EQUIVARIANT MULTIPLICITIES AND MIRROR SYMMETRY
FOR HILBERT SCHEMES

ALEXANDRE MINETS AND FILIP ZIVANOVIC

ABsTRACT. Following Hausel-Hitchin, we investigate core Lagrangians and upward flows in
Hilbert schemes of points on elliptic surfaces. We compute the scheme-theoretic multiplicities
of core Lagrangians, as well as the equivariant multiplicities of the very stable ones. Furthermore,
we extend the notion of equivariant multiplicity to wobbly components and compute it for Hilbert
schemes of two points. Inspired by Eisenstein series functor in Dolbeault Langlands correspon-
dence, we propose that upward flows of very stable ideals are mirror dual to modified Procesi
bundles, and justify this claim through numerical checks. Finally, we make some conjectures
about extending this picture to wobbly upward flows.
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1. INTRODUCTION

1.1. Background. Let C be a smooth projective curve of genus g > 1, and consider the moduli
M, of stable Higgs bundles of rank n on C. Writing T = G, the space M, comes equipped
with a T-action by scaling the Higgs field, and T-equivariant Hitchin fibration 8 : M, — A.
We also fix a Hitchin section ¥ : A — M, and denote by 0 € A the origin. As a consequence
of Biatynicki-Birula theory, connected components F of MY are in bijection with irreducible
components Cr of the global nilpotent cone € = 671(0).

Let & = (E,®) € M be a stable T-fixed nilpotent Higgs bundle of rank n and type (1,..., 1).
In other words, E = Ly &® ... ® L, is a direct sum of line bundles, and the Higgs field ® satisfies
®(L;_1) C L; ® K¢. Consider the number

n—1 n deg Li—deg Li_1+(2g—2)
(") .

i=1
1
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Hausel-Hitchin proved [[HH22] that if the map of line bundles ®""! : L, — L,_; ® K¢ has no
multiple zeroes (in their language, € is very stable), this number coincides with four quantities
Ye, le, re, me associated to (E, ®):
(ye) Number of points (E’,®’) in a general fiber of Hitchin map, satisfying lti_r)%(E’ 1) = &;
(l¢) Length of the sheaf 0,(0 wg)|o, where W is the upward flow from &;
(r¢) Rank of the vector bundle Ag = @} ®?;1 A"‘i(Ecij)l, where {c;;} is the set of zeroes of
®|1, ,, and E the tautological vector bundle on M, x C;

(me) Scheme-theoretic multiplicity of the irreducible component Cr of the global nilpotent
cone corresponding to £.

In particular, the equality l¢ = r¢ is interpreted as a shadow of Donagi—Pantev’s mirror symmetry
for Higgs bundles [DP12], exchanging Oy with Ag. For a very stable £, the number ¢ coincides
with the value of an explicit rational function u¢(t), defined in terms of the tangent space of M,
at &, at t = 1. This function turns out to be a polynomial, which can be further interpreted as
the image of either 0,(0 wg)|o or Agly) in K T(pt).

Hausel-Hitchin do not explain the meaning of the function pg(t) purely in terms of the ir-
reducible component Cr. They also define the notion of very stable Higgs bundles beyond type
(1,...,1), but many T-fixed components of M, fail to have any very stable points. This begs the
following questions:

(i) What is the geometric meaning of pg(t) in terms of the global nilpotent cone?
(i) How do the quantities above differ when € is not very stable?
(iif) What is the analogue of mirror duality between O+ and Ag when € is not very stable?

1.2. Equivariant multiplicities. Instead of answering these questions for moduli of Higgs
bundles, we pass to the more general setup of pre-integrable systems. Roughly speaking, these
are T-equivariant proper fibrations over affine spaces 6 : M — A, which satisfy some prop-
erties resembling Hitchin fibration; see Section 2.1 for details. We call € = 67'(0) the core of
M. As before, we have a bijection between 7y(MT) and Irr(C) up to some technicalities, see
Proposition 2.7 for a precise statement. The definitions of very stable and wobbly points also
immediately extend to this setting.

To address question (i), we introduce two kinds of equivariant multiplicities, virtual pp(t) and
genuine mp(t), for a fixed component F € mo(MT); see Definition 3.6. The virtual equivariant
multiplicity is a rational function, and should be understood as a K-theoretic version of equi-
variant multiplicity of Brion-Rossmann [Brig7]. As in [HH22], it is easy to write pp(t) down
explicitly, but it is typically not a polynomial. On the other hand, the genuine equivariant mul-
tiplicity is much more subtle and harder to compute. In a sentence, it is defined by removing the
contributions of irreducible components of of € which intersect F. It is always a Laurent polyno-
mial in ¢, and it specializes to the scheme-theoretic multiplicity of Cr at ¢t = 1 (Proposition 3.8),
while both properties can fail for pp(t). For F without very stable points, these functions are
always different.

Theorem A (Proposition 2.23 and Theorem 3.13). Let F € 7o(MT) be a fixed component, and
p € F. We have y, < pp(1), and the equality holds if and only if p is very stable. F contains a very
stable point if and only if mp(t) = pp(t).

We conjecture that for any components without very stable points, the inequality pp(t) <
mp(t) holds for all t > 1. This holds in all cases where we managed to compute genuine equi-
variant multiplicities.

To simplify the exposition we omit the i = 0 factor, which contributes an additional line bundle.
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1.3. Hilbert schemes. After establishing the general theory, we restrict our attention to the
case of Hilbert schemes of points over elliptic surfaces S — C. In this case, the pre-integrable
system structure is given by the natural map 6 : Hilb"S — Hilb"C. The enormous advantage
of this example is that all non-equivariant multiplicities of core components can be explicitly
computed. The T-fixed components of Hilb"(S) are parameterized by multipartitions A of n,
coloured by (a subset of) 7(ST); see Corollary 4.5.

Theorem B (Corollary 4.14, Propositions 4.17 and 4.22). Let A be a multipartition as above. In
the notations of Section 4, we have

Q)
_|n Lel: . _(n A(p)
my(t) = [/1’] 0 [ ](M(p)\) for A very stable; my = ( ,) H mpy
t1 LpeFix(s)LWplt PEFix(S)
Very stable points and components are classified by Proposition 4.16 and Corollary 4.23.

Let S = T*E = E x C, where E is an elliptic curve. The fixed components of Hilb"(E x C) are
parameterized by partitions A ~ n, all of them are very stable, and m, = ( /{l,) my(t) = [ /{’,]t by
the above. In this case, we can prove more; namely, a certain generalization of [Hauz22, Th. 3.10],
which answers a question of T. Hausel.

Corollary 4.15. Let A - n, andI € (Hilb"(ExC))" a very stable point in the corresponding T-fixed
component. Then the equivariant multiplicity algebra Qj, as defined in [Hauz2], is isomorphic to
the cohomology ring of the partial flag variety H*(Fy).

As another byproduct of Theorem B, we show that the multiplicities of core components do
not have to be monotone with respect to the T-orbits (Proposition 5.3). This result does not seem
to have been anticipated by the experts.

Genuine equivariant multiplicities of wobbly components are much harder to get a hold of.
We compute them for Hilbert schemes of two points with plenty of help from macaulay2. As a
result, we obtain many examples where mp(t) has negative coefficients.

Theorem C. Genuine equivariant multiplicities for Hilb?S are given by (16), (17), and Table 3.

1.4. Mirror symmetry. Hilbert schemes of points on certain elliptic surfaces can be inter-
preted as moduli of parabolic Higgs bundles [Gro14]. This allows us to put Hilbert schemes
into the framework of Donagi-Pantev’s mirror symmetry, and ask about mirror duals of sheaves
Wy := Oy+. Our proposed answer is modified Procesi” bundles P;. These are defined as partial
symmetrizations, via the medium of isospectral Hilbert scheme IHilb"S, of tautological bundles
on S; see Section 7.4 for details. While Hausel-Hitchin motivate their guess by compatibility
of mirror symmetry with Hecke operators, our guess arises from compatibility with parabolic
induction. We check that Wy is exchanged with P; over the general locus of Hilb"C, where mir-
ror symmetry restricts to a Fourier—-Mukai transform. More importantly, we verify that their
equivariant pairings agree, which is a highly non-generic check.

Theorem D (Theorem 7.8). Denote yi(F1,F2) 1= (=1 y,(Ext*(Fy, F2)). Let S be a surface of
parabolic family (see Example 2.2). For any two very stable ideals I, ] € Hilb"S, we have

Xt(w}/> ‘:P]) = Xt(fpvs W])
We compute these pairings explicitly. Compared to the analogous check in [HH22], a new
behaviour emerges: y;(WY, P;) cannot be expressed purely in terms of m;(t) and m;(t).

The definition of modified Procesi bundles P; can be naturally extended to any T-fixed ideal
I, and not just a very stable one. In this case, the mirror Wy is not known, but we propose how to

2In the main text, we use the neologism “Procesque” instead.
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construct a candidate (Remark 7.12); in particular, we predict that the mirror of the usual Procesi
bundle P, is given by

P = peOw(CyrxsnIHilb s> p : IHilb"S — Hilb"S.

To our knowledge, this is the first precise conjecture addressing question (iii) in the literature.
Based on explicit computations of fibers of P;, we also conjecture a certain relation between
the sheaves W; and the core components Cr (Conjecture 7.14). While the actual statement is
involved, and recklessly formulated for general integrable systems, it should in particular imply
the inequalities

p(t) < x1(0:Wilo) = xi(Prleo)) < mu(t)

for all ¢t > 1, and I wobbly. This provides a conjectural answer to question (ii).

1.5. Organization. In Section 2 we introduce the notion of pre-integrable systems, recall strat-
ifications arising from Biatynicki-Birula theory, and prove some basic results about very stable
points. In Section 3 we introduce virtual and genuine equivariant multiplicities in great general-
ity, and study their properties. We restrict our attention to Hilbert schemes in Section 4; there, we
classify very stable components, and compute non-equivariant multiplicities for all components.
We also explicitly compute the flow order on fixed components. This is leveraged in Section 5,
where we show that multiplicity is rarely compatible with this order. On top of that, we point
out some curious numerical coincidences with perverse filtration. Section 6 is dedicated to the
study of genuine equivariant multiplicities for Hilbert schemes of two points, which we compute
essentially by hand and/or computer. Finally, in Section 7 we recall the basics of mirror symme-
try/Dolbeault Langlands of Donagi-Pantev, extract the prediction for mirror duals of upward
flows on parabolic Hilbert schemes, and check it by computing equivariant pairings. We con-
clude with a speculation on how to extend this duality beyond very stable points, and eventually
beyond Hilbert schemes.

Acknowledgments. It is our pleasure to thank Tamas Hausel, Tony Pantev, Sam Raskin and
Junliang Shen for illuminating discussions. A.M. would like to thank the organizers of QAM-
GAST workshop at SIMIS, where this work was presented; the time spent preparing for the talk
heavily influenced the shape of Section 7. The authors are also grateful to Max Planck Institute
for Mathematics in Bonn and Simons Center for Geometry and Physics for their hospitality and
financial support.

2. CORE LAGRANGIANS

In this section, we set up some useful axiomatics describing the spaces we want to consider
in the sequel.

2.1. Pre-integrable systems. Let T := G,. We denote a 1-dimensional vector space with T-
action of weight i by C;. Given a T-vector space V, we denote its Hilbert series by y;(V):

x(V) := )" dim Homy(C;, V)t
i€Z

Writing Sym V' := @5, Sym* V for a positively graded V, we have

1
u@ymC)=——r:  uSym(V e W) = y(Sym V)x(Sym W).
We will often use quantum numbers to express such series:
1-t"
= =1+t+..+t"N
[n]: 1—¢

For instance, y;(Sym C;) = [i];x;(Sym C,) for i > 0.
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The following definition is not standard. It would perhaps be more honest to carry around the
adjectives “proper, graded”, but we sacrifice them on the altar of brevity.

Definition 2.1. A (2n-dimensional) pre-integrable system of weight k > 0Oisamap 6 : M — A,
where:

(1) M is a normal connected quasi-projective 2n-dimensional complex algebraic variety,
equipped with a (holomorphic) symplectic form?® w, and an action T ~ M, which scales
w by a positive weight k;
(2) A =D, C,, is an n-dimensional T-vector space, where 0 < e; < ... < ey;
(3) The map 0 is surjective, proper and T-equivariant.
We call € := 671(0) ¢ M the core of 0. A pre-integrable system 6 is smooth if M is smooth, and
connected if each fiber 07!(a), a € A is. We say that 0 is an integrable system if the symplectic
form vanishes along the smooth locus of each fiber §71(a).

It follows from the definitions that any 2-dimensional pre-integrable system is an integrable
system. While the central fiber of a pre-integrable system is always Lagrangian (see Proposi-
tion 2.6), it is not clear to the authors whether any pre-integrable system is automatically inte-
grable. While all examples we are interested in are integrable, we will not be interested in this
condition until Section 7. Note also that any integrable system satisfies the following property,
see e.g. [HM22, Lm. 1.5]:

(AB) Generically in A, 0 is a fibration in abelian varieties.

Example 2.2. We have two families of 2-dimensional integrable systems:

(1) (Parabolic family) Let E be an elliptic curve with a faithful action of a finite group ' = Z /e,
e € {1,2,3,4,6} by automorphisms. The quotient (T*E)/T has orbifold singularities and
so admits a crepant resolution Sr. Using the isomorphism T*E = E x C, we obtain a map

0:S —TE/T - C/T =C.

The weight-1 T-action on T*E by scaling the cotangent direction induces a T-action on
Sr. The latter admits a symplectic form of T-weight 1. Equipping C with weight-e action,
the map 6 : Sy — C becomes equivariant. We have 6~ !(v) = E for each v # 0, and
671(0) is a collection of (—2)-projective lines, intersecting transversally (unless e = 1,
when 671(0) = E).

(2) (Painlevé family) The map Sr — C can be naturally compactified:

Sr = (SpxC\ 67'(0) x {0})/Gy — P

here G, acts on Sp via T, and on C with weight e. The complement Sy \ §71(0) — P\ {0}
inherits a T-action, and can be shown to possess a symplectic form of weight e — 1. One
denotes this integrable system by st resp. St SV sVlfore =6, resp. 4, 3, 2. The singular
fiber of S', resp. SU, S is a P! with a cuspidal point, resp. two P!’s meeting at a double
point, three P!’s meeting transversally at a single point.

One can check that Sz, = SVL. The combinatorics of these integrable systems are summarized
in Table 1. This is the full list of smooth connected 2-dimensional integrable systems [SZ.24,
Prop. 3.15].

Example 2.3. Let 8 : S — C be a smooth two-dimensional integrable system as in Exam-
ple 2.2, and consider the Hilbert scheme of n points Hilb"S. It is symplectic by a theorem of

Beauville [Nakgg, Th. 1.17], with symplectic form having the same positive T-weight as the one
on S. Furthermore, the map 6 induces a proper surjection Hilb"S — Hilb"C = C". Since T

3Defined and non-degenerate on the smooth locus of M.
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Equation I'-action Parab. | Core | k || Painlevé | Core | k
1 any - T*E E 1 T*E E 1
2 any p——p Sz./2 1 sV 1
3|y +y=x"| (xy) e (Gx,y) | Sz m 1| sV % 2
4|y =x>+x| (x,y) P (=x,iy) Sz/4 I—I‘_H—I 1 st >'< 3
6| yVP+y=x>|(xy) > —(Gx,y) Sz./6 :!:H& 1 st < 5

TABLE 1. 2-dimensional integrable systems

acts on C" with weights e, 2e, ..., ne (where e is the T-weight of the codomain C of ), this is a
smooth 2n-dimensional pre-integrable system. All fibers have correct dimension, and moreover
Lagrangian, since the symplectic form on Hilb"S is generically induced by the form on S™. Hence
Hilb"S — C" is integrable.

Example 2.4. Let C be a smooth projective curve of genus g > 1, and K¢ the canonical line
bundle on C. Consider the coarse moduli space Higgs™¢(C) of semistable Higgs bundles (E, ®),
where E is a vector bundle of rank r and degree d on C, and ® € Hom(E, E ® K¢). It has the
natural T-action by scaling the Higgs field ®. The pre-integrable system structure is given by
the Hitchin map 6 : Higgs"%(C) — @_, H(C, K&"), which sends (E, ®) to the coefficients
of the characteristic polynomial of ®. This is an integrable system of weight 1 and dimension
2(r®(g — 1) + 1), and it is smooth when gcd(r, d) = 1.

When g = 0 or 1, one can still construct well-behaved moduli spaces by fixing a simple di-
visor D C C, considering Higgs fields valued in Kc(D), and fixing a flag of vector spaces on E,
compatible with ® at each point p € D. These are called parabolic Higgs bundles. In particular,
Hilbert schemes on surfaces from the parabolic family (1) can be realized as moduli of parabolic
Higgs bundles [Gro14]. We will return to this point in Section 7.

