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Abstract. We propose an extension of the theory of parity sheaves, which allows for non-locally

constant sheaves along strata. Our definition is tailored for proving the existence of (proper, quasi-

hereditary, etc) stratifications of Ext-algebras. We use this to study quiver Schur algebra 𝐴(𝛼) for
the cyclic quiver of length 2. We find a polynomial quasihereditary structure on 𝐴(𝛼) compatible

with the categorified PBW basis of McNamara and Kleshchev-Muth, and sharpen their results to

arbitrary characteristic. We also prove that semicuspidal algebras of 𝐴(𝑛𝛿) are polynomial quasi-

hereditary covers of semicuspidal algebras of the corresponding KLR algebra 𝑅(𝑛𝛿), and compute

them diagrammatically.
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Introduction

Let Γ = (𝐼 , 𝐻) be a quiver of affine type, and 𝑈𝑞(gΓ) the corresponding affine quantum group.

The categorification of its negative half 𝑈𝑞(g−Γ ) is provided by (graded, projective) modules over

the quiver Hecke (KLR) algebras 𝑅(𝛼), 𝛼 ∈ Z𝐼
≥0 [KL09]. As 𝑈𝑞(g−Γ ) admits several important

bases (PBW, canonical, their dual versions), one is naturally lead to ask what these bases are

categorified by.

The answer is given by the notion of (B-)properly stratified algebras [Kle15]. It is known that

the algebras 𝑅(𝛼) are properly stratified in characteristic 0 or 𝑝 > 0 big enough [McN17b, KM17].

Their building blocks are the so-called semicuspidal algebras 𝐶(𝑘𝛼′), where 𝛼′ runs over the
positive roots of gΓ. The strata are parameterised by Kostant partitions of 𝛼, and induction from

simples in 𝐶(𝑘𝛼′)’s gives rise to proper standard modules. These modules categorify the dual

PBW basis [McN17b]. Taking their projective covers in 𝑅(𝛼), one obtains a categorification of

the canonical basis.

While standard objects should be independent of the characteristic of the ground field, in-

decomposable projectives are typically not. In particular, their decategorification recovers the

𝑝-canonical basis of 𝑈𝑞(gΓ) [Gro99, JW17], which should capture subtle modular information. It

is therefore desirable to extend the stratification result above to small characteristic.
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At the same time, not all stratifications are born equal. Ideally, we want to have as few simples

in each stratum as possible. For instance, when all strata of a properly stratified algebra 𝐴 are

graded polynomial algebras, we say that 𝐴 is polyhereditary.1 It is known that imaginary semi-

cuspidal algebras𝐶(𝑘𝛿), where 𝛿 is the indecomposable imaginary root of gΓ, are not polynomial,

or even polyhereditary [KM19], so one is tempted to look for their polyhereditary covers.

Ersatz parity sheaves. Recall that KLR algebras can be realized as convolution algebras. In

characteristic 0, Kato [Kat17] considered varieties 𝑋 with finitely many 𝐺-orbits O𝜆, and proved

polyheredity for 𝐺-equivariant convolution algebras Ext∗(𝐿, 𝐿), 𝐿 = ⨁𝜆 IC(O𝜆). This result was
extended in [McN17a] to F𝑝-coefficients, by replacing IC-sheaves with parity sheaves [JMW14].

This immediately implies polyheredity for KLR algebras of Dynkin quivers. However, the quivers

of affine type have infinitely many isomorphism classes of representations, so these results do

not apply.

We circumvent this by generalizing the theory of parity sheaves. Let 𝑋 = ⨆𝜆 𝑋𝜆 be an al-

gebraic stratification. The axiomatics of [JMW14] are set up so that parity sheaves are locally

constant on each stratum; we drop this condition. Instead, on each 𝑋𝜆 we pick a collection of

sheaves with no extensions between them, which we call an evenness theory. This bears almost

no influence on basic constructions; in particular, there exists at most one parity extension P(𝐹)
of an indecomposable sheaf 𝐹 ∈ Ev(𝑋𝜆) to 𝑋 . When such extension exists, we call it ersatz parity
sheaf. It follows from our axioms that the collection of ersatz parity sheaves is itself an evenness

theory Ev(𝑋) on 𝑋 ; we say it is ersatz-complete if all ersatz parity sheaves P(𝐹) exist.
Given an evenness theory Ev on 𝑋 , take the direct sum L of all indecomposable sheaves in Ev

and consider the Ext-algebra 𝐴L = Ext∗(L,L). We define a notion of polyheredity of evenness

theories, which ensures that 𝐴L is polyhereditary (Proposition 3.17). Our main technical result

allows us to glue polyhereditary theories, and thus polyhereditary algebras:

Theorem A (Theorem 3.18). Let 𝑋 = ⨆𝜆 𝑋𝜆, equipped with a polyhereditary evenness theory
Ev(𝑋𝜆) on each 𝑋𝜆. If Ev(𝑋) is ersatz-complete, then it is also polyhereditary.

Quiver Schur for Kronecker quiver. Let Γ = ∙ ⇒ ∙ be the Kronecker quiver. The imaginary

semicuspidal algebras for KLR algebras of Γ were computed in [MM23] in arbitrary character-

istic. Here, we study imaginary semicuspidal algebras of the quiver Schur algebras of Γ. Since
quiver Hecke and Schur algebras only differ for quivers with cycles, we consider a “seminilpo-

tent” variant 𝐴♮(𝛼) of quiver Schur algebra; see Section 2.5 for definitions.

We define a Harder-Narasimhan-type stratification of Rep𝛼 Γ, and show that the associated

evenness theory is precisely the Karoubi envelope of the additive category of flag sheaves (Corol-

lary 4.19). This quickly implies

Theorem B (Theorem 4.21). The