𝐹 ′[𝑦±1]. Let us

assume 𝑚 = 𝜃 for simplicity. One can easily verify that the map

Mat𝑚×𝑚[𝑦±1] → k[𝑥
±1
]⋉ k[𝑡]/(𝑡

𝑚
− 1),

𝑦 ↦ 𝑥
𝑚
, 𝐸𝑖𝑖 ↦

𝑚

∑

𝑗=1

(𝜉
2𝑖
𝑡)
𝑗
, (𝐸12 + 𝐸23 + ⋯ + 𝐸𝑚−1,𝑚 + 𝑦𝐸𝑚1) ↦ 𝑥

is an isomorphism of algebras. Moreover, the element 𝑟 ′ =
Δ𝑦1
𝑦1−𝑦2

is sent precisely to the element

𝑟 defined by (5.7). This establishes an isomorphism between PQWP and skew PQWP

Mat𝑚×𝑚[𝑦±1] ≀H𝑛
∼
−−→ (k[𝑥

±1
]⋉ k[𝑡]/(𝑡

𝑚
− 1)) ≀H𝑛.

When 𝑚 = 𝑘𝜃 is a multiple of 𝜃, one obtains a similar isomorphism by setting 𝐹 ′ = (Mat𝜃×𝜃)⊕𝑘 .

5.9. Affine Sergeev algebra. Finally, let us consider a slightly more involved example. Let C =

sVec, and Cl = k[𝑐]/(𝑐2 + 1) the Clifford algebra, where 𝑐 is odd. Define 𝐹 = Cl⋉k[𝑥±1], where

𝑥 is an even variable, and the semidirect product is taken with respect to the action 𝑐𝑥 = 𝑥−1𝑐.

Let 𝜓 ∶ 𝐹 → 𝐹 be the automorphism defined by 𝜓(𝑥) = 𝑥 , 𝜓(𝑐) = −𝑐. We take 𝜎 = 𝜏𝜓 , which

permutes 𝑥𝑖’s and 𝑐𝑖’s without signs. Note that the last condition of Definition 4.4 is satisfied for

the element 𝑥 + 𝑥−1.

Consider the element 𝑚 = ∏𝑖,𝑗=±1(𝑥
𝑖
1 −𝑥

𝑗

2) = ∏𝑖,𝑗=±1(1 − 𝑥
𝑖
1𝑥
𝑗

2). It is clearly not a zero divisor,

and is central in 𝐹⊗2. Therefore in the localization 𝐹⊗2[𝑚−1] the (right) inverses of all factors in

the products above will make sense. Let 𝜀 = 𝑞 − 𝑞−1, where 𝑞 ∈ k∗
is a scalar. Set 𝑅 = 1 and

(5.9) 𝑟 = 𝜀(𝑥2(𝑥1 − 𝑥2)
−1

+ 𝑐1𝑐2𝑥1𝑥2(1 − 𝑥1𝑥2)
−1
).

A quick computation shows that 𝜌(𝑥1) = 𝜀(𝑐1𝑐2𝑥1 − 𝑥2), 𝜌(𝑥2) = 𝜀(1 + 𝑐1𝑐2)𝑥2, 𝜌(𝑐1) = 0,

𝜌(𝑐2) = 𝜀(𝑐1 − 𝑐2), so that Proposition 4.11 applies. Furthermore, we have 𝑆 = 𝑟 + 𝜎(𝑟) = 𝜖,

and a direct computation (see Section A.2) shows that 𝑌 (𝑟) = 𝑌 (𝑟) = 𝐵(𝑟) = 0, so that the cubic

braid relation is not deformed. Comparing with formulas [JN99, (1.2, 2.2, 3.1-2)], we see that the

resulting TIC algebra is precisely the affine Sergeev algebra (also known as affine Hecke-Clifford

superalgebra), and Theorem 4.8 recovers the basis theorem [BK01b, Th. 2.2].