Remark 2.5. Tt is expected that Hilbert schemes of points on Painlevé systems are isomorphic to
moduli of wildly ramified Higgs bundles, see [Boa12, Conj. 11.3].

2.2. Flows and Lagrangians. Let us recall some notions of Bialynicki-Birula theory, follow-
ing [HH22, Sec. 2]. From now on, we only consider smooth pre-integrable systems 0 : M — A
for simplicity; see loc.cit. for the correct statements in the general case.

Since M is smooth, its T-fixed locus M is also smooth. As T acts on A with positive weights,
we have MT c C, and so by properness of 6 the T-fixed locus M? is projective. For any p € MT,
the tangent space T, M has a natural T-action. This allows us to decompose it:

TM=Ty e T,M" &T,,
where T, resp. T, is the sum of T-characters of positive, resp. negative weight. We define
(see [Dri13, Sec. 1] for details) the spaces of algebraic T-equivariant maps
M* := MapsT(C, M), M~ := Maps’(C_;, M).
Note that MT = Maps™(pt, M). The natural T-equivariant maps

Ci —pt&= C,

give rise to morphisms

M+ > MT M.
lim lim

t—0 t—oo
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Let us denote Fix(8) := mo(MT); we write Fix = Fix(6) when 8 is clear from the context. For
any p € MT, denote the corresponding connected component by F, € Fix. We call

W, = lim i (p), W, := lim~(p)
the upward flow, resp. downward flow of p. Similarly, for each fixed locus component F € Fix,
we call

Wi = lim (R, Wy = lim ()
the attracting cell, resp. repelling cell of F. The projections Wi — F, Wi — F are affine fibrations.
In particular, each W', W, is an affine T-space, and we have isomorphisms W; =~ T; Wy =T,

It is known that upward/downward flows, as well as attracting/repelling cells, are locally
closed smooth subvarieties of M; with inclusions induced by the evaluation maps

MapsT(Cil,M) - M, f— fQ.

As T acts on A with positive weights, all repelling cells Wy belong to €. We have Biatynicki-
Birula decomposition of M into attracting cells, and of the core € into repelling cells:
M=| | wh et | | wyl
FeFix FeFix

We write € in the statement above because C is typically not reduced as a scheme; this will
become important in Section 3. Until then, we write C = Cred by abuse of notation.

Recall that T scales the symplectic form on M with weight k. We say that F € Fix satisfies the
weight gap condition if the following holds:

(WG) For p € F, weights below k do not occur in T},
and denote the set of all such components by FixWC¢ c Fix. When k = 1, we have Fix"¢ = Fix.
Proposition 2.6. Let F € Fix, and p € F a point. The subvariety Wy, resp. Wg is isotropic, resp.

coisotropic in M. Moreover, they are both Lagrangian iff F € Fix™©.

Proof. Let v, w € T, M be homogeneous vectors of weight i, j respectively. It is easy to see that
(v, w) = 0 unless i + j = k, so that T,(Wy) = T, & T,F is isotropic and T; is coisotropic in
T,M. The space T,(Wy) has weights 0,—1,..., which are w-dual to weights k,k + 1,.... Thus
F € FixV¢ is equivalent to T,(Wr) being half-dimensional, hence Lagrangian. For the non-fixed
points, one concludes as in [HH22, Prop. 2.10]. g

As before, denote 2n := dim M. By the above, dim W = n if and only if F € FixVC. Let us
denote Cr := Wj. Since the dimensions of irreducible components of € are bounded below by
dim M — dim A = n, a simple dimension count shows the following:

Proposition 2.7. Irr(C) = {Cr | F € FixVC}. In particular, C is equidimensional of dimension
n. ]

Corollary 2.8. The map 0 is flat.

Proof. The argument is essentially due to Ginzburg [Gino1]. Since the closure of every T-orbit in
A contains zero, and the dimensions of irreducible components of fibers cannot decrease under
restriction to special points, the fiber 67!(a) is equidimensional of dimension n for every a € A.
We conclude by miracle flatness. g

2.3. Products and finite covers. Let 6; : M; — A4, 6, : M, — A, be two pre-integrable
systems of weight k. Their product 8 = 0; x 0, : My x My — A; x A,, equipped with the
diagonal T-action, is clearly a pre-integrable system of the same weight. Furthermore, we have
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(M x Mp)T = MT x MT, Fix(0) = Fix(0;) x Fix(62), Cp,xr, = Cp, x Cp, for any F; € Fix(;), and
F; x F; satisfies (WG) if and only if both F; and F, do.

Similarly, let & : M — A be an pre-integrable system, A’ another n-dimensional T-vector
space, and 7 : A — A’ a finite surjective T-equivariant map. The latter implies that A’ has
positive T-weights, and so 8’ = 700 is a pre-integrable system. Since set-theoretically 771(0) = 0,
passing from 6 to 6§’ does not change M7, so that Fix(0) = Fix(#").

2.4. Flow order. Equip P! = C U{oo} with the T-action extending the standard weight-1 action
on C, and&lla finite T-equivariant map f : P! — M a T-curve. Given F, F’ € Fix, we write
FX"Fif WinF #@and F X~ F’ifFﬂVF_,;t@.

Lemma2.9. Let p € W;. Then %irr(}(p) € W7. Moreover, if p € F’ for F/ # F, then W n w, = {p}.

Proof. By T-equivariance, the whole T-orbit O, of p lies in V}T Since lting(p) € O,, the first

claim follows. The second claim is proven in [BB76, Lem. 9] under the assumption that M7 is
finite, however the same proof applies to our situation. 0

Let us denote the transitive closure of <* with the same symbol by abuse of notation.
Lemma 2.10. Both <" and <X~ are antisymmetric, and hence partial orders.

Proof. Let PN be a projective space, equipped with linear T-action. It was shown in [BB76, Th. 3]
that for any locally closed T-invariant subvariety X C PN, there are total orders <* on (X T)
such that | |pc.p W is closed for all F € 7o(XT). As M is normal and quasi-projective, this
result applies to M by Sumihiro’s theorem. Since <* are closure preorders, both of them must
be refined by the total orders above. In particular, they are antisymmetric. 0

Proposition 2.11. The transitive closures of <* and <~ coincide, and define a partial order < on
Fix. Moreover, F X F’ if and only if there exists a collection of T-curves fy, ..., fx—1 and components
Fo, ..., Fx € Fix, such that f;(0) € F;, fi(0) € Fi4; forall1 <i<k,andFy=F, F, = F.

Proof. We say that F’ is chained to F if the condition in the second statement holds. It is clear
from definitions that for any F’ chained to F we have F <* F/, F <~ F’. Thus it suffices to show
the reverse implication.

Suppose that F <* F, so that there exists a point p € F/ in Wi n F/. By Lemma 2.9, the
closure W contains a whole T-curve f : P! — M with f(e0) = p. Now replace p with
£(0), and repeat this procedure recursively. Since M has finitely many fixed components, this
process will eventually terminate. However, since Lemma 2.9 applies as long as F/ # F, we must
terminate with a T-curve starting in F. Thus we have shown that F” is chained to F.

For F X~ F’, the proof is almost entirely analogous; the only difference being that in order
to apply Lemma 2.9 to the opposite T-action, we need to work with a closure of M inside an
arbitrary projective space P with linear T-action. g

We call the partial order < the flow order on Fix. By the first statement of Lemma 2.9, the

following subvarieties are closed:
wg o= wihem, wil=| | wpce
F/>F F'<F

Since Biatynicki-Birula decomposition M = LIW} contains the unique element of maximal di-
mension, we have the least element N of Fix under <. By the above, we have ij? = M and
N= ij; hence we call N the bottom component of Fix. Note that N does not have to belong to
FixVC; when it does, the corresponding Lagrangian Cy = N is fixed by T.
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Remark 2.12. Unlike here, in the setup of conical symplectic resolutions one typically has a col-
lection of commuting weight-1 T-actions, which give rise to a family of Lagrangians N. These
“minimal Lagrangians” were the main object of study in [Z22].

Definition 2.13. We call a function w : Fix = R tidal if w(F) > w(F’) for any F < F’.
In other words, a tidal function refines the (reversed) partial order < to a total preorder.

Example 2.14. Following [MO19, 3.2.4], pick an ample T-equivariant line bundle L on M, and
define wr(F) to be the equivariant weight of L at F. Let f be a T-curve going from F to F’, so
that F < F’. By equivariant localization, the degree of the restriction of L to any f is precisely
wi (F) — wi(F”), which has to be positive since L is ample. Thus wy is tidal.

Given a line bundle L as above, we can consider the associated embedding of M into a pro-
jective space. This induces an S!-invariant Kdhler structure on M such that the S!-action is
Hamiltonian, i.e. has a moment map H;, : M — R (see e.g. [Z22, Lm. 4.1] for details). The
R4-flow coincides with the gradient flow of Hj, so that the value of H; increases along it, i.e.
w := —Hj is tidal. Up to a positive multiple A > 0, the value of H at a fixed point p € MT is
precisely wi(p), so that w = Awy.

Given a tidal function w, for any s € R we can define the closed subvarieties

ws= | | wiem,  wr:i= | | wypce
w(F)<s w(F)>s
Note that (W>*); is an ascending flag of subvarieties, while (W=*); is descending. Since
Biatynicki-Birula decomposition induces (non-canonical) direct sum decomposition of Borel-

Moore homology, these flags induce ascending filtration on H*(JM) and descending filtration on
H.(C):

T, := HM(W=) c HPMOW) = H" (W), T° := HPM(W™®) ¢ HPM(C) = H.(€).
Under the duality H*(M)Y = H*(C)" = H.(C), we have T, = T*.

Definition 2.15. We call an (ascending) filtration on H*(M) tidal if it arises from a tidal function
w.

Let us momentarily restrict to cohomological degree 2n. By the discussion after Proposi-
tion 2.6, Hy,(C) has a natural basis {[Cf] : F € FixVC}. Dually, Biatynicki-Birula decomposition
implies that H?"(M) has a basis {Br : F € Fix"°}, where By := [W, ], and p € F is a general
point.

Proposition 2.16. For a tidal filtration (T;), we have T,H**(M) = Span{Br : w(F) < s}.

Proof. Tt is clear from definitions that T°H,,(C) = Span{[Cr] : w(F) > s}. By definition of
the flow order we have [Cr] N By = 0 unless F/ <X F, and [Cr] n Br = 1. This implies that
[Cr]Y = Br + Y. prsp appBp for some app € Z. By the unitriangularity of the transition matrix
we have

T,H*"(M) = Span{[Cr]" : w(F) < s} = Span{Br : w(F) < s},

and so we may conclude. O

Example 2.17. The filtration associated to the tidal function w = —H in Example 2.14 is called
the Atiyah-Bott filtration.

Example 2.18. Recall that H*(J) can be equipped with perverse Leray filtration P., associated
to the map 6. For the parabolic family of two-dimensional integrable systems, P. has been com-
puted in [Zha17]. For instance, H*(Sz /2) acquires a two-step filtration, with the first step being
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given by the span of fundamental classes of the four non-central P!’s. In terms of the basis {Br},
these classes are expressed as C — 2B,,, where C is the central P!, and pi, 1 <i < 4 are the other
fixed points. Proposition 2.16 then implies that the perverse filtration is not tidal.

2.5. Very stable points. Following [HHH22], we say that p € MY is very stable if the upward
flow W; is closed in M, and wobbly otherwise.

Lemma 2.19. Let F € FixVC, and p € F. For a generic a € A, the intersection W; n 67 (a) is
transversal of finite cardinality y,,.

Proof. We follow the proof of [HH22, Lm. 4.6]. Without loss of generality, we can assume that the
projection 9|Wp+ : W; — A is dominant, otherwise y, = 0. Let A° be the open complement of

oWy \ W; ) in A. Then 0 restricts to a map W; — A°. Asitis a proper dominant map between
smooth equidimensional varieties, it is generically étale. The claim immediately follows. O

Proposition 2.20. Let p € M. The following conditions are equivalent:
(1) p is very stable;
(2) W, nC={p}
(3) Q*OW; is a locally free sheaf of rank y,.
Proof. We have
W; = W; < no T-curves startingat p < W; nC={p}

which proves the equivalence of the first two conditions. If p is very stable, then W, — Ais a
proper map between affine varieties, hence finite. By miracle flatness, this implies that G*OWJ
is locally free. Conversely, let us assume (3). Since W, — A is a map of affine varieties, it has
to be finite. Hence, its fiber over 0 is finite, and so does not contain a non-constant T-orbit. This
shows that p is very stable. g

Remark 2.21. By Quillen—Suslin theorem, Q*OW; is locally free if and only if it is free. We will
not use this result.

It follows from Proposition 2.20 that the set of very stable points is Zariski open in M. We
will therefore abuse the notation and say F € Fix is very stable if it contains a very stable point,
and wobbly otherwise; note that a very stable fixed component might contain wobbly points.
Furthermore, the condition (2) from Proposition 2.20 is preserved under taking étale covers, so
that we can check whether a point is very stable étale-locally.

Corollary 2.22. Any fixed component which is maximal in flow order is very stable. Any very
stable component belongs to FixVC. When N € FixVC, it is very stable.

Proof. The first claim follows immediately from Proposition 2.20(2). For the second claim, let
p € F be very stable. As the dimension of 07'(a) N W, is upper semi-continuous in a € A, we
have dim( W; N €) > dim( W; ) — n. In particular, Proposition 2.6 implies that unless F € Fix"©,
the intersection W; N € cannot be zero-dimensional. Finally, for the last claim, note that the
only weights of N are (w-dual) 0 and k, thus dimN = n. Since dim Cr = dimN = n for any
F € FixVC \ N, intersection € n N has positive codimension in N. This implies that a general

point p € N is very stable. 0
Given a fixed point p € F, F € Fix, denote
x¢(Sym T;)
(1 (t) = ———~ € Z(1).
) a X(SymA)

By Proposition 2.20 and equivariant integration, if p is very stable, 6.0y is a (locally) free sheaf
of T-graded rank pr(t); in particular, y, = pr(1).
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Proposition 2.23. For any F € FixVC and p € F, we have Yp < pr(1). Moreover, the equality
holds if and only if p is very stable.

Proof. Thanks to Biatynicki-Birula decomposition, we can see the restriction of 0 to W, as a map
T; =~ W; — A. Denote the equivariant weights of T; by aj, ..., a,. On the rings of functions,
this map is given by a homogeneous map

CIA] = Clx1, ..., %0] > Cly1, oo, yal = CITS T,

where deg x; = ¢;, deg y; = a; (recall weights on A are denoted by ¢;). By definition, we have
(1—ta)...(1—t%) _TLe
a-ta).(1-tm))_, ILa
If 6* is not injective, then p is wobbly by Proposition 2.20, and €|Tp+ is not dominant, so that
¥p = 0. We therefore assume from now on that " is injective.

Consider C[T; ] as a C[A]-module, and let M = (E[Tp+ ]/C[A], and N the torsion submodule of
M. By Lemma 2.19, C[T;] is generically finitely generated and locally free, and so M" = M/N is

finitely generated torsion free. We can find a (locally) free graded C[A]-module M”” > M’ of the
same rank. Both M”” /M’ and N are supported non-generically on A; moreover, since M”' /M’ is

> 0.

pr(1) =

manifestly finitely generated, its Hilbert series y;(M”/M’) have a pole of order strictly smaller
than n at t = 1. As a consequence,

_ v Xt(M”) _ Xt(M”) - Xt(M”/M/)

Yp =1+1kcagM” =1+ o | 1+ ) t:1
_ o 0D = x(N) x| xCD
=1+ AT L <1+ TR . = pr(1).

This proves y, < pp(1). It remains to show that the inequality is strict for wobbly p. In this case,
T; contains a one-dimensional T-orbit. In terms of rings of functions, it means that there exists
a homogeneous f € (D[Tl;r ] such that the induced map of vector spaces C[f] — M is injective.
Let us denote d = deg(f). There exists 1 < j < n such that the set {y1,..., yj—1, f, Yj+1, ..., Yn} is
algebraically independent in (E[Tp+ |; for notational convenience, let us assume j = n. Substituting
f with its positive power, we can assume that 6*(x;) ¢ (f?) for all i. Nevertheless, for transcen-
dence degree reasons C[A] n (f) # {0}. This implies that for any monomial ¢ = q(y1, ..., Yn-1)
of y-degree k, the element ¢ f**' € M is torsion, which allows us to estimate y;(N). Let us write

'@ -t = Y, bit'; then

bi t(i+1)d+i

k d n-1
B2 Y ey bl = Y = L TTa— )
0 i=1

k>0 i= i>0

In particular, y;(N) has a pole of order n at t = 1. Therefore, y;(N)/y:(A)|;= is strictly positive,
and so the inequality above is strict. O

3. EQUIVARIANT MULTIPLICITIES

In this section, we give a geometric interpretation of equivariant multiplicities from [HH22],
collect some of their structural properties, and state several conjectures.