Remark 5.9. The degenerate affine Sergeev algebra already fits in the framework of Section 5.7.1,

see [Sav20, Ex. 3.7].
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6. Existence of polynomial representations

In this section, we briefly address the question whether the polynomial representation 𝐹⊗𝑛 of

Section 3.6 is defined in our cases of interest. For simplicity, we assume throughout that 𝜎 = 𝜏.

6.1. Non-deformed case. Let us first consider the case 𝐷 = 𝐷 = 𝐸 = 0. This holds for the

algebras considered in Sections 5.1, 5.3, 5.4, 5.6, 5.7.1 and 5.8. In all these cases, we have a smaller

subalgebra 𝐹 ′ ⊂ 𝐹 , such that 𝑅 ∈ 𝐹 ′ ⊗ 𝐹 ′ and all skew derivations 𝜌𝑖 vanish on (𝐹 ′)⊗𝑛. Note that

whenever 𝑅 = 0, the equations (R1, R2) are satisfied by 𝛼 = 0. Hence in this case, the polynomial

representation can always be defined by Proposition 3.5.

Let us next assume that 𝑆 = 0. Then the equation (R1) becomes 𝑅 = 𝛼21𝛼12. Assume that there

exists a 𝜎-invariant, 𝜎-central element

√
𝑅 ∈ 𝐹 ′ ⊗ 𝐹 ′, such that (

√
𝑅)2 = 𝑅; for example, when

𝑅 = 1 we can take

√
𝑅 = ±1. Then 𝛼 =

√
𝑅 immediately satisfies (R1). Moreover, as 𝛼 is central

and 𝜌𝑖(𝛼𝑗 ) = 0 for all 𝑖, 𝑗 , the equation (R2) also holds.

Now consider the case 𝑆 ≠ 0. In all our examples, the element 𝑆 is then a𝜎-invariant, 𝜎-central

element of 𝐹 ′ ⊗ 𝐹 ′. Let us assume for simplicity that 2 is invertible in k, and

Δ ∶= 𝑆/2, 𝑅 = 1, 𝛼 ∈ k[Δ] ⊂ 𝐹
′
⊗ 𝐹

′
.

Then we can write down a formal solution of (R1):

𝛼 = Δ ±
√
1 + Δ2 = Δ ±

(
1 +

Δ2

2
−
Δ4

8
+ ⋯

)

This solution might or might not converge to an element of k[Δ]. Let us assume it does, which

is the case e.g. when Δ is nilpotent. As 𝛼 ∈ 𝐹 ′ ⊗ 𝐹 ′, the equation (R2) assumes the simpler form

𝛼23𝛼13𝛼12 = 𝛼12𝛼13𝛼23. Recall that we have Δ12Δ23 = Δ23Δ13 = Δ13Δ12 and Δ23Δ12 = Δ12Δ13 =

Δ13Δ23. Let us denote 𝐶 = 𝛼 − Δ; this element is central by definition. Expanding the products,

we obtain

𝛼23𝛼13𝛼12 − 𝛼12𝛼13𝛼23 = (𝐶12 − 𝐶13 + 𝐶23)(Δ13Δ12 − Δ12Δ13).

If 𝐹 ′ is commutative, then Δ13Δ12 = Δ12Δ13 and so this expression trivially vanishes; in general,

it does not.

6.2. Deformed case. Let us now drop the assumption that the elements 𝐷, 𝐷, 𝐸 vanish. As

explained in Section 3.7, we need to replace the condition (R2) of Proposition 3.5 with (R2’).

Observe that when 𝐷 = 𝐷 = 0 and 𝐸 ≠ 0, neither 𝛼 = 1 nor 𝛼 = 0 satisfy the equation (R2’).

Instead of trying to treat the general case, let us illustrate what can happen by looking at

Section 5.5. Consider quiver Hecke algebra for the 𝐴𝑛-quiver, that is when

𝑅 =

𝑛

∑

𝑖,𝑗=1

𝑄
𝑖𝑗
(𝑥1, 𝑥2)𝑒𝑖 ⊗ 𝑒𝑗 , 𝑄

𝑖𝑗
= 0 for |𝑖 − 𝑗| ≠ 1, 𝑄𝑖,𝑖+1 = 𝑥1 − 𝑥2.

We have 𝑆 = 𝐷 = 𝐷 = 0, and it follows from the equation (5.3) that

𝐸 =

𝑛−1

∑

𝑖=1

(𝑒𝑖 ⊗ 𝑒𝑖+1 ⊗ 𝑒𝑖 − 𝑒𝑖+1 ⊗ 𝑒𝑖 ⊗ 𝑒𝑖+1).

Take 𝛼 of the form 𝛼 = ∑|𝑖−𝑗|=1 𝛼
𝑖𝑗 (𝑒𝑖 ⊗ 𝑒𝑗 ), 𝛼

𝑖𝑗 ∈ k[𝑥1, 𝑥2]. The equation (R1) rewrites as

𝛼
𝑖+1,𝑖

(𝑥2, 𝑥1)𝛼
𝑖,𝑖+1

(𝑥1, 𝑥2) = 𝑥1 − 𝑥2, 1 ≤ 𝑖 ≤ 𝑛 − 1.

Since we work in a commutative ring and the polynomials 𝛼𝑖𝑗 are at most linear, the equa-

tion (R2’) becomes

𝜎1𝜌2(𝛼1)𝛼1 + 𝐸 = 𝜎2𝜌1(𝛼2)𝛼2.
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A direct computation shows that this equation holds if we set (𝛼𝑖,𝑖+1, 𝛼𝑖+1,𝑖) ∈ {(𝑥1−𝑥2, 1), (1, 𝑥2−

𝑥1)} for each 𝑖. This choice can be made independently for each 𝑖, so that we obtain 2𝑛−1 ver-

sions of the polynomial representation. This recovers the well-known fact that the polynomial

representation of quiver Hecke algebra depends on the choice of the orientation of the quiver.

Remark 6.1. Recall the Frobenius quiver Hecke algebras in Section 5.5.2, and set 𝑄𝑖𝑗 = 0 for

|𝑖 − 𝑗| ≠ 1, 𝑄𝑖,𝑖+1 = 𝑓𝑖(𝑥1 − 𝑥2), 𝑓𝑖 ∈ 𝑍(𝐹
′
𝑖 ⊗ 𝐹

′
𝑖+1). Then a computation analogous to the above

shows that, setting (𝛼𝑖,𝑖+1, 𝛼𝑖+1,𝑖) = (𝑓𝑖(𝑥1 − 𝑥2), 1) or (1, 𝑓𝑖(𝑥2 − 𝑥1)), we obtain a polynomial

representation.

Appendix A. Vanishing of deformation terms

A.1. Proof of Proposition 5.5. Recall that 𝜎 = 𝜏 and 𝜏(𝑟) = −𝑟 . By Lemma 4.16, 𝑌 (𝑟) = 0

will imply 𝑌 (𝑟) = 0. Bringing all terms to the common denominator, we need to check that the

following expression vanishes:

Δ
(𝜃)
12 Δ

(𝜃)
23 (𝑥

𝜃
1 − 𝑥

𝜃
3 ) − Δ

(𝜃)
13 Δ

(𝜃)
12 (𝑥

𝜃
2 − 𝑥

𝜃
3 ) − Δ

(𝜃)
23 Δ

(𝜃)
13 (𝑥

𝜃
1 − 𝑥

𝜃
2 ).

Moving all 𝑥𝑖’s to the right, and remembering that (𝜓 ⊗ 𝜓)(Δ(𝜃)) = Δ(𝜃)
, the terms rewrite as

follows:

Δ
(𝜃)
12 Δ

(𝜃)
23 (𝑥

𝜃
1 − 𝑥

𝜃
3 ) =

𝜃−1

∑

𝑖,𝑗=0

𝜓
−𝑖−1
2 (Δ12)𝜓

𝑗−𝑖

2 (Δ23)𝑥
𝑖
1𝑥
𝜃−1+𝑗−𝑖

2 𝑥
𝜃−1−𝑗

3 (𝑥
𝜃
1 − 𝑥

𝜃
3 ),

Δ
(𝜃)
13 Δ

(𝜃)
12 (𝑥

𝜃
2 − 𝑥

𝜃
3 ) =

𝜃−1

∑

𝑖,𝑗=0

𝜓
−𝑖−1
3 (Δ13)𝜓

−𝑗−𝑖−1

2 (Δ12)𝑥
𝑖+𝑗

1 𝑥
𝜃−𝑗−1

2 𝑥
𝜃−1−𝑖
3 (𝑥

𝜃
2 − 𝑥

𝜃
3 ),

Δ
(𝜃)
23 Δ

(𝜃)
13 (𝑥

𝜃
1 − 𝑥

𝜃
2 ) =

𝜃−1

∑

𝑖,𝑗=0

𝜓
−𝑖−1
3 (Δ23)𝜓

−𝑗−𝑖−2

3 (Δ13)𝑥
𝑗

1𝑥
𝑖
2𝑥

2𝜃−𝑖−𝑗−2

3 (𝑥
𝜃
1 − 𝑥

𝜃
2 ),

Note that every term has polynomial degree 3𝜃 − 2, and in each term at least one variable occurs

with the degree at least 𝜃. Let us check that the coefficient at the term 𝑥𝜃+𝑖1 𝑥
𝑗

2𝑥
2𝜃−2−𝑖−𝑗

3 vanishes

for all 𝑖, 𝑗 . Picking out the terms of 𝑥1-degree 𝜃+ 𝑖 for a fixed 𝑖, repeatedly using (𝜓 ⊗𝜓)(Δ) = Δ,

and setting 𝑥1 = 𝑥3 = 1 to unburden the notation, we get:

2𝜃−2−𝑖

∑

𝑗=𝜃−1−𝑖

𝜓
𝑖+1
1 (Δ12)𝜓

−𝑗−1

3 (Δ23)𝑥
𝑗

2 −

2𝜃−2−𝑖

∑

𝑗=𝜃

𝜓
𝑖+1
1 𝜓

−𝑗−1

3 (Δ13)𝜓
𝑖+1
1 (Δ12)𝑥

𝑗

2

+

𝜃−2−𝑖

∑

𝑗=0

𝜓
−𝑖−𝑗−2

3 (Δ13)𝜓
−𝑖−1
2 (Δ12)𝑥

𝑗

2 −

𝜃−1

∑

𝑗=0

𝜓
−𝑗−1

3 (Δ23)𝜓
−𝑖−𝑗−2

3 (Δ13)𝑥
𝑗

2

=

𝜃−2−𝑖

∑

𝑗=0

𝜓
−𝑖−1
2 𝜓

−𝑖−𝑗−2

3 (Δ13Δ12 − Δ23Δ13)𝑥
𝑗

2 +

𝜃−1

∑

𝑗=𝜃−1−𝑖

𝜓
𝑖+1
1 𝜓

−𝑗−1

3 (Δ12Δ23 − Δ23Δ13)𝑥
𝑗

2

+

2𝜃−2−𝑖

∑

𝑗=𝜃

𝜓
𝑖+1
1 𝜓

−𝑗−1

3 (Δ12Δ23 − Δ13Δ12)𝑥
𝑗

2 .

Since Δ is 𝜏𝜓-central and 𝜏𝜓-invariant, we have

Δ12Δ23 = 𝜓2(Δ13)Δ12 = Δ13Δ12 = 𝜓3(Δ32)Δ13 = Δ23Δ13.

It follows that the expression above vanishes. The coefficients at the terms 𝑥 𝑖1𝑥
𝜃+𝑗

2 𝑥
2𝜃−2−𝑖−𝑗

3 ,

𝑥 𝑖1𝑥
𝑗

2𝑥
𝜃+(2𝜃−2−𝑖−𝑗)

3 vanish by an analogous computation. We conclude that 𝑌 (𝑟) = 𝑌 (𝑟) = 0.