3.1. K-theoretic prerequisites. Given a T-scheme X, we denote the Grothendieck group of
T-equivariant coherent sheaves on X with Q-coefficients by K¥(X)*. By pullback along the
projection to a point, this group is always a K ¥ (pt)-module. We use a slightly unusual convention

4This group is usually denoted by Gy(X)g, but our abuse of notation is standard in the geometric representation
theory community.
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that KT(pt) = Q[t*!], where ¢ is the class of weight —1 character of T. The T-scheme X is
(equivariantly) formal if KT(X) = K(X) ® KT (pt) = K(X)[t*']; for example, X is always formal
if the T-action is trivial, and the total space of a T-equivariant vector bundle over a formal space
is formal. When X is smooth, every coherent sheaf on X admits a finite length resolution by
vector bundles. Assigning to each vector bundle its rank, we get a Q-linear map K(X) — Q in
non-equivariant K-theory. In particular, when X is smooth and formal we obtain a Q[t*!]-linear
map
tk : KI(X) = K(X)[t*'] - Q[+*].

Lemma 3.1. Let X be a smooth scheme with a trivial T-action, © : E — X a T-equivariant vector
bundle, and s : X — E the zero section. For any M € K¥(E), we have rk M = rk s*(M). Moreover,
if V is a T-equivariant vector bundle on E, we have tk[V] = x,(V,) for any p € X.

Proof. By Thom isomorphism, KT(E) is spanned over Q[t*!] by classes 7*(V), where V is a
(non-equivariant) vector bundle over X. We have

rk s*7*(V) =rk V = rk s*(V),

and so the first claim follows by linearity of rank. For the second claim, note that y,(V,) = [i*V],
where i : {p} — E is the inclusion, and use an analogous argument. O

For any closed embedding of schemes Y C X, denote by Cy,x the normal cone. We have the
deformation to normal cone Dy,x, which is a flat family over C interpolating between X and
Cy/x:

Cy/x = Dy;x <= XxC*
3 0
0 C (O
Let J € Ox be the defining sheaf of ideals of Y. Given a coherent sheaf & on X, its pullback to
X x C* can be extended to a sheaf T on Dy /x, flat over C, such that its fiber at 0 is
spy(F) := P kg o+
k>0
One can check that the assignment [F] — [spy(F)] defines a Q[+*!]-linear map spy : K¥(X) —
KT(Cy/X), see e.g. [CGo7, §5.3].

Finally, let us recall some facts about equivariant localization. For any T-variety X, we denote
KT"(Xee 1= KT(X) ®q[s+1] Q(t). Pushforward along the inclusion iy : XT < X induces the
map

(iX)LOC : KT(XT)IOC - KT(X)loc-
The localization theorem states that this map is an isomorphism; the proof is essentially the same
as for Chow groups [Brig7, §2.3, Cor. 2], see e.g. [Minz2o, Prop. A.13] for details.
Consider a closed embedding of T-varieties f : Y < X, such that YT = XT. We have the
following commutative square:

KT(Y) — KT(X)
Ly dix

i
KT(Y)IOC — KT(X)lOC

By the localization theorem, the bottom map is an isomorphism, so that we can define
locy = (f°) "o Ix : KT(X) > K'(Vee

If KX(Y) is Q[t*!]-torsion free (for instance, when Y is formal), the map Iy is injective. Then f.
is also injective, and so locy can be thought of as a left inverse of f.. For instance, when both X
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and Y are smooth, [CGg7, Prop. 5.4.10] implies that

A,
() locy(-) = (N3]
rk E

where [A'E] = @<, [N'E] for a vector bundle E.

3.2. Equivariant multiplicity of coherent sheaves. Let Y C X be alocally closed embedding
of T-schemes, such that for any y € Y n X the normal cone at y has no directions preserved
by T. Then (Cy /X)T C Y. For example, this condition is satisfied when X is smooth, and the
intersection X¥ n 'Y is a collection of connected components of XT.

Definition 3.2. Keep the notations above. For £ € Coh X, we define the equivariant multiplicity
class of € along Y by
;U(Y§ 8) = 1OCY ° Spy([g]) € KT(Y)loc-

This definition is closely related to the notion of equivariant multiplicity of Brion and Ross-
mann. Namely, let us replace K¥(X) by the equivariant Chow group AT(X), and set Y = {x} to
be a fixed point of X with non-zero tangent weights. Even though it is stated in slightly differ-
ent language, one can check that our definition then specializes to equivariant multiplicities in
[Brig7, §4.2].

For our purposes, it is important to study the generic behaviour of multiplicity. Let £ € Coh X,
and consider the maximal sheaf Ty C spy(&) such that Supp(Ty) nY # Y. Since the supports of
all subsheaves of spy (&) are conical, we can alternatively define Ty as the subsheaf of Oy-torsion.
We denote spy(E) := spy(E)/Ty.

Definition 3.3. We define the generic equivariant multiplicity class of € along Y by
m(Y; 8) = IOCY([SPY(E)tf]) € KT(Y)loc-

Since both locy and spy descend to K-theory, the assignment [E] — [u(Y; £)] defines a map
of Q[t*']-modules KT(X) — KT(Y)joc. For instance, for any finite-dimensional T-vector space
V we have p(Y; V ® &) = y;(V)u(Y; E). On the other hand, the operation (=) is not preserved
under taking extensions; therefore m(Y; €) depends on € itself, and not its class in K-theory.

It is elementary to check that both m and p are compatible with direct products:

Lemma 3.4. Let V; C X;, & € Coh X, be as in Definition 3.2 fori = 1,2. Then the following
equalities hold in KT(Y; x Y)1oc:

p(Yr x Yo E4 R E2) = pu(Y1; E1) W p(Ya; €2),  m(Yy x Y3 €1 W E3) = m(Yy; E1) B m(Yy; E).
Note that u(Y; €) significantly depends on Y, and not just on Y n XT.

Example 3.5. Let X = C,, ® C,, with a;, a; # 0, so that XT = {0}. Denote by x; the coordinate
on Cg, and take € = OX/(xlblxzbz). Note that by definition [€] = 1 — t? in KT(X) = Q[t*!],
where d = a1 by + azb,. For Y € {X, C,,, C,,, 0}, the specialization map sends € to € itself. Using
formula (2) and our weight conventions, we can easily see that
d d d
MG =11, p(Cai) = 1 M) = 1 MORE) = .

For generic equivariant multiplicities, note that Ty = & and Tjp = {0}, so that m(X;&) = 0,
m({0}; €) = u({0}; €). Furthermore, the quotient & is equal to OX/(xfz) for C,, and OX/(xlbl)
for C,,, so that

1 — tazbe 1 — b

(3) m(Cai€) = = [, m(Ca) = ——

= [bl]t‘ll-
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3.3. Equivariant multiplicity of core Lagrangians. Let us specialize the general discussion
above to our situation of interest. Namely, let 8§ : M — A be a smooth pre-integrable system.
Every Bialynicki-Birula stratum of the core is a vector bundle over a T-invariant variety, and
thus formal. In particular, for each F € Fix the rank map rk : KX(W;) — Q[t*!] is well defined.

Definition 3.6. Set X = M. Given F € Fix, we also set Y = W . Define
mp(t) := rkm(Wg; O¢), pr(t) =1k p(Wg; Oe).

We say that mp(t) is the equivariant multiplicity of Cr in C, and pp(t) is the virtual equivariant
multiplicity of Cr in C.

The change in terminology compared to Section 3.2 can be motivated in several ways. First,
as we work with Wy instead of Cp, both notions are in a sense generic. Second, mp(t) is related
to the classical notion of multiplicity of an irreducible component, see Proposition 3.8. Finally,
note that virtual equivariant multiplicity is compatible with the function in Section 2.5, which
was called virtual multiplicity in [HH22]:

Proposition 3.7. Virtual equivariant multiplicity in the sense of Definition 3.6 is given by (1).

Proof. As 0 is flat, we have an equality [O¢] = [A°A] = x:(Sym A)~! in KT(M). Since this is a
rational function, we can use the linearity of y:

H(Wg; On)

x:(SymA)

Specialization preserves the structure sheaf, and localization is given by the formula (2). Fix an

p(Wr';0¢) =

arbitrary point p € F. For any vector bundle V on Wy we have rk V = y;(V,) by Lemma 3.1,
therefore .
AN MOV AT (Sym T

xi(A) B xi(A) B xi(A) ’
and so we are done. O

pr(t) =

Recall that classically, the multiplicity mr of component Cr in € is defined as the length of
the local ring O¢ ., where nr is the generic point of Cr. Because of its "generic" definition,
equivariant multiplicity recovers the usual one.

Proposition 3.8. Fix F € FixWC. We have mp(t) € Z[t*'], and mp(1) = m.

Proof. By definition, the sheaf & := SpWF—(OQ)tf is both torsion-free and cyclic as an O Nz M
module. As F satisfies condition (WG), and the support of O is n-dimensional, we deduce that £
has pure support in W, and so it is coherent as a O -module. Denoting by i : Wz — Ny M
the zero section, the sheaf € can therefore be obtained as a successive extension of sheaves of
the form i3, F; € Coh(Nw, M), so that [] = i.M, M € KT(Wy). By formula (), we have
locNWF_ ([€]) = M € K¥(Wy). Therefore mp(t) = rk M belongs to KL (pt) = Z[t*!] as claimed.
Let us compute the value mp(1). As shown above, we can replace localization in the definition
of mp(t) by restriction to Wy . In particular, this allows us to set ¢ = 1 at the very beginning,
and work in non-equivariant K-theory. Since € is torsion-free, we can pick a (non-equivariant)
open U C Wy such that €|y is free. Then on one hand mp(1) = rk €|y, as rank can be computed
locally, and on the other hand the length mp of O¢ ,, coincides with the rank of &|y. g

We expect that the form of mp(t) can be further constrained. The following conjecture holds
in all the situations where we were able to compute equivariant multiplicity, see Sections 3.5
and 6. Note that equivariant multiplicities neither have positive coefficients nor are palindromic
in general, see (17) and (20).
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Conjecture 3.9. For any F € FixVC, we have mp(t) € Z[t], and mp(0) = 1. Furthermore, mg(t) is
palindromic if and only ifspWF_(O@)tf is locally free.

Equivariant multiplicities can be computed étale-locally. Namely, pick a T-equivariant étale
neighbourhood j : U — M such that Fly := U xy F is non-empty. Then j* intertwines locy
with locy; (by functoriality of pullback), commutes with rank map (since it is local in F), with
P~ (as deformation to normal cone construction is étale local), and with the procedure (=)
(because the support condition is étale local). In particular, replacing € with C|ly = U xy C, F
with F|y and Wy with Wp,» We obtain that mp(t) = my(t). The same also holds for y, because
by Proposition 3.7 it is computed from tangent datum.

Proposition 3.10. Let 0 : My xM; — Ay & A, be a product of pre-integrable systems. Then for

any Fy x Fy € Fix(0), we have g, (1) = pr, (Dpug,(2) and mp i, (1) = m, () (8.
Proof. Follows immediately from Lemma 3.4 and the fact that taking ranks commutes with Kiin-
neth map. 0
Before stating the next property, we need some notations. Let § : M — A be an pre-integrable
system, A’ another n-dimensional T-vector spaces with positive weights, and
T A— A

a finite T-equivariant map. Denote §,(t) := y;(Sym A)/y;(Sym A’), and observe that §,(1) =
deg(r). Let 0 := 7 o 6, and denote the core of 6’ by C’. We have Fix(0) = Fix(6’), therefore for
any F € Fix(0) we denote the corresponding element of Fix(6") by F’.

Proposition 3.11. In the notations above, we have up/(t) = 5,(t)up(t), and mp = deg(m)mp.

Proof. The first claim follows immediately from Proposition 3.7:
pp(t) xi(Sym T;) x(SymA)  x(SymA)
pr(t)  x(SymA’) y;(Sym T7)  x,(SymA’)

For the second claim, consider the following diagram with Cartesian squares:

(1) =

Ce—ras & — M

1 + o

0 — 7710) — A

! dr

0 —— A/
By our assumptions, V, := C[z!(0)] is an Artinian algebra of dimension deg(rr). Passing to
the local rings, we see that at the generic point nr we have O¢,, = Vz ® O¢,y,, and so mpr =
deg(m)mp. O

Conjecture 3.12. For any F € FixW6(0) and 7 as above, there exists a polynomial dr (t) € Z[t]
such that mp/(t) = dp ()mp(t).

Note that dr ,(t) depends non-trivially on F. In general dp ,(t) # ,(t), see Example 3.19.

3.4. Characterization of very stable components. For a very stable p € F, Hausel-Hitchin
formally defined the equivariant multiplicity of Cr by the equation (1), and showed that it spe-
cializes to mp at t = 1 [HH22, Th. 5.2]. The following is a refinement of this result.

Theorem 3.13. Let F € FixVC. We have up(t) = mp(t) if and only if F is very stable. In particular,
for any very stable F we have up(1) = mpg.
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Proof. Let F be very stable. Since the definition of mp(t) is local in F, we can restrict to the open
subset U C F of very stable points. By definition, the intersection of Wy, with all other core
components is empty; therefore, spW;(Oe) is torsion-free on the nose, and so mp(t) = pp(t).
Now assume that F is wobbly. Writing sp WF—(O@)tf i=sp WF_(O@) /7, it follows from definitions
that pp(t)—mp(t) = rklocw, ([T]). We need to prove that this quantity is non-zero. By Lemma 3.1
and (2), it suffices to show that rki*[T] # 0, where i : F — Ny is the inclusion. Since all points
of F are wobbly, the support of T contains the entirety of F. In particular, we can pick an open
U C F such that T is locally free over Oy . Restricting to this open, we have rki*[T] = rk[i*T] # 0,
since i*7 is manifestly of positive rank. O

Recall that we denote the T-weights on Hitchin base Aby 0 < e; < ... < ey.

Corollary 3.14. Conjecture 3.9 holds for all very stable F € Fix"C. Moreover, in this case mg(t) is
palindromic.

Proof. Let p € F be very stable, and use formula (1). Denoting the equivariant weights of T; by
ai,..., a,, we have

[Llel:

[Llail:

Since quantum numbers are palindromic, a Laurent monomial in them is palindromic as well.
Furthermore mp(0) = 1, so that mp(¢) is a polynomial. O

(4) mp(t) = pp(t) =

Corollary 3.15. Let F € FixWC be very stable, and take & as in Proposition 3.11. Then Conjec-
ture 3.12 holds for dp ,(t) = 8,(t).

Proof. Follows from Proposition 3.11. n

We expect that Theorem 3.13 can be strengthened to an inequality. Observe that for any
F € Fix"VC both numerator and denominator of yir(t) have a zero of degree n at t = 1; in particular,
the specialization pp(1) is well defined.

Conjecture 3.16. Assume that  : M — A is integrable. For any wobbly F € FixVC, we have
ur(1) < mg, and more generally pp(t) < mg(t) for all t > 1.

Assume that M is of weight k = 1. Then the bottom component N is in Fix"V is a very stable
irreducible component of € by Corollary 2.22. Let us denote its equivariant multiplicity by m(2).
All normal weights of N are equal to 1, therefore by Theorem 3.13:

5) m(t) = () = B0 =) T,
1-1) i=1

Corollary 3.17. Foreach very stable F € FixVC, the equivariant multiplicity mp(t) divides [ ;[ ei]:-
In particular, mp(t) | m(t) when k = 1.

Proof. The first part follows (1), and the second from (5). O

3.5. Two-dimensional systems. Let us compute equivariant multiplicities for the integrable

v
,S

systems of Example 2.2. For surfaces S, S" of Painlevé family, the fixed points are isolated.

The corresponding cores can be depicted as follows (see e.g. [SZ24]):

o —13
o——o °o——eo—e0
23 —1]6 —114 12 —14
o——o—e
—1]3 11 -1J3

SI SH SIV
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Here, the nodes are connected components of Fix, the arrows are the T-curves between the
elements of Fix, and the numbers denote tangent weights; we separate positive from non-positive
weights with a vertical line for readability. The bottom component N does not satisfy the weight
gap condition, and the other components are maximal for the flow order, thus are very stable by
Corollary 2.22. As mentioned in Example 2.2, the T-weight of the base is equal to e = 6,4, 3 for
St, SU, SV respectively. Thus by Theorem 3.13, we have mp(t) = pp(t) = 1 for all F € Fix\N. On
the other hand, let us denote the tangent weights of N by a4, a,. Since Cx = N is a single point,
we have
Lt for o

1—¢¢ ot

2
) = g = (1= ta)(1—19%) o fors
1+1+12 v
==t for S

-t
This illustrates the importance of condition (WG) in Proposition 3.8.

For the surfaces of the parabolic family, the picture becomes richer. All fixed components
satisfy the weight gap condition, so each of them corresponds to an irreducible component of
the core. The equivariant multiplicities are given by the polynomials in blue in the core diagrams
below:

1e—1|2 10-23

0| o (2] 8—1]2

1 1
ol—— —e 5
—1/2 —1/2 ol xy*
1 [Z]tz [2]t2 1
o ——o—— —>e—)e
1%-12 —23 -1J2 12 23

T*E Sz/z 52/3
(2] 0-1]2 [3],20—1|2
| xzy:% xyz x‘ly'l | xly5 xsyl x2y3 xvz
0|1 0|1 -
1 [2]t3 [3]t2 [3]t2 [2]t3 1 [4]t2 [5]t2 [4]t3 [3]t4 [2]t5 1
0i——0——0—— ————e °*<——o—— —_——— 00— 00— 0———>0
314 —2[3 —1]2 —12 -2]3 -34 23 -12 —12 —2]3 —3]4 —4/5 -5l6
Sz/4 Sz/6

Observe that this confirms Conjecture 3.9 for 2-dimensional integrable systems. Note also that
the divisibility of Corollary 3.17 does not hold for wobbly components. For instance, for the
intermediate component in Sz/; we have [2]. = 1+ t* { 1+t + t* = [3],.

Let us explain how these multiplicities are obtained. For bottom components, they are com-
puted from formula (5); recall from Example 2.2 that in Sz, the base has weight e. Top compo-
nents in flow order are very stable by Corollary 2.22, so their multiplicities follow from Theo-
rem 3.13. For the intermediate components, passing to an étale neighborhood we find ourselves
in the situation of Example 3.5. Let us compute the local equations of €. At each isolated fixed
point p, denote the local coordinate of negative, resp. positive, weight direction by x, resp. y.
When p is very stable, the local equation of € at p is y™». When it is not, we instead get some
monomial x” y?2 of T-weight e. However, for any T-curve from p to g the power of x at p must
be the same as the power of y at g. This uniquely determines the local equations, which are given
by the polynomials in green in the diagrams above. We conclude by appealing to formulas (3).

Proposition 3.18. Conjecture 3.12 holds for 2-dimensional integrable systems.

Proof. We only need to treat wobbly components p € Fix by Corollary 3.15. Note that the only
finite T-equivariant map 7 : C, — Cg, of degree d up to a scalar is z — z%. As explained
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above, the local equation of € at p is of the form x? y?2. We deduce from the formula (3) that if
my(t) = [bz]sa, then my(t) = [dbs]ss, and so dj (1) = [d] at,. O

Example 3.19. Let us have a closer look at the component €, of multiplicity [2],. in Sz/5. As
explained above, the local equation of C at p is xy%. Let 7 : C3 — Cs, n(z) = 2%, and consider
the composition 6 of integrable system 6 : Sz,3 — Cs with 7. By the proof of Proposition 3.18,
we have d, ,(t) = [2];s; in fact, locally at p the system 6’ is isomorphic to the neighborhood
of the fixed point of multiplicity [4]; in Sz/s. On the other hand §,(t) = % = [2];3, and so
8:(t) # dp (1)

4. MULTIPLICITIES FOR HILBERT SCHEMES

In this section, we compute multiplicities for integrable systems of Example 2.3, i.e., Hilbert
schemes of points on 2-dimensional integrable systems.

4.1. Etale neighbourhoods. Our arguments will proceed by reducing all computations to the
case of Hilbert schemes of points on C? using appropriate étale neighborhoods.

Let S be a smooth quasi-projective surface, py, ..., p, € S closed points, and fix an étale neigh-
bourhood j; : U; = S, U; 3 p; for each point. Further, let p = Y./_; kip; € Sym" S, k; > 0, and
I € O an ideal with support p. Note that we can write I = I n...n I,, where each I; is supported
at p; and has colength k;.

Proposition 4.1. Denote SymcS := [],Sym* S, and A c Symk S the closed subvariety of non-

——ki .
dijoint tuples. Let Hilb  U; c HilbX U; be the open subset of all ideals J such that for any p € S, at
most one point of j71(p) lies in the set-theoretic support of J. Define

—k
Uy = <H Hilb Ui) Xsymk s SYm* S\ A.
i

Then the map j; : Uy — Hilb"S, (Ji,...,J;) = Ji N ...N J, is étale, and the following diagram
commutes:
Uup —— Hilb"S

4 |

[T, Sym* U; — Sym™ S

Remark 4.2. An analytically-minded reader can replace each étale neighbourhood U; with a small
=k . -
ball B, and Hilb U; with the Douady space of k points on B.

Proof. The commutativity of the diagram is obvious. We can factorize the map j; as follows:

U — <H Hilbk"S) Xsymk s (Sym® S\ A) — Hilb"s.
i

It suffices to show that both these maps are étale. For the second one, see [Beri2, Prop 3.3]. For

the first one, we consider the map ¢ : ItITlTak U; — Hilb*S. Observe that it is well defined. Indeed,
given J C Oy, by adjunction we have Os — (j;)«(Os/J), which is surjective by our assertion on
the support on J. Thus ¢(J) = ker(Os — (;)«(Os/J)), and the fact that this map is étale follows
from the same exact argument as in [Ber12, Prop. 3.3]. ]

Remark 4.3. Assume that T acts on S, all p;’s are fixed by T, and the étale neighbourhoods U; are
equivariant. Then the neighbourhood j; : Uy — Hilb"S is also T-equivariant. In particular, by
Luna’s slice theorem we can assume that each U; admits a T-equivariant étale map U; — TS,
and so computing tangent weights in Hilb"S reduces to the case S = C2.
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4.2. Partitions. As is customary with Hilbert schemes of points, we need some combinatorics
of partitions. We denote the set of partitions of n by P(n), and write P = | |-, P(n). An element
of P(n)is A = (A, = Ay > ...) with |A] := }; A4; = n. We draw A € P as a Young diagram (in
French notation), and denote by A’ the transposed partition. In particular, we write #(1) := A}
for the length of A. For each box s = (i, j) € A we define its leg, arm, hook lengths:

: a I(s :A—l’ aS:A;—"
Ll Is[I1]1 (s) =4, (s) j
M h(s) = I(s) + a(s) + 1.
P
Given A € P(n), we define its (t-)multinomial coefficient by
" n! n [n]! :
= —_, = , |, = _1 1 .
</1> [T A )L]t TLIAL [n]!: = [nleln = 1]; ... [1]:

For a finite set X, we denote the set of X-multipartitions by PX :=| |, PX(n), where an element
of PX(n) is an X-tuple of partitions A = (A(x))yex, satisfying Y. .y [A(x)| = n. We can alter-
natively treat partitions as unordered multisets of positive numbers. In these terms, we have a
natural map U : PX(n) — P(n), which sends A to UyA(x).

4.3. Fixed loci. Let S be a two-dimensional smooth integrable system from Example 2.2. Recall
that we denote the T-weight of its symplectic form by k. By Biatynicki-Birula decomposition of
S, at most one connected component of ST is one-dimensional. Let us denote this curve by C (by
abuse of notation, C = @ for Painlevé surfaces), and write

(6) ST = Cuips,.... prh

Given p € ST satisfying (WG), we have the homogeneous coordinates (x, y) on T,S, where x,
resp. y is the direction with non-negative, resp. positive weight. For each A € P(n), we then
define an ideal

(7) L= (M My, eyt y0),
The following descriptions of T-fixed loci of Hilbert schemes of points are well known.

Proposition 4.4. Let S = C?, 0 € C? the origin, and T acts by t(x,y) = (t"'x, t**1y) for k > 0,
I > 0. There is a bijection P(n) — Fix, A — F;. More precisely, for A = (A1, A3,...) € P(n):

« If1 # 0, F) € Fix is the ideal Iél;
« If1 = 0, F; € Fix is the attracting locus of I* under the torus action t(x,y) = (tx,y). It
consists of ideals of the form I,’fl(l) n Iffz(z) N.., wherey € U'(1) C P, and x; € C.

Proof. See [Evaog, Cor. 7] for I # 0, and [Nakgg, Sec. 7] for I = 0. ]
For A € P, we write Sym* C := [[;5; Sym* %+ C.5
Corollary 4.5. Let S be as in Example 2.2. We have Fix(Hilb"S) = PF*S)(n), moreover
Hib*) = | | sym*©@cx f[ @
Q€PFxS)(n) i=1

Proof. Restricting to the open T*C C S, resp. passing to an étale cover as in Proposition 4.1, it
suffices to prove the claim for S = T*C, resp. C2. The latter is treated in Proposition 4.4, while

5Compared to [Nakgg], we swap A with A’ in our notations.
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for the former we have
Hib"T*O)' = | | sym*C
A€P(n)
by [Nakgog, Prop. 7.5]. 0

Denote by F, the T-fixed component in M := Hilb"S which corresponds to the multipartition
A € PFS)(p). Let lp, = —Wt(Tj;i), 1 <i<r and e := 0. Note that wt(Tpf,) =k + I, and
wt(T) = k for c € C.

Proposition 4.6. Let F) € Fix, and x € F,. We have

T = 3 Y k) (9 ka(+D),
peFix(S) seA(p)
In particular, separating positive and negative weights,

®)  a(T)= Y, X OOy =y Y, Y ek,

pEFix(S) seA(p) PEFix(S) seA(p)

Proof. The local case S = C? is easily deduced from [Nakgo, Prop. 5.8]. Our statement then
immediately follows from Remark 4.3. ]

4.4. Flow order. The flow order on Hilbert schemes can be completely described for surfaces
S of the parabolic family. For any A € PF*)(n) and F € Fix(S), we write A(F) = (A(F); > ... >
A(F),), where A(F); = 0 for i > A(F)]. Given A, i € PFx(S)(n), we say that A dominates p if for
any F € Fix(S) and 1 <i < n, we have B B

©) DA+ Y AF); = Y uFD + Y pE);

F'<F Jj<i F’<F Jj<i
This clearly defines a partial order on Fix = Fix(Hilb"S). The following lemma gives us a conve-
nient combinatorial preorder, whose transitive closure is the dominance order above.

Lemma 4.7. Suppose that A dominates y1. There exists a sequence A = A0 AL AN = 1 of elements
of PF)(n), such that for every 1 < i < N we have:
(i) either there exists F € Fix(S) such that A Y(F’) = Ai(F’) for all F/ # F, and A" '(F) domi-
nates A'(F) in the usual sense in P;
(ii) or there exist F, G € Fix(S) together with a T-curve from F to G, such that A" '(F") = A'(F")
forall F/ # F,G, ()Li_l(F))§ = (Ai(F));~ and A71(G); = A(G); for j > 1, and (A/(F))| =
AN ) =1L A(G) = A7 (G + 1.

Proof. 1t is evident that both moves (i) and (ii) of Lemma 4.7 are compatible with the dominance
order. Let A C Fix(S) be a subset such that F/ € A for all F/ < F, F € A. We proceed by induction
on A. Namely, we fix a collection of such subsets Ay = Fix(S) > A; D ... > AN = @ with
|A; \ Ai41| = 1, and construct the multipartitions A’, such that Ai(F) = A(F) for all F ¢ A;, and
each A'™! is obtained from A’ by a sequence of moves (i), (ii).

Let F be the unique element in A; \ A;;;. By dominance assumption, A'(F) dominates p(F)
as a partition. If [A{(F)| = |u(F)|, we can use the move (i) to get from A'(F) to u(F), and set A™*!
to be equal to A’ on Fix(S) \ {F}, and A*!(F) = pu(F). Otherwise, let v be the partition obtained
from u(F) by appending several 1’s, in such a way that |v| = A/(F). By our assumptions A(F)
dominates v, so we can pass from the former to the latter with move (i). Further, we can use the
move (ii) to pass from v to u(F) for the price of augmenting the partitions at components in A;;;
adjacent to F. If F # C, there is only one such component (see figures in Section 3.5), so we set
A1 to be the resulting element. If F = C, we are necessarily at the base i = 0 of our induction. In
this case, there is a unique choice of where to send all the 1’s; it is determined by the conditions
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> rep (P = X pep IA1(F)|, where B is the set of all components lying on one given leg of the
core diagram. Since at each step we only modified partitions in A;, the sequence A’ terminates in
H g

It is a standard fact that we can decompose a move (i) into a sequence of moves of the following
type:
(i’) There exists F € Fix(S) and j, < j; positive, such that A" 1(F’) = A{(F’) for all F/ # F,
AU EF); = A(F)j for all j # ji, jo, A'(F);, = A7Y(F);, — 1, A(F);, = A7'(F);, + 1, and
Ai(F)jl = AI(F)] > Ai(F)jz for all j; < j < js.

Example 4.8. Let us illustrate the moves described above for Hilb?S, s3- In this case, there is
no difference between moves (i) and (i”). We concentrate on the fixed points supported on one
of the legs of the core of Hilb?Sz,3, which we denote by py € C, p1, p,. We draw the tangent
direction of C as a thick line, T-curves as normal lines, and the upward flow escaping from the
top point as a dotted line. The moves are then depicted as follows:

N CINS @) >\ i)
N N ; ) % \
@ Jre0) Iy N1, N I
Po Po \\N 0) P

. M (i) Lo 0 Iy, .
A { A < { N N N N
(i) .

12 (2) 12
11(72 ) I, Ipy N 1, 11(71 )

Theorem 4.9. The flow order on Fix coincides with the antidominance order. In other words, we
have F) X F, if and only if A dominates p.

The proof of this theorem is inspired by [Nako6, §4], and requires some preparation. Recall
that the core of S is the union of C with projective lines W, 1 < i < r. Similarly, C C Hilb"S
consists of ideals I with Og/I supported on the core of S. Slightly abusing notation, let us denote
Pc :=C,and P, := Wp‘.

For any p € Fix(S),0 <i<n—1,and I € C, let us define

Dpi:=iPy+ Y nPy,  api(I) :=length(Os/(Os(—Dp,) + I)).
P'=p
It is clear from the definition that a,; is T-invariant and upper semicontinuous. In particular,
we have closed subvarieties {I : a,;(I) > a}, a € Z, C C for any p,i. Given A € PFXS)(n), we
consider the subvariety X, C C, which is an intersection of closed subvarieties above:

X o= [1 ap D)2 Y JAFD + ) A(p); for all p € Fix(8),0 < i < n— 1].
P'<p Jsi

Lemma 4.10. Let A, p € PFXS)(n). The multipartition A is dominated by p if and only if F) is
contained in X,,.

Proof. Using the explicit description of T-fixed ideals in Proposition 4.4, it is straightforward to
check that the inequalities in the definition of X, specialize to (9) for any ideal in F,. g

Lemma 4.11. Let p € Fix(S), 0 < i < n— 1. The function a,; : C — Zs is constant on each
downward flow Wy, F € Fix.
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Proof. Let us decompose the core of S into the disjoint union of downward flows | |, W, All
the ideals we consider are supported on the core of S, and length of a sheaf is additive under
decomposition of the base space. Let I; = [] » I; @ pe 4 T-fixed ideal. Any ideal in WI; can be

: ’ L)) ’ s - .
written as [ ], I, where tlin; I; =157, and each I/ is supported on W, . In particular, we have

ap; (H [é) = Z length(Os/(0s(=bgPg) + 16/1))’
q q

where by is the coefficient of P, in D, ;. This length is clearly 0 for ¢ A p, and equals to the
length of Os/I} for q < p. Therefore, it suffices to show that a,; is constant on W, "

Let us suppress p from notations for simplicity. It is easy to see from e.g. Proposition 4.4 that
a(I) = 2;:1 A; for any I € F)(,). As a; is T-invariant and upper semicontinuous, it suffices to
show that it attains the same value at a general point of W, " For this computation, we can
assume that S = C2. Observe that the subvariety W, w» C Hilb(C?) is independent of the weights
—1, k+ 1 of the T-action, as long as k > 0, [ > 0. Indeed, consider the formula for tangent weights
in Proposition 4.6. It describes the decomposition of Tf,, into weight spaces. As we change the
parameters k > 0, [ > 0, the direct sum of positive and non-positive weight spaces does not
change, as evidenced by (3). Hence Wy, » is independent of k, [ around Fj,), and so everywhere
by T-equivariance.

We can therefore assume k = 1, [ = 0. In this case, a general fixed point is of the form

o W
I= IE Dnn Ijgi ", pj € {y = 0}. By additivity of length, it is enough to consider points I;,lk).
The downward flow of such a point consists of the ideals

I, i=(x+byy+ ...+ b1y 1,95 : b eC},

see e.g. the proof of [Nako6, Prop. 4.14]. For these ideals, we have a;(I) = i for 0 < i < k,
and a;(Ip) = k for i > k. Summing up over all points p;, we get precisely a;(I) = })'_; A;. This
coincides with the value of g; on the fixed points, so we may conclude. g

Proof of Theorem 4.9. We first prove the “only if” direction. By Proposition 2.11, F; < F, if and
only if there is a chain of T-curves from F, to F,. We have F, C X, by Lemma 4.10. Successive
applications of Lemma 4.11 and the fact that X, is closed imply that F C X,;. Thus A is dominated
by u by Lemma 4.10.