Finally, let us check that 𝐵(𝑟) = 0. We have

Δ
(𝜃)
13 𝑅1 = 𝑅32Δ

(𝜃)
13 = Δ

(𝜃)
13 𝑅32 = Δ

(𝜃)
13 𝑅2,
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so that 𝑟13𝑅1 = 𝑟13𝑅2, and we may conclude by Lemma 4.16. □

A.2. Computations for affine Sergeev algebra. Let us check that the 𝑟-matrix defined by (5.9)

satisfies 𝑌 (𝑟) = 𝑌 (𝑟) = 𝐵(𝑟) = 0. Without loss of generality, we can set 𝜀 = 1. Observe

the following simple identities in the localization 𝐹⊗2[𝑚−1], which follow from the relations in

𝐹 = Cl⋉ k[𝑥±1]:

(𝑥1 − 𝑥2)
−1
𝑐𝑖 = (−1)

𝑖
𝑐𝑖𝑥𝑖(𝑥1𝑥2 − 1)

−1
, (𝑥1𝑥2 − 1)

−1
𝑐𝑖 = (−1)

𝑖
𝑐𝑖𝑥𝑖(𝑥1 − 𝑥2)

−1
, 𝑖 ∈ {1, 2}.

Using these equalities, let us compute 𝑌 (𝑟). First, let us denote:

𝑃 = (𝑥1 − 𝑥2)
−1
(𝑥1 − 𝑥3)

−1
(𝑥2 − 𝑥3)

−1
,

𝑃
′
= (1 − 𝑥1𝑥2)

−1
(1 − 𝑥1𝑥3)

−1
(1 − 𝑥2𝑥3)

−1
, 𝑃

𝑖𝑗
= 𝑃

′
(1 − 𝑥𝑖𝑥𝑗 )(𝑥𝑖 − 𝑥𝑗 )

−1
.

We write 𝑐𝑖𝑗 ∶= 𝑐𝑖𝑐𝑗 , 𝑥𝑖𝑗 ∶= 𝑥𝑖𝑥𝑗 for brevity. In these notations, we obtain

𝑟1𝑟2 = (𝑥2(𝑥1 − 𝑥2)
−1

+ 𝑐1𝑐2𝑥1𝑥2(1 − 𝑥1𝑥2)
−1
)(𝑥3(𝑥2 − 𝑥3)

−1
+ 𝑐2𝑐3𝑥2𝑥3(1 − 𝑥2𝑥3)

−1
)

= 𝑥2𝑥3(𝑥1 − 𝑥3)𝑃 + 𝑐12𝑥123(1 − 𝑥13)𝑃
12
+ 𝑐13𝑥13𝑥2(1 − 𝑥13)𝑃

13
− 𝑐23𝑥23(𝑥1 − 𝑥3)𝑃

23
;

𝜎1(𝑟2𝑟1) = 𝑥1𝑥3(𝑥3 − 𝑥2)𝑃 − 𝑐12𝑥123𝑥1(𝑥2 − 𝑥3)𝑃
12
− 𝑐13𝑥13𝑥1(1 − 𝑥23)𝑃

13
+ 𝑐23𝑥23𝑥1(1 − 𝑥23)𝑃

23
;

𝑟2𝜎1(𝑟2) = 𝑥
2
3 (𝑥1 − 𝑥2)𝑃 + 𝑐12𝑥123(1 − 𝑥12)𝑃

12
− 𝑐13𝑥13(𝑥1 − 𝑥2)𝑃

13
+ 𝑐23𝑥23𝑥3(1 − 𝑥12)𝑃

23
.

Comparing term by term the coefficients at 𝑃 , 𝑃 𝑖𝑗 , we conclude that 𝑌 (𝑟) = 0. By Lemma 4.16,

we also have 𝑌 (𝑟) = 0. Note that 𝜎1(𝑟2) = 𝜎2(𝑟1) and 𝜎(𝑟)𝑟 is central; applying Lemma 4.16 once

again, we obtain 𝐵(𝑟) = 𝜎1(𝑟2)(𝑅2 − 𝑅1) = 0. □
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