For the converse implication, applying Lemma 4.7 it suffices to construct an explicit T-curve
for each pair of multipartitions as in moves (i) and (ii). For the move (i’), restricting to an étale
neighborhood of a point in F, we reduce to the case of S = C? and two monomial ideals

I= (x/h,...,x’h*ly'._z,x’l"y’._l,x’l"_1 i,...,x’li_lyj_z,x’lfyj_l,...,yq),

i-1 xAi1yi=2 y At

yJ yj_la 3yq)9

where A;—1 > A;. Note that I/In(x**1y™) = J/Jn(x"*1y'~1). Replacing C[x, y] with x*+1yi71,
it suffices to find a T-curve from I’ = (x%*1, x%y, y*) to J* = (x4, xy?, y?*1) for arbitrary a, b > 0.
It is given by the family of ideals, with t € P?,

J= (x’h,...,x’lf‘lyi_z,x’lf_ly ,x’lf_lyi,...,

(xa+1’ yb + txa, yb+1) — (xa+1, t—lyb + xa, yb+1)'

The torus T acts on this family with a positive weight (k + [)b + la, therefore the T-curve goes
in the correct direction.

For the move (ii), let p, g € ST be two points connected by a T-curve. Restricting to an étale
neighborhood of said curve, we can assume that we work in Hilb"(T*P!), and p = 0, g = oo.
Denote the local coordinates at 0 by (x, y), and at oo by (x,y”); on T*C*, they are related by
equations x’ = y~1, ¢/ = xy% Let I = (x™,...,x%y%! y9) be a monomial ideal at 0, and
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L = (Y, (Y ()91, (y)9) a monomial ideal at co. Write A = (A1,...,4¢, 1), and
p= (g1 + 1,2, ..., ). We want to construct a T-curve from I+ n J, to I n J,+. Consider the
following two families of ideals, with t € C:

X =M,y (= )y y T n

X[ = L0 (Y = 0,0, Y (NG
It is clear that Xy = I}+ n J, and X{ = I} n J,+. Moreover, denoting by I, the colength 1 ideal
supported at [t : 1] C P!, we see that X; = I, n I, N Jy = X/, for t € C*. Therefore these two

families glue into a single T-curve. The action of T on this family is of positive weight k + [,
hence the T-curve goes in the correct direction. O

Remark 4.12. We stress that one can, and does, have T-curves other than the ones in the proof
of Theorem 4.9. For instance, for any ¢ € C and n > 0 we have a T-curve from I{” to I!") in
Hilb"(S), given by the family of ideals {x", y — Ax}, A € PL.

4.5. Cotangent case. Let S = T"E = E x C, M = Hilb"S, and A = Sym" C. In this case, ST=E,
Fix = P(n), the component F; of the fixed locus is isomorphic to Sym* E, and the dominance
order on Fix is the usual dominance order on partitions.

Proposition 4.13. For S = T"E, every component F € Fix has a very stable point.

Proof. First, let A = (1"), and fix a point p € E. The closed embedding i, : C = T; C T*E induces
the following equivariant section of by adjunction:

i, + A=Hib"C — Hilb"S, I+ ker(Os — (i,)«(O¢c/I))

The image of the origin 0 € A under i, is precisely 11(71"). By equivariance and dimension count
we have i.(A) = WI:(,—IH)’ which proves that I;(,ln) is very stable. Thus, all points of F;») are very
stable.
Let now A € P(n) be an arbitrary partition, and pick m = A; distinct points x, ..., X, in E.
Consider the ideal ) ,
[:=1"0 a1 cp
N NI .
We claim that this is a very stable point. Indeed, I € Hilb"S has an étale neighborhood isomorphic
to an étale neighborhood of (I,E}Al), e I,S}fm)) in[]; Hilb% S by Proposition 4.1. The latter point is
very stable by the computation above. O

Thanks to Proposition 2.23, we immediately obtain the equivariant multiplicities.
Corollary 4.14. For any A € Fix, we have m)(t) = [/{1,] ,» in particular my = (1’,)

Proof. Applying the formula (8), we have
wSymT) I, - 1) il

MO GmA) T M- 70 Talds) + 11
_ [n]!; _|n
- ILAT [/V][
The claim for m; follows by specializing to t = 1. 0

In this case, we can prove a bit more. Recall [Hauz22, Def. 3.7] that for a very stable point I € M,
its equivariant multiplicity algebra Qj is defined as the ring of functions on the scheme-theoretic
preimage of 0 under 0|+ : Wi — A. This algebra is naturally graded by the action of T; for
convenience, we rescale it by doubling the degree of each element.
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Corollary 4.15. Let A be a partition of n, x1, ..., Xm distinct points in E, and I = I)(ﬁlh) n..n I)(Qljm).
Then Qr = H*(%F,) as graded algebras, where F) := GL,/P) is the partial flag variety.

Proof. Using Proposition 4.1 as in the proof of Proposition 4.13, we see that the map 0|W1+ is étale-
locally isomorphic to the symmetrization map []; Sym* € — Sym" C. On the rings of functions,
this map is given by the inclusion

Clxy, ...,xn]e” o C[xl,...,xn]eﬂ,

where each x; has degree 2. Let S* C C[xy,..., x,]®" be the augmentation ideal. Denoting the
coinvariant ring C[xi, ..., x,]/(S*) by R,, we obtain Q; = RS*. On the other hand, it is well
known that H*(F,) = H*(°J~(1n))6A =~ RS’. We may conclude. O

4.6. Parabolic case. Let us now consider the surfaces Sz, of the parabolic family. In this case,
the analogue of Proposition 4.13 fails to hold already for n = 2; indeed, if p € Fix(S) is a point
with m,(t) = 1, the isolated fixed point II(,Z) admits a T-curve to II(,IZ), and hence is wobbly. The
following proposition can be interpreted as saying that, in the terminology of [HH22], being very
stable in this case is the same as being generically of type (1,1,..., 1).

Proposition 4.16. Let A € P™S)(n). The fixed component F € Fix is very stable if and only if
A(p;) = @ for every wobbly p; € ST, and A(p;) = (1%) for every very stable p; € ST and some k; > 0.

Proof. LetI € F, = I’ n I;}l(pl) n..n I;,Epk), where I’ is an ideal supported on C. Recall that
we can check whether a point is very stable étale-locally, using the equivalent definition (2)
of Proposition 2.20. Proposition 4.1 then implies that I is very stable if and only if each of the
ideals I’, I;j(p 7 is very stable in the corresponding smaller Hilbert scheme of points. Since any two
smooth curves are étale-locally isomorphic, I’ can be chosen to be very stable by Proposition 4.13.
Each of the ideals I;}i(p Y is isolated, and by definition an isolated fixed point is very stable if and
only if it is maximal in the flow order. Thanks to Theorem 4.9, we know that I;i(p Y is maximal
if and only if p; is maximal (hence very stable) in S, and A(p;) = (14®)l). This concludes the

proof. g

Let us compute the equivariant multiplicities of very stable points. Fix a very stable multipar-
tition A; by the previous proposition we have A(p) = @ for wobbly p € Fix(S), and A(p) = (14@))
for very stable p € Fix(S) \ {C}. We denote w, := k + [,,, By Theorem 3.13 we have

(1-t)..(A-t") _ [T [iel:
I (TP e ) (T TS Twa )
[n]!; ie1lels
(T A ) (T2 1) T T Towp 1o

where in the first line I € F) very stable. For any polynomial p(t), let us write

my(t) = (1) =

b
(10) p® =T pt),
i=1
and treat A" as an unordered tuple of numbers, obtained by concatenating all A(p)”’s. We obtain

Proposition 4.17. Equivariant multiplicity of a very stable component F) € Fix(Hilb"(Sz/.)) is
[
A(p))”
; Hp[wp]g ()

n

N =

(11) m(t) = [
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Remark 4.18. One can rewrite formula (11) to make its polynomiality apparent:

_ n AP o)
02 ORISR § AL o) O

Note that with our choice of A, we have [lf((lf’)),‘] oy = 1forall p = C.

For wobbly components, the non-equivariant multiplicities can also be computed.

Theorem 4.19. For any F, € Fix, we have

(13) mﬂ:(;> T

PpeFix(S)

Proof. Using étale neighbourhoods of Proposition 4.1 together with Proposition 3.11, we see that

n
— m s
A <{|/1(p)|}p€FIX(S)) pe][—:i_;(l(:S) w

where each m;,) is computed in a smaller Hilbert scheme. Thus, it suffices to prove the formula
for an ideal I completely supported on one component of Fix(S). For the bottom component
C € Fix(S), the result follows by specializing equation (11) to ¢t = 1. Therefore from now on, we
can assume that we are in the local situation of Proposition 4.4, suppress p from notations, and
write A € P(n).

Observe that the multiplicities m; are independent of the choice of T-action, as long as the
downward flow does not change. Hence, we can replace the action t(x, y) = (t"'x, t**!y) with
t(x,y) = (x, ty); in particular, our fixed component ceases to be punctual. The integrable system
structure is induced by amap 7 : €* - C, (x,y) — (x°y™), where a < m = m,. As m, does
not depend on a choice of a point in the fixed component, we can move the support of I from
(0,0) to (c,0), ¢ # 0. Passing to an étale neighbourhood of this point, the map 7 becomes simply
(x,y) = (¥™). Applying Proposition 4.1 again, we are reduced to computing the multiplicity of
the core component Cr, of Hilb" T*E, where the map T*E — C is the composition of the natural
projection with f : z +— z™. Using Corollary 4.14 and Proposition 3.11, we obtain

n n n
= me, (1) degGsyat ) = (1 )o
which is exactly what remained to be proved. O
Corollary 4.20. The first statement of Conjecture 3.16 holds for Hilb"(Sz/.).

Proof. Using Propositions 3.10 and 3.11 for p(t) instead of m and repeating the proof above, we
reduce the claim to the case n = 1, which can be easily checked using the explicit formulas in
Section 3.5. O

Remark 4.21. It is very tempting to guess that the equivariant multiplicities of wobbly compo-
nents are also given by (12). Our computations in Section 6 show that this is not true, see Table 3.
We wonder whether the “naive” polynomials in (12) can be imbued with some other geometric
meaning. This appears to be the case for more sophisticated polynomials; see Section 7.7.

The proof of Theorem 4.19 relies on two non-equivariant tricks: applying Proposition 3.11 and
changing T-action. If the latter was replaced by some other argument, and Conjecture 3.12 held
true, then the same proof would at least verify Conjecture 3.9 for all Hilbert schemes.

4.7. Painlevé case. Let S = SX, X € {I, I, IV} be a surface in the Painlevé family, and denote the
bottom fixed component of S by b. Recall that Hilb"S has isolated fixed points, and pick a T-fixed
ideal I completely supported at b. Since b has strictly positive tangent weights, the closure W,
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is contained in the punctual Hilbert scheme at b. By Briancon’s theorem [Bri77, Cor. V.3.3], the
latter is irreducible of dimension n — 1; in particular, none of the isotropic subvarieties W; C
Hilb"S can be Lagrangian. Passing to an étale neighbourhood as in Proposition 4.1, we conclude
that a point F, € Fix satisfies (WG) if and only if A(b) = @. For such points, the proof of
Theorem 4.19 applies. Moreover, since all core components in S* have multiplicity 1, we get
my=(})-

Similarly, by the argument in Proposition 4.16 the only very stable points in Hilb"S are the
ideals I) := (\perixsie Ip 17 where >, UA(p)) = X, A(p); = n. Note that for each point
p € Fix(S), p # b we have w;, = e. Analogously to (11), we obtain

O :H
Hp Hf(/l(P)) — tie) Hp HF(A(P)) b e

Summarizing the discussion above, we obtain

my(t) = (1) =

Proposition 4.22. F) € Fix satisfies (WG) if and only if A(b) = @. F) € FixVC is very stable if and
only if A(p;) = (1%) for every p; € ST \ {b} and some k; > 0. Furthermore, we have

(14) my = </{l,> F) € FixVe, my(t) = [;] ,  Fy very stable.
A A ] ge

The proofs of Propositions 4.13, 4.16 and 4.22 also imply the following.

Corollary 4.23. A T-fixed ideal I,’}ll n..n I,f; is very stable if and only if 1; = (1"1) and x; is very
stable in S for alli. 0

Remark 4.24. A similar analysis can be performed for the higher rank version of Hilbert schemes,
namely moduli of torsion-free sheaves on S equipped with a trivialization at infinity. We will treat
it in a subsequent work.

5. COHOMOLOGICAL FILTRATIONS

This section collects some observations about the multiplicities of core components of Hilbert
schemes.

5.1. Multiplicity filtration. Let 6 : M — A be a pre-integrable system. A natural question to
ask is whether multiplicity of core components defines a tidal filtration on H*(M) (see Defini-
tion 2.15), provided that the condition (WG) holds.

Proposition 5.1. Multiplicity is tidal on Hilb"(T*E).

Proof. Let A, € P(n). By Theorem 4.9, we have F) < F, if and only if A dominates y, or equiva-
lently z” dominates A/, which means that '/, p/ > ¥'/_, A/ for all j.
Consider a strictly convex function ¢ : [0,00) — R, ¢(x) = logI'(x + 1). By Karamata’s

DI ARSI ]

and the inequality is strict for A # p. Exponentiating both sides of the inequality, we obtain

_(n n! nl (n\ _
my = 74 HIJ/,—H/V,_ A =ma

where we used Corollary 4.14, and the fact that exp(¢(n)) = n! for n € Zs,. O

inequality,

Remark 5.2. Let A = (5,1,1,1) and p = (4,4). Then m; = 336 > 70 = m,, while for the Atiyah-
Bott tidal function of Example 2.14 we have w(A) = 10 < 12 = w(p). In particular, there can be
no T-curves between F, and F),.
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Unfortunately, Proposition 5.1 does not generalize much beyond S = T*E.

Proposition 5.3. Let S be a surface of parabolic family. Multiplicity is tidal for Hilb"S exactly in
the following list of cases:

en=10rS=T"E;
« S=S8z/,andn = 2.

Proof. In the first case, multiplicity is tidal by Section 3.5 and Proposition 5.1. In the second case,
this can be checked by a direct computation, using Theorem 4.9 for a description of flow order
and Theorem 4.19 for multiplicities.

For Hilb"(Sz,.), e > 2, n > 2, consider the multipartitions A = ((1"),®) and p = ((1"71), (1)),
where the first partition lies on the bottom core component C C S, and the second is supported
on p C ST with m;, = e — 1. Clearly A dominates y; at the same time

my=e"< ne"l(e—1) = my,
which contradicts tidality. The same pair also rules out Hilb"(Sz,,), n > 3. O

Remark 5.4. Curiously, this classification superficially resembles Tirelli’s classification of moduli
of Higgs bundles of degree 0 admitting a symplectic resolution [Tir19].

One might ask whether the failure of tidality only occurs at wobbly components. This is not
the case either. Let us call a function w : Fix — R stably tidal if for any very stable F, F’ € Fix
with F < F’ we have w(F) > w(F’).

Proposition 5.5. Let S be a surface of parabolic family. Multiplicity is stably tidal for Hilb"S
exactly in the following list of cases:

en<2o0rS=T"E;
« S=3S8z/3, andn =3.

Proof. The cases n = 1 or S = T*E follow from Proposition 5.3. In the rest of the cases, stable-
tidality can be checked via an explicit computation.

For Hilb"(Sz,.), e # 3, n > 3, consider the multipartitions A = ((1"),®) and p = ((1"1), (1)),
where the first partition lies on the bottom core component C C S, and the second is supported
on a very stable point p C ST with m, = e/2. Clearly A dominates y; at the same time

_.n n—1 _
m) = e" < ne -e/2—mﬁ,

which contradicts stable tidality.
A similar pair also rules out Hilb"(Sz/3) for n > 4. We do not change the multipartitions, and
take p with m, = 1. Then my = 3" < n-3""! = m,, hence a contradiction. g

Remark 5.6. Let M be the moduli space of stable Higgs bundles of rank 2. In this case, all core
components are very stable, and their multiplicities are explicit powers of 2 by [HH22]. Moreover,
all these powers of 2 are distinct, and the flow order is linear; from this it is easy to conclude that
multiplicity is tidal. S. Raskin has informed us that he can prove tidality for the moduli of stable
Higgs bundles of arbitrary rank. It would be very interesting to understand what accounts for
such divergence of behaviour between the unramified and tamely ramified settings.

Let us briefly comment on Hilbert schemes on Painlevé surfaces. While multiplicity is only
defined on a subset FixVC C Fix, we can still ask whether it is monotonous with respect to the
restriction of flow order to FixWC.

Proposition 5.7. Multiplicity is tidal on FixVC(Hilb"(S%)), X € {III, IV},
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Proof. Recall from Proposition 4.22 that a multipartition belongs to FixV¢ if and only if it is
supported on very stable points of S = SX. Since these points in S do not have T-curves between
them, two such multipartitions are comparable only if at each point they restrict to a partition
of the same number. Since

C(n\_( n A(p)
e (A) ) ({M(p)up) 1:[ (A(p)/)’

we are reduced to checking tidality only for the multipartitions supported at a single point. This
is achieved by the same argument as in Proposition 5.1. g

5.2. Dimension filtration. From now on and until the end of this section, we assume that
k = 1, so that Fix = FixVC. The discussion above shows that multiplicity of fixed components is
not well suited for defining cohomological filtration: it is almost never tidal, and even when it is,
the possible values of multinomial coefficients are too sparse. Let us consider a coarser filtration.

Definition 5.8. Define the dimension function d : Fix — Z by d(F) = dim F.

The dimension function can be recovered from virtual multiplicities p(t); we expect that a
similar statement also holds for m(t).

Lemma 5.9. Let1 < A < n be the maximal index with e; = 1. Then pp(t) = 1+(d(F)—A)t+O(t?)
forany F € Fix.

Proof. Let 0 < a; < ... a, be the positive tangent weights of F. Since the symplectic form w has
weight 1, it pairs weight-0 directions with weight-1 directions. In particular, g; = 1 if and only if
i < d(F). By Proposition 3.7, we have
Q-t)..(1- t"’") Q—te)...(1— t"’")
pp(t) = = (-t
(1—t9)...(1—t%) (1 — 1) (1 — t9n)

and so we may conclude. g

=1+ (d(F) — At + O(t?),

Proposition 5.10. Let M = Hilb"S, where S is a surface of parabolic family. Then the dimension
function d is tidal.

Proof. Recall the description of fixed loci in Corollary 4.5. It immediately follows that d(F), =
A(C);. As the flow order on Fix coincides with the antidominance order by Theorem 4.9, we have
A(C); =2 v(C); forany A < v. O

Recall that the ranks of the perverse filtration P. on H*(Hilb"S) were computed in [SZ21]. Let
us denote P,(q) = Y5, ¢F dim grP H'"P(Hilb"S). As a consequence of [SZ21, Th. 3.6], we have

(15) Z s"P, (q) H —gm m) (1 —gm m+1)

where r is defined as in (6). Denoting the tidal filtration associated to d by D., let us similarly
write D,(q) := Y ¢F dim gr? H'P(Hilb"S).

Corollary 5.11. We have q"D,(q) = P,(q).
Proof. The generating function of q"D,(q) can be easily computed:

Y Du(q = Y sl O T 3 sl ghdim)
n=0

AEPFix(S) PpEFix(S) Ain?

—H p e L Zs"P @)

i=1 m=1

We may conclude. g
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While this observation is very curious, let us warn the reader against simplistic generaliza-
tions. First, as illustrated by Example 2.18 this equality is purely numerical, and does not arise
from an equality of filtrations. Second, it is very particular to Hilbert schemes of points, as the
following example shows.

Example 5.12. Let C be a smooth projective curve of genus g > 1, and let M, be the moduli of
stable Higgs bundles on C of rank r and degree 1. For r = 2, there are g fixed components. It
is easy to check that in this case d is tidal, and D(q) = ¢** + Y57 g8*%~1. On the other hand
[FIRVo08, Th. 1.1.6] yields, up to a global power of g, that P(q) = Y7, ¢*87473.

While the discrepancy above is mild, consider the case r = 3, g = 2. Here, %dim M, =
n = 10. As explained in [GPHS14, Sec. 8], MT has 6 connected components, and the dimension
count [ACGPSo6, Th. 3.8] yields D(q) = q* + 2¢° + 2¢° + ¢'°. However, by purity conjec-
ture [HRV08, Rmk 4.4.2] and curious Poincaré duality (which follows from P = W) the poly-
nomial P(q) coincides with the Kac polynomial of 2-loop quiver with dimension vector 3. By a
direct computation, we get ¢"1°P(q) = ¢* + ¢® + ¢® + " + ¢® + ¢*°.

5.3. Floer-theoretic filtration. For a pre-integrable system M, a filtration on H*(M) of a com-
pletely different nature is defined in [RZ23a], where an interested reader can find the details. Let
us sketch the construction here.

Consider M as a Kihler manifold with a Hamiltonian action of S' ¢ T, and the moment map
H : M — R. One considers Hamiltonian Floer cohomologies HF*(p+H), where py = p + ¢, p
are periods of the S'-action, and ¢ > 0 is very small. When p’ < p”, there are natural Floer-
theoretic maps HF*(p,H) — HF*(p//H), which give rise to a direct system starting with the
ordinary cohomology H*(M) = HF*(0.H), whose direct limit (as p — o) is zero. Thus, the
cohomology H*(M) is filtered by the kernels ¥, := ker(H*(M) — HF*(p, H)).

As with most Floer-theoretic invariants, this filtration is extremely difficult to compute in full
generality. Some partial results have been proved in [RZ23a]. However, an algorithmic way
of computing its ranks is given by the adjacent Morse-Bott-Floer spectral sequence (E;,j)pEon
defined in [RZ23b]. Its 0-th page has H*(M) for the first column, and the pages are numbered
by the periods p of S-action. As a consequence of the direct limit above being zero, this spectral
sequence converges to zero. Hence H*(M) acquires an increasing filtration F, C H*(X), given
by the subspace annihilated on page E,, which coincides with &,. Using this spectral sequence,
one can in most cases compute the ranks of F. on the top-degree cohomology H"™P(M).

The following observation, which relates ranks of perverse and Floer-theoretic filtration, was
one of our inspirations for the present project. As the techniques for working with %. are wildly
different from the algebro-geometric setup of this paper, the detailed proof will appear else-
where [MZ].

Theorem 5.13. Let F,(q) := X, q"/? dim gr;‘f H'"P(Hilb" T*E). Then q"F,(q) = P.(q).

This result is very special to Hilb” T*E. Indeed, it was observed in [SZ24] that the two gen-
erating functions diverge already for n = 1 for surfaces of parabolic and Painlevé families. Fur-
thermore, this coincidence is purely numerical, as we expect that the filtration %. is tidal on H'"P,
whereas perverse filtration almost never is. It would be interesting to study whether this equality
continues to hold beyond top degree cohomology for Hilb"(T*E).

6. EQUIVARIANT MULTIPLICITIES FOR Hilb?

In this section, we compute all equivariant multiplicities for Hilbert schemes of two points on
surfaces S of Example 2.2. Thanks to Proposition 4.17, we do not need to consider very stable
components. Note that the points in wobbly components of FixVC(HilbS) are of one of the
following types:
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(1) (separated) 11(71) n Lgl), where p, q € ST, p is wobbly and p ¢ C;
(2) (very stable support) I;Z), where g € ST\ C is very stable;
(3) (wobbly support) 11212) and 1122), where p € ST\ C is wobbly.

6.1. General strategy. Before launching into the computation, let us sketch our approach. For
each wobbly point I in Hilb?(S), we construct an explicit T-equivariant open U C Hilb?(S), such
that U = C* and I is the origin. Let us momentarily write U = Spec A, A = C[xy, X2, 1, y21,
where x;, resp. y; are the directions of non-positive, resp. positive weight, and A = Spec B,
B = C|[z, z2]. Then we are working with the ideal J C A, generated by the images of z1, z, under
the map (0|y)* : B — A. Observe that C; n U is given by the ideal I = (3, y»), and write

Olo)(z0) = f =Y, filc.x)yivl,  Olu) () =g =, gij(x.x2)y} v}
ij ij

Let us denote R := C[x1, x3], so that C; n U = Spec R. By definition, the equivariant multiplicity
of C; is given as the sum over all k > 0 of the classes of torsion-free quotients of the R-modules
gr? :=74/(3%n g + 3% in KT(C; n U) = Q[+*1].

The computation of each gr? is relatively straightforward. Let d  be the smallest positive
integer such that f;; # 0 for some i, j with i+ j = dy, and define dg analogously. In our examples,
we always have dy < d,. If both f and g happen to be homogeneous in y, then we clearly have

gr! = ( D Ryiyé)/( P rfyiyvje P ngiyé)-
i+j=d i+j=d-ds i+j=d—dg
If f and g are not homogeneous, this description still holds for d < dy, where it becomes grd =
Disjea Ryiyg. For df < d < dg, the polynomial g does not contribute, and so 19nJ/I%* ngis
generated by the images of fp(y1, y,), where fp € J%. Denote by f the sum of monomials in f
of y-degree dy. Then fp € 9% if and only if dp > d—dy, and the span of images of these elements
is the same as span of fyiyg with i + j = d — dy. Thus we have
gré = ( $ Ryiyé)/( b Rf_yiyé), df <d<dj.
i+j=d i+j=d-ds
As soon as d > dg, the ideal 3/3”’+1 C A/J‘”1 ceases to be principal, and so the intersection
3% 1 J/3%1 n J has to be computed by hand, e.g. via Buchberger’s algorithm.

Removing the torsion of gr is the complicated part. If e.g. the variables in f separate, that
is f = f'(x1,%2) f”(y1, y2), this immediately tells us that f”/ generates a torsion submodule. In
general, we detect the torsion using macaulay2 [GS]. Once gr? is fully torsion, all modules gr?’,
d’ > d are fully torsion as well, so the computation terminates. We spell out this procedure
explicitly in simpler cases, and state the results for the rest in Section 6.4.

For reader’s convenience, we summarize the numerical data for all types of isolated fixed
points that can appear in 2-dimensional integrable systems in Table 2; see Section 3.5 for details.

6.2. Separated ideals. Let I = Il(,l) n Lgl), where p, q € ST. Let xlalylb1 be the local equation at p,
and xgzyé’z the local equation at g; we also write ; = —wtx;, and w; = [; + k = wt y;, and recall
that —a;l; + b;w; = e. By Proposition 4.1, the map 6 can be étale locally presented as follows:

0 : Spec Clx1, x5, y1, y2] — Spec Clz1, 23],

a; . b as b ay_as_ by b
0% (z1) = x"y;" + %3252, 0"(z2) = x" %52 9{" y5°.

Without loss of generality assume that b; < b,, and denote f = 0*(z1), g = 0"(z2). Following
the procedure described in Section 6.1, we need to distingush two cases.
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Equation | Weights | Surface

y -1|2 Sz/2 Equation | Weights | Surface
y 2|3 Sz3 xy? —12 Sz/3
y —3|4 Sz/4 xy? -2|3 Sz/4
y =56 Sz/6 xy? —45 Sz/6
y —1l6 St x2y’ —1J2 Sz/4
y —1]4 St xzy3 —3|4 Sz/6
y 1|3 SV x2y* —1J2 Sz/6
y? -1J2 Sz/4 x3y4 -2/3 Sz/6
v —23 | Sz xty’ —12 [ Sz
¥ -1J2 Sz/6

TaBLE 2. Types of isolated fixed points (left: very stable, right: wobbly)

When by < by, we get f = x yf cand J = (f.8) = (f.x22y2%). As the variables in f
separate all direct summands Ry!y) ¢ J¢/J4*! with i > b; quotient to torsion submodules in
gr?. Furthermore, as variables in xza2 y22 bz separate, all such terms with j > 2b, quotient to torsion
modules as well. We have thus obtained a surjection

(@grd) @ Ry1)’2

0<i<b;
0<j<2b,

By Theorem 4.19, we have m; = 2b1 b, so that both sides are torsion free of the same rank. This
means that the map above is an isomorphism, and so

(16) my(t) = [by]m[2b2] .

When by = b, = b, both f and g are homogeneous in y;’s. For 0 < d < b, we have (grf)e =
grd = @Hj:d Ry!y). When b < d < 2b, we have

= P ryiyl/ P Rfyiys

i+j=d i+j=d-b
i.d—i i b l d—b—i
= P riyi'e P (Ryly ‘@ Ry!* )/Rfyly :
d—-b<i<d-1 0<i<d-b

The modules in the second direct sum are torsion-free of rank 1, but not necessarily locally free;
the latter holds only when one of g;’s vanishes. In any case, the resulting class in K-theory
i Yy jmg 11TV — Z,ﬂ ap LTI When 2b < d < 3b — 1, we begin to acquire torsion
submodules y?*iy IR/ (x"x,?) thanks to the presence of g. As a consequence, we have
(grd)tf = P (RyiyiT @Ryt l)/Rfylyd o
d-2b—-1<i<b-1
The resulting class in K-theory is ¥y p_1<jcp_q £ HEDW2(1 4 tP1=bwz _ye=brz) Finally, when
we reach d = 3b — 1, we get (gr¥)y = 0, so this is where we stop. Summing everything up, we
get
m[(t) — Z (tiw1+jwz + t(b+i)w1+jw2 + tiw1+(b+j)wz) _ Z petriwitiwe
(17) 0<i,j<b 0<i,j<b
= (14" 12 — 1 [b]p [b] ..
In particular, since b;w; —e = a;l;, the equivariant multiplicity m;(t) might acquire some negative
coefficients. This is indeed what happens for e.g. S = Sz/3, p and q distinct isolated wobbly
points.
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Remark 6.1. Note that in both cases, we have m;(t) = d()[b];w[b];w., where d(t) is either
1+ tP2™2 or 14 th™1 4 ¢b2w2 — ¢ Thus Conjecture 3.12 holds in this particular case.

6.3. Wobbly ideals with very stable support. In order to provide a local model for punctually
supported sheaves, recall that Hilb%S can be obtained as a blowup of Sym? S along the diagonal.
Let us fix a point p € ST \ C, and pick an étale neighbourhood U = Spec C[x, y], such that
the local equation of € at p is €(x,y) = x%y®, and wtx = —I, wty = w. Then Sym?U =
Spec C[x1, X2, y1, ¥2]°2, A = Spec C[z1, 2,]%?, and the map 6 is given by
0°(z1 + 22) = hy = x%yP + x0y?, 0(z125) = hy 1= x"xZyl yb.
The following isomorphism is a standard exercise:
Cls, ¢, ug, vo, Wo /(v — ugwo) => Clx1, Xz, y1, 21
up = (x1 — %)% wo P> (31 — x2)(y1—y2), wo > (y1— yz)z,
S X1 +Xx2, Lyt Yo

The blow up of this ring at the singular plane is covered by two affine charts:

U = Cls, t, uo, vo, wol /(v — uowo) — Cls, t, wo, 7, uo = nwo, vy = nwo;

U, : C[s, t, up, vo, wol/(vh — uowo) = C[s, t, up, £l, vp = Eug,  wo > E2uy.
The T-weights of these variables are as follows:

wts=—-Lwtt =w,wtuy=—-2L,wtoyy=w—I=kwtwy =2w,wtn=—-l—-w,wtéE =w+1

In terms of Hilb%(S), the first chart is the neighbourhood of 11()12)’ and the second is the neigh-

bourhood of If(,z). Taking the images of hy, hy, we arrive to the situation described in Section 6.1,
where the role of x;’s, resp. y;’s is played by the coordinates of negative, resp. positive weight.
Let us assume for now that p is a very stable isolated point; in other words, a = 0. Since
11512) is very stable, we only care about the chart U;. The images of hy, h; in this chart (up to an
unimportant multiplicative constant), which we will call f, g, are given by the following list:

eb=1f=t g=1"—2uyt%
b =2 f=upf?+ 12 g =t —2upE%t? + Ui
o b =3 f=3upf— 13 g=1%—3ugE%t* + 3uiE? — udél.
We consider the associated graded with respect to the variables (¢, £). The computation is sim-
plified by the fact that all the polynomials above are homogeneous.
When €(x, y) = y, we have gr’ = R, gr' = ¢R, and gr? = £?R/u3 is torsion. Thus
(18) my(t) = [2] when é€(x,y) = y.

When €(x,y) = y?, we have gr’ = R, gr' = éR @ tR. Recall from Table 2 that this equation
only allows weights with [ = w — 1. Because of the simple shape of f, we easily compute

gr’ = EtR ® (E°R @ t°R) /(12 + 2upE®)R = E1R @ E°R,
gr’ = (R @ PR)/(£* + upE2)R @ (R @ E1°R) /(612 + upé”)R = %R @ E°R.
The next summand gr? is a direct sum of £3tR and a more complicated module
('R @ 'R @ *R) /(2 fR ® 2 fR & gR).

However, observe that the functions spanning the denominator are linearly independent. This
means that the quotient module has zero rank, and so it does not contribute to (gr*). A similar
argument shows that (gr*);s = 0. Adding everything up, we obtain:

(19) mye) (1) = [2]pw[4] when €(x,y) = yz.
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Finally, let €(x, y) = y°. By the same type of computation as before (essentially using that
f consists of two monomial terms, one with invertible coefficient) we find that @,; gr' is free,
with basis given by monomials £/ with j < 2. In gr®, as g begins to contribute, the following
summand appears:

(EROER @ E21* R @ t°R) /(10 — 3upé?t)R @ (£21* — 3upé*t*)R @ gR)
= (ER @ E1PR) (u3 8 — 3ulEHDR = (ER @ (3EHE — upfO)R)/ub(uo® — 3E41D)R.

This summand only contributes £°R to the torsion-free part. In gr’, we have one summand of
similar shape, contributing ¢’R, and a summand with generators {£°¢, £4¢%, £2¢°, t7}, modulo the
relations {t* f, £2t2 f, £* f, tg}. We can easily check that these relations are linearly independent,
so that the quotient is fully torsion. Starting from gr®, only summands of this shape will appear,
therefore we ran out of contributions to equivariant multiplicity. Recall from Table 2 that the
local equation €(x, y) = y° only allows weights w = 2, w + [ = 3. Substituting these values
and summing up all terms from the discussion above, we obtain a polynomial with positive
coefficients:

(20) me(t) = [22], — t — 16 — 17 — ¢*° when 8€(x, y) = y°.

6.4. Punctual wobbly support: case €(x, y) = xy%. Now assume that p is a wobbly isolated
point. Observe that this automatically restricts us to parabolic surfaces, so that k = 1 and [ =

w — 1. In this case both ideals 11512), IISZ) are wobbly, and so we need to perform computations
in both charts Uj, U, of the blow up. Let us begin by spelling out all details in the case of local
equation €(x, y) = xy°.

For the ideal 11512), we work in the chart Uj, and consider associated graded with respect to
(t, wo). The images of hy, h, in this chart are

f = swo + st? + 2nwot, g = s*wi — (2% wot? + n*wi) + (%t + 2P wit?) — nPwot?.
As in Section 6.2, we can replace g
g =g— fswo = —(3s*wot? + 2spwit + n*w)) + (s*t* + 2n* wit®) — nPwot®.
It is clear that f = swy. Therefore gr’ = R, gr' = tR ® wyR/s, and gr? = ’R @ twyR/s ® wiR/s.

In degree 3, besides multiples of f we also have the contribution of §’. However, the latter does
not involve the monomial 3, so that we still obtain (gr®);s = ¢°R. Finally, in degree 4 the element

h := (35°t* + 2snwot + n*wi) + sg

has the lowest (t, wo)-degree 4, and its image h contains the monomial t* with non-zero coeffi-
cient. This implies that (gr*);f = 0, and so in total we get

(21) man(t) =1+t + 1Y 4+ 13V = [4]pw when €(x, y) = xy*.
For the ideal I[(,Z), we work in the chart U,. The images of hy, h; in this chart are
f = supE® + 2upft + st?, g = (5% —up)(ud&* — 2up&%t% + 1)

Note that both of them are homogeneous in (¢, £). We clearly have gr’ @ gr! = R® tR @ £R. The
modules gr? and gr’, obtained by quotienting out fR and £ fR @ t fR respectively, can be easily
checked to be torsion-free. In degree 4 we need to quotient out g, which immediately produces
a torsion element uo&* — 2uoé?t? + t4, whose annihilator is (s* — ). Thus we can forget about
g and replace t* with 2uo&%t? — upé* in (gr*). Repeating this for the rest of the relations, we
can whittle the number of generators of (gr*);y down to one. The easiest way to represent this is
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with a sequence of matrices, where columns stand for relations, and rows for generators:

gf &f f g

2 2
t t
E (suy 0 0 (s*—up)uf 4 oS 4t fZ
s £ Sty 0 —sug
Et |2uy sug 0 0 3
) 2 Et |2up sup 0
&%t s 2uy sup 2(s% — ug)ug 2,2
s &t s 2up 3sug
E 0 s 2u 0 @ o 2
s u
t 0 0 s s — up ’

Ef 2ktf —s&f

4 &f
~ Sf?’t ;ZZ 8 - & (S”O)W E*R.
&2\ s 4(uy — s%) £\ 2up

Thus we obtain (gr*)y = &*R. Finally, for gr® we get a quotient of a rank 6 free R-module
by 6 linearly independent relations {£3f, £2t f, Et2 f, 13 f, Eg, £t}, so that (gr’)¢ = 0. Summing
everything up, we get

(22)  mo(t) = [5]pwr + tY[3] w1 + t2¥[2] 001 — YT [2] 4w when €(x, y) = xy*.

When w = 2 (that is, p is a fixed point of Sz/3), several terms cancel out, and m;e(t) becomes
a polynomial with non-negative coefficients. For w = 3 and w = 5 (corresponding to points in
Sz/4 and Sz ), such cancellations do not occur.

6.5. Punctual wobbly support: other cases. Analysis of a similar nature (albeit more in-
volved) to Section 6.4 can be performed for the remaining isolated wobbly points. For details, we
refer the reader to the Jupyter notebook at [Min26]. We summarize the outcomes of computa-
tions performed with the help of macaulay2 in Table 3. For completeness, it also contains the
formulas (18-22), as well as relevant specializations of (12). In the right column, we chose an
expression in a way that shows that m;e () — [m] s [2m] e = (£¥+!—=1)P(t) for some polynomial
P(t) with positive coefficients.

Equation Mz (t) mye(t)
y 1 [2],wn
¥ [4] ¢ [2]v[4] v
¥’ [3]2[3] s [3][6]is + (£ — £9)[2] 5
xy* [4]p [2]p [4] s + (2272 — £ D)@ + £ 4+ 2V 4 1V72)

[3]pw[6] v + (#2W72 = (™2 4 £2WF2 4 10w
+(t2w—2 _ 1)(tw—l 4 1)(t2w+2 + t4w+1 4 t7w—1 + tllw—4)
[4]c[8]s + (£ = t9)[2] 2 + (8% = £¥)[2] 5

x2y3 [3]IW [3][’2W + t3w _ tw+1

**y! [4]14]:s H(11 = )2 0 + (120 — £19)[2] 0
44 [4]s[8]s + (1% = 29)[2]p + (17 = )1 + t* + 17 + £%)
Y [4]o 4] +(1B = O)[2] + (120 — 91 + 12 + 112 + £30) + (118 — 19)[2] 2

[5]2[10]s + (70 = D)(£® + 5 + 7 + 12 + 126 + %)

x*y® |[5]e[5]m + (10 = 2)[3] (53— 9)[2]p + (122 — 121) 4+ (419 — £11) + (£28 — 11%)

TaBLE 3. Equivariant multiplicities in Hilb?, non-separated case

We can check that for €(x, y) = x?y* and x*y* (as well as for xy?, see above) all graded pieces
gr' for the ideal I ) are locally free, which is reflected in palindromicity of m,2)(). On the other
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hand, while the polynomial m;e) () for €(x,y) = x*y° can be checked to be positive, this is a
combinatorial coincidence; neither the polynomial is palindromic, nor the sheaves are locally
free.

Corollary 6.2. Conjectures 3.9 and 3.16 hold for Hilb?s.
Proof. Direct verification using Table 3. O

Remark 6.3. In the particular case n = 2, one can canonically associate locally free sheaves to
our torsion-free sheaves by taking double duals. While their classes in K-theory produce positive
polynomials (e.g. for €(x,y) = x%y3, we get [7] + 12 + 3%~ at the ideal I1"), this does not
appear to be a meaningful procedure.

7. MIRROR SYMMETRY FOR HILBERT SCHEMES

In this section we recall several notions of mirror symmetry for Higgs bundles, and put some
of our prior computations in this context.

7.1. Ansitzen. Let G be a reductive group, C a smooth projective curve, and Higgs the mod-
uli stack of G-Higgs bundles on C. Donagi-Pantev proposed [DP12] that there should be an
equivalence of the form

(DLC) £ :+ QCoh(Higgss) = QCoh(Higgsx),

where G is the Langlands dual group of G. This equivalence most definitely does not exist as
stated, see e.g. [PT25, Conj 1.3] for a more precise proposal.

There are two different ways of looking at (DLC), which provide different expected properties
of this equivalence. On one hand, the Hitchin fibration h : Higgs; — Ag is generically a fibra-
tion in abelian varieties. Furthermore, A = A. Donagi-Pantev showed that over the generic
locus AE these two fibrations are dual, and further postulated that the restriction £5| AL, should
be the corresponding Fourier—Mukai transform; see [Ari13, MRV19] for further extensions. For
Hitchin fibration, the role of the identity of an abelian variety is played by the Kostant section
s + Ag — JHiggs;. Hence, based on properties of Fourier-Mukai transform, one expects the
following:

Ansatz 1. £¢ exchanges Ogiggs, With s.0a,.

On another hand, one can conceptualize (DLC) as the Dolbeault shape of geometric Langlands
correspondence:

D-mod(Bung) LN QCoh(Conn)

semiclassical non-abelian
imit Hodge theory

QCoh(Higgs;) LN QCoh(Higgsx)

As such, it should intertwine the action of Hecke operators on both sides. Denote the set of
dominant coweights of G by X*, and fix ¢ € C, § € X*. On the left, Hecke operators Hg . are
given by local modifications at ¢ € C, associated to the cell in the affine Grassmannian Grg given
by f. On the right, they are given by the operators Tg . of tensoring with the tautological vector

bundle, associated to the irreducible G-module of highest weight f.
Ansatz 2. The equivalence £ exchanges Hg . with Tg .

Similarly, for every parabolic subgroup P C G with Levi L, we should have parabolic induction
functors, also known as Eisenstein series Eis® : QCoh(Higgs;) — QCoh(Higgs;). Note that
neither Hecke operators nor Eisenstein series are not currently defined in full generality in the
context of Dolbeault Langlands.



36 ALEXANDRE MINETS AND FILIP ZIVANOVIC

Ansatz 3. For any L C P C G, we have Eisg oL =Lgo Eisf.

In [HH22], the authors considered the restriction of (DLC) to the moduli of semistable Higgs
bundles for G = SL,. Combining Ansétzen 1 and 2, they predicted that mirror duals of certain
upward flows £s5 := Oy are given by tautological vector bundles As. They further checked
this prediction in two ways:

« Over the generic locus A}, the two sheaves get swapped under Fourier-Mukai transform;
+ Globally, y;(RHom(As, £5)) = y;(RHom(Ls, As’)) up to a sign and a power of ¢.

Following the same strategy, we will produce some mirror pairs out of Ansitzen 1 and 3.

7.2. Parabolic Higgs bundles. The same predictions and ansétzen can be transported to the
setup of parabolic GL-Higgs bundles. This is relevant for us, as Hilbert schemes of points on
surfaces of the parabolic family are isomorphic to certain moduli of stable parabolic Higgs bun-
dles [Gro14]. For Sz/., e > 1 one obtains moduli of parabolic Higgs bundles of rank ne on P!
with 3 or 4 (for e = 2) punctures, while for T*E one gets parabolic Higgs bundles of rank n on E
with one very mild puncture.

Instead of stating the precise isomorphisms, which we will not need, let us roughly describe
what they do for n = 1. Let C be a smooth projective curve with an action of cyclic group
I'=27/e, C= [C/T] the stacky quotient, and C the coarse moduli of C. Denote by p1,....,pr € C
the collection of stacky points, and denote by w; the cardinality of the stabilizer of p; in C. It
is known that the moduli of parabolic Higgs bundles on C with parabolic points (p;) and a flag
of length w; at each p; is isomorphic to the moduli of T-equivariant Higgs bundles on C. In our
case, this means that the surface Sz, is expressed in terms of Z/e-equivariant Higgs bundles
on E of rank e. As the canonical line bundle on E is trivial, a Higgs bundle on E is a pair (V, D),
where V is a vector bundle and ® an automorphism of €.

Let e € E be the identity under the group law, and denote L, = O(p — e) for each p € E.
The fiber of Sz, at a generic point a € C is identified with Higgs bundles }.;c7/.(L¢(p). {(a)).
At the singular fiber 0 € C, some of the line bundles L;(,) coincide when p has non-trivial
stabilizer. In this case, we can either self-extend L, to an indecomposable vector bundle L;;, or
add a nilpotent Higgs field, or a combination thereof. The points on the central P! correspond
to self-extensions with zero Higgs field, and the outermost points are direct sums with nilpotent
Higgs field L = L => ... = L. This describes very stable points in ST.

Example 7.1. Let us illustrate what happens on the leg of the singular fiber of Sz /3 correspond-
ing to p = e. Here L, = O, which has iterated self-extensions O® for all k, together with short
exact sequences O, o Otkitka) _, 9(k) The T-fixed points look as follows:

0P 0 -0 0500
N
e
For example, the line between O® and O® — O parameterizes Higgs bundles (O®), t$), where
¢ is the composition O® — 9 — OO,

For every p € C, the realization of S via parabolic Higgs bundles gives rise to a tautological
vector bundle V), on S of rank e, which is simply the fiber at p of the underlying vector bundle.
Moreover, for a stacky p with stabilizer of cardinality w the vector bundle V), has a canonical
filtration VI} C...C V)’ =V,, given by the parabolic structure. For an isolated very stable point
q € ST corresponding to p, we denote the first subbundle in this filtration by V;. Using the
explicit description above, we can easily deduce the fibers of these vector bundles at very stable



EQUIVARIANT MULTIPLICITIES AND MIRROR SYMMETRY 37

points. We list them in Table 4, where g; stands for a very stable point with core multiplicity i;
note that for S = T*E, we have V), = L, so that y;(L,|,) = 1.

Szrs | Va | Vo | Ve | Ve
Sen | Vo (Vo | [Szps | Vg [ Vo | |22 ‘Zf‘* qu qu‘ qé/ 6 3 2 |1
¢ | 2 |1 e | 3 | 1 e Tz ¢ |32 | 3 |2 | 1
o [T Ca BV - | e 2Bl Bl 2

@ : : q [6]: | [3]e | [2]e 1

TaBLE 4. Fibers of tautological bundles

7.3. Derived McKay. For a smooth quasi-projective surface S, the isospectral Hilbert scheme
IHilb"S is defined as the reduced fiber product

THilb"S == (5" xsym" s Hilb"S);ed —— Hilb"$

(23) E l

S" ——— Sym" S
It was shown in [BKRo1, Kru18] that the following functors are derived equivalences:
® = m,.p* : D°(Hilb"S) — D& (S"),
¥ = ()% o p.x* : DE (S") — D’ (Hilb"$).

However, these equivalences are not inverse to each other, that is ® o ¥ # Id. For a composition
A E n, let us also denote @, = K;®;,, ¥) = X;¥,,, and

¥ = (=) o p.r* : D, (S") — D (Hilb"S).

For any parabolic S and A &= n, we have an auto-equivalence F = F) : DéA(S”) — DéA(S"),
which is essentially induced by the Poincaré bundle on E x E".

Ansatz 4. Under the isomorphism in Section 7.2, we have £51, = ¥ o F o @, and Eisgiz =Pt d,.

This ansatz requires some explanation. First, it is known that M, = Hilb"S is not self-dual in
the sense of (DL.C) beyond S = T*E. For instance, the mirror dual of Sz, should be the DM-stack
(Sz/2) /(2] 2)?, which looks like the blow-down of three out of four non-central P'’s in S, /2- The
authors do not know the correct definition of the dual space M}, in general. Nevertheless, we
presume that there is a “correction” equivalence J : D*(M)) — D?(M,,) of Bridgeland-King-
Reid type, trivial over the generic locus, such that the composition J o £ is the self-equivalence
above. Ansatz 4 is hence formulated for this composition.

Next, the definition of £5;, is chosen to satisfy some desirable properties parallel to Fourier-
Mukai transform on abelian varieties, see e.g. [Bai25]. For the Eisenstein series, consider the
following commutative diagram:

FHilb*S

— L T

S" || &, +—— IHilb"S | &, —— Hilb"S

I | |

[S"/&,] «— [Hilb"S/&,;] — Hilb"S

Parabolic induction for Hilbert schemes should arise from some correspondence through nested
Hilbert schemes FHilb*S. However, there is no natural map from FHilb’S to 1L Hilb% S, Instead,
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one observes that the correspondence between S" / S, and Hilb"S factors through IHilb"S / G,
see e.g. [CDDP15, Sec. 5.4]. Replacing coarse quotients with stacky quotients, one arrives at our
definition of Eisenstein series via the bottom row of the diagram.

7.4. Procesque bundles. The isospectral Hilbert scheme IHilb"S is Cohen—Macaulay by the
celebrated result of Haiman [Haio1]. In particular, miracle flatness implies that the pushforward
of any locally free sheaf on IHilb"S to Hilb"S is locally free. Given a composition A = n, write
st =T Sym* S, &, =[], S, C 6,. Recall that IHilb"S inherits &,-action from S". For a
T x &,-equivariant vector bundle V on S”, the pullback 7*(V) is also T x & ,-equivariant, and
&, acts fiberwise on the pushforward p,7*(V).

Definition 7.2. For A, V as above, define the modified Procesi (or Procesque) bundle P,(V) by
Pi(V) 1= (par V)52,
Note that P, = P1»(0) is the usual Procesi bundle on Hilb"(S).

Lemma 7.3. P,(V) is a vector bundle of rank (:{) rk('V).

Proof. The statement is local in Hilb"S, so that by Proposition 4.1 we may assume that S = C?,
V = 0% If A = (1"), we conclude by miracle flatness. By n! theorem [Haio1], each fiber of P, is
isomorphic to the regular representation V, of &,. Taking r copies of O, the &,-invariants are
a direct summand of p,7* 0%/, hence P,(V) is a vector bundle. The rank count follows from the
fact that rk(V®")®" = r(ﬁ) O

We will need explicit formulas for fibers of some Procesque bundles. Let A = n be a composi-
tion of length #A) = r, V4,..., V, a collection of T-equivariant vector bundles on S, and take

Vi=VEAR.. &) VR
This bundle is manifestly &,-equivariant. For q,..., g, € ST and p € P*(n), consider the ideal

Y =) Iéj(qi) € Hilb"S as in (7). By abuse of notation, we write y; = |u(g;)| and denote the
composition (y, ..., is) by p. Let us compute the fiber of Procesque bundle P, (V) at I¥. Since the
computation is local, we can restrict everything to a neighborhood of the support of I£ in Sym” S.
We write Céi := TS; note that T acts on Céi with weights —I;, w;. The square of diagram (23)
becomes the following:

. . P . .
Lses, /8, o(I1; IHllb'uf(CZj)) — 11, Hﬂbﬂf@fb_

I l
uaeen/G,, U(Hj(Céj)”j) — Hj Sym#i Cf]j

As V is only G,-equivariant, it is convenient to rewrite the unions via double cosets. Recall
that we have a bijection between 6,\&,/6, and the set ® = O(4, y) of all r x s matrices (a;;)
satisfying ) ; a;j = A;, X; a;j = pj for all i, j. In these notations, for any element o € &;\&,/6,
we have 5, N 06,07 =G, = I1;; &a,, where A € © is the matrix corresponding to 0 = 4.
Then the map x in the diagram above rewrites as follows:
m | | Saxe, oa(J JHI(C)) — | | S1xs, oa(] J@€ ).
Aec® Jj Ae® Jj

Since we are computing an & -invariant quantity, we can get rid of all G,’s by considering V as
an G 4-equivariant bundle on each component of the union. Denoting the restriction of V to the
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origin of o (] ] j(Czj)”f ) by Vg4, we get

GA].
2l = 3 TT (VA ® Resy! ?ngy(q,.)) ,
Ac® | 9
where A; = (ayj, ..., ar;) is a composition of y;.

Now, let us further assume that p(g;) = (1#) for all j. It is known (see e.g. [Haioz, Prop. 3.5.8])
that the fiber of Procesi bundle at this point is the coinvariant ring with grading parameter ¢"/.
Let us denote it by Ry, (t"7). In particular, we have

Sy | K wj
RCSGAJ_ {Pllj|l‘§jl.“j> = AJ] o @ Raij(t J).
Let us denote V;; = ‘/i|qj. Remembering the definition of V, we can further factorize:
(24) 1@ =>T]1 [ZJJ } T @ Ra, (1)),
A€® j g

Lemma 7.4. Let V be a T-vector space with y;(V) = Y., t%, a; € Nx. Then

1 (VO R,(")) = ) ieh m .

AEnf(A)=c

Proof. Replace representations of G, with their characters, and use the notations of Macdonald’s
monograph [Macg8, Ch.1.7]. By Schur-Weyl duality, V" gets replaced with Y ;cp() $1(V)52(X),
where S is the Schur functor, and s;(X) the Schur polynomial. We have®

xe (Ve @ Ry(t")°7) = y(Homg, (Ry(t"), V"))

_/ halX/(1 = t")]
_<h,,[1/(1—tb)]’ > sl[Xt(V)]sA[X]>

A€P(n)

=( D <hn[X/(1_tb)]’s/l[XDs/l[Xt(V)])(l_tb)n[n]!tb

A€P(n)
= halxe(V)/(1 = )] = t°)"[n]! s,

where in the last line we used the equality ) ,(f[XY], s;[Y])s1[Z] = f[XZ], which holds for any
symmetric function f. Using the properties of complete symmetric functions h, under plethystic
substitution, we further obtain

hal3e(V)/(1 = £9)] = [Z;l 1itb]= > o, [lt_tb] Ly, [1t_tb]

A=nf(A)=c

1 1
_ E Y aiki
= fi .
(1—tb)n S [ A

Substituting this into the previous expression, we arrive to the desired formula. g

Corollary 7.5. Let V be a T-vector space with y;(V) = c[b];a, where a, b, ¢ € Z>y. Then

1 ((VE" @ Ryt)®) = [P Guet), o)) 1= 3, [ﬂ
AEn,t(A)=c t

where [b](tg) is defined by (10).

%We are grateful to A. Mellit for providing this argument.
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Proof Substituting ¢’ — t%, we canassume a = 1. As y;(V) = c— we have h,[ y:(V)/(1-t")] =
hnlc/(1 — t)]. Running the same computation as in Lemma 7.4, we arrive at

X (VO ® Ry(£")%") = hule/(1 = )](1 = )" [n]!y

:<(1_1t) D M>[b]§">(1 D"[nll = [617 Gne(0),

A=nf(A)=c i=1

so we may conclude. 0

7.5. Duality checks. From now on, let us write M,, = Hilb"S. Recall the tautological vector
bundles V,, on S from Section 7.2, defined for very stable p € ST,

A
Definition 7.6. Let I = nill(,il ) where 1 = n a composition of length r, and p = (p1,...,p,) a
tuple of very stable points in ST. Define

P = Pa(RVEN) € Coh(M,).

Let us further denote W; := Oyy;. The main claim of this section is:
(MS) For a very stable I, W; is exchanged with P; under mirror duality in Ansatz 4.

Let us explain how this prediction is obtained. For S = T*E, n = 1 it is essentially equivalent
to Ansatz 1. For S = Sz/., e > 1, the sheaves V, and OW+ are matched via derived McKay
equivalence Db(SZ/e) = Z/e(T*E) Finally, for n > 1 the sheaf Pr, resp. Wy is obtained by
applying Eisenstein series from Ansatz 4 to the product of V,,’s, resp. OT; s. By Ansitzen 1 and 3
the two should therefore be exchanged.

As in [HH22], we justify the claim (MS) by performing two checks. First, let A* C A be the
open of n-tuples (xi, ..., x,) € Sym" C, such that x"**! = x; for all i, and x; # xjforalli < j. Write
further M := 0~!(A*). Note that over each point of A*, the ideals are necessarily supported at
n points, therefore M =~ A* x E". For n = 1, we also write $* = C* \ {x¢ = 1} x E C S; clearly
A" = Sym™(C* \ {x¢ = 1}). Denote by FM; the Fourier-Mukai transform on S* along E. It is
known that the restriction of £’ to A* coincides with FM,, := FM; X... X FM;.

Proposition 7.7. Let I be as in Definition 7.6, and let W, resp. P% be the restriction of Wy, resp.
Pr to A*. We have FM,(W7) = P7.
Proof. From the definition of P;, we have P} = K (i])#(l))m Futhermore, we have W;" = ;W ! hy-

Analogously to the proof of Proposition 4.13, we can show the equality W7 1,) = Hilb'’ (T*) in-

duced by the inclusion T; C S. In particular, 0 (xy,...,x7) N W(lz) = £=1 6~'(x;), and so

Wi = &i(W}*@)Wf . Since FM,, factorizes as well, it suffices to check that FM,(W%) = P for
n=1 "

For n = 1, let us fix x € C* \ {x¢ = 1} and consider E, := 67 (x) C S. Denote the projection
E, = E — Cby 7. Recall the definition of vector bundles V,, in Section 7.2. Itis easy to check from
that description that V|g, = ®ger-1(p)Lg- On the other hand, W[, = Ol iia = = Dger1(p) Og-
By properties of Fourier-Mukai transform on E we have FM;(0,) = Lg, so that we proved the
desired isomorphisms fiberwise. The global isomorphism follows by seesaw principle. O

For the second check, let us define the equivariant Euler pairing of two coherent sheaves J7,
on M, by
x(F1,52) = Z(—l)k)(t(Eth(ffl, F2)).
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This pairing must be respected by mirror duality. Let I = niII(,iIAi) as above, and similarly J =
N; éilm), where y1 = n is a composition of length s, and g = (g1, ..., gs) a tuple of very stable points
in ST.

Theorem 7.8. In the notations above, we have (W), P;) = x:(PY, Wy).

Remark 7.9. One can get rid of duals as explained in [HH22, Rem. 6.12], for the price of multi-
plying r.h.s by some sign and a power of t. It means that (MS) holds only up to a homological
shift and a T-weight, which we do not bother to specify.

Proof of Theorem 7.8. Let us denote the positive tangent weight of ¢; by w;. By Proposition 4.17,
the equivariant multiplicity of the core component containing J is given by

_ Ny et
)= [ ] H( il = T et

By the exact same argument as in the proof of [HH22, Th. 6.9], we obtain the following identities:
xWLLPp) = x(@rDmiOxSym A), Py, Wy) = u(Pilpm(8) i (Sym A).

Thus, it is enough to show that the expression y;(P;|;)m;(t) is symmetric under the exchange of
I and J. Let us compute it using the formula (24). Denote V;;(t) = x;(Vjlq,), and m;(t) = mg,(2).
Observe that Vj;(t) = Cij[bij]wj/bij for some b;j, ¢;; > 0, and furthermore m;(t) = [e/w;],;. We
have:

[n]! I1 [Hj I1 aij winGa;
(P = E \ V.] R, ("))
xPrlymy (1) IT;lpi]m! AcO(Ly) Ajlp 53 1LV © Ray (2071

E [n te (aij) wi/bi;
II ai jl ! H[bij]twj/bijGaij,Cij(t /by
l'] 1 l,]

AeO(A,p)

— § : n ) ",
[A} H( j(t)[bij]twj/bij)(a”)Gaij,Cij(t j/b,])
te

A€O(Ap) :;
= |: :| | |([ebij/Wj]th/bij)(%])Gaij’cjj(tw]/b”)‘
AE@(/L,U) ‘l te ij

Here, we used Corollary 7.5 for the second equality, whose conditions one can check directly
from Table 4. In the same way, one directly checks that the matrix b;;w; = bj;w; for all i, j, and
cij = cji. Hence the expression we obtained is symmetric under swapping I with J, so we may
conclude. d

Remark 7.10. Let S = T*E. In this case, the products in the big sum above vanish, so that

n
x@lpmt = ). A] ,
A€BO(A,p) t
For t = 1, rh.s specializes to (;) (Z) by a classical combinatorial formula. In stark contrast

to [HH22], this is not true after deformation; for example

m 3] =[3]%¢[3L<1+[2]:):m +[ ; ]

1 1,1,1
3 3 t
Instead, after some manipulation with symmetric functions the r.h.s can be expressed in terms of
Kostka polynomials; namely, we get the formula [CDDP15, (5.20)] specialized at ¢; = 1, g, = t.

7.6. Wobbly components. Let [ = n,-Iﬁi(p ) e MT be a wobbly ideal. For any wobbly point
g € S, we have a tautological bundle V, as in Section 7.2, where we pick the corresponding
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step in the parabolic flag instead of the first one. We can define a Procesque bundle P; by the
same formula as Definition 7.6, except that each VEAi gets symmetrized by &), instead of G,.
Unfortunately, OVTY is not mirror dual to P; in general. Indeed, already for Sz /e> € > 1 some
upward flows are fully contained in the core, while the Procesque bundles are always supported
over the whole base. Following [Hau22], we define the Lagrangian closure W7~ as the smallest
closed subset of M,, which contains I, and such that for any I’ € (WI>>)T we have W}, C WI>.

Conjecture 7.11. For anyI € MY, the mirror dual Wy of Py is supported on W/

It would be interesting to compute the equivariant multiplicities of W; along the irreducible
components of W7"; we hope to return to this question in the future.

Remark 7.12. Let M,, = Hilb"T*E. A particular case of the conjecture above is that the mirror
of the usual Procesi bundle P, € D?(Hilb"T*E) is supported on W(n) Assuming Ansatz 4, the

bundle P, is obtained by applying Eis to the sheaf O(7+g).. By Ansitzen 1 and 3, the dual of P,
is then the image of O(z:)» under Eis. We deduce a prediction:
Py = p.Ox,, Xy = THilb" T*E x7+pn (T2)",

where p : IHilb" T*E — Hilb" T*E is the projection. Note that p(X,,) is (set-theoretically) equal to
the preimage of e” under the projection Hilb" T*E — Sym" E. It is straightforward to check that
this is precisely the Lagrangian closure W>(>n) The exact same argument works for I{") € Hilb"S,

where S is of parabolic type. Similar predlctlons can be made for other wobbly ideals.

Assuming the matching of equivariant pairings, we can compute y;(6.Wj). Let e € S be the
point corresponding to the identity of E, and write J, = I{!"). Note that P 5 = O. Hence

x(0WD) = i (WY, 0) = (P}, Wy,) = xe(Prly) xe(Sym A).

The fibers of P;|j, can be computed similarly to the proof of Theorem 7.8. As the formula (24)
still applies, we have

M%W=M%Wmm=w}ﬂﬁw%M%®MWWwﬁ

) (V)P0 @ Ry, (1)) 71008,
bmmLH* pre e

Let us denote the r.h.s of the equation in Lemma 7.4 with b = e by G, y(t). We finally obtain

(25) x(Pilp) = |:{/1(pl)/}lj| » H AP, Vp,|e( ).

il

Let n = 1, 2, and recall the formulas for equivariant multiplicities m;(t) computed in Sections 3.5
and 6. It is easy to check, as with values in Table 4, that for a wobbly point p € S we have
Vple = [mp], unless p € Sz /¢ with local equation x?y*, in which case Vple = 1+t + t* + t*. The
following claim is then proved by a direct comparison.

Proposition 7.13. Denote the expression in (25) by y;(t). Forn = 1,2, we have

pr(t) < yi(t) <my(t) forallt > 1,
and the equalities hold if and only if I belongs to a very stable F € Fix. U

7.7. A reckless conjecture. Let us draw some speculative lessons from Proposition 7.13. Once
again, we assume that I € F, F € Fix is wobbly. If we compute y;(0.W;)/x:(Sym A) by equi-
variant localization, then yj(t) is roughly the contribution of the fixed point I. In this light, the
inequality p(t) < yi(t) is reflective of the fact that W/~ has more than one fixed point. On the



EQUIVARIANT MULTIPLICITIES AND MIRROR SYMMETRY 43

other hand, the inequality y;(t) < m;(t) suggests that even though m;(t) does not have positive
coefficients, it might be that spWF_((‘)@) has a locally free subsheaf, whose fiber at I has Hilbert
series y;(t). As y;(1) = my, these subsheaves should in some sense cover the whole of Og¢.

Now let § : M — A be a smooth integrable system of weight 1; in particular, it satisfies (AB).
Denote the origin 0 € A. Assume that 0 is equipped with a “Kostant section” k : A — M,
0 o k = Ida. We also assume that 6 admits a “mirror dual” system 6" : MY — A, in the sense
that generically on A these are dual abelian fibrations, and there exists a Poincaré complex P on
M xa MY inducing an equivalence Db (M) — D?(IM"). Recall the notations of Section 2.4.

Conjecture 7.14. There exists a collection {Wp}pqur of sheaves W, € D%(M), and a collection of
non-reduced T-schemes {Zr}recrix, satisfying the following properties:

(1) For each F € Fix, we have (Zf)req = WF<< For any Fi,F, € Fix with F; < F, we have a
“blow down” map nl{flz : Zp, = Zp,, and maps g : C — Zp satisfying nﬁf o g, = ntp,. The
intersection (g ker(sr) is trivial. The specialization spy;- (Zr) is locally free;

(2) For each p € M™, W,, is supported on the Lagrangian closure WI?, and Wp|wp+ = Ow;. Its
mirror dual is a locally free sheaf V,, on M". For any py, p» € MY and a T-curve from p; to
P2, we have an inclusion W, C W, ;

(3) For p € F, we have m(W;;02,.) = xi(Vlev0) = )(t(G*W;h]). Furthermore, the value of this
polynomial at t = 1 is the multiplicity of Cr.

Note that the schemes Zr are not subschemes of M, so that there is no immediate way to
ask what their mirror duals are. This conjecture holds for 2-dimensional integrable systems; we
leave the proof as an illuminating exercise for the reader. For instance, at a wobbly point p with
local equation €(x,y) = x%y**', the map 7, is induced by the inclusion C[x, xy]/(xy)**!
C[x, y]/x%y*1. It is unclear whether one can reasonably expect the conjecture to hold beyond
Hilbert schemes, or indeed for Hilbert schemes, as we have not checked it even for Hilb?S.
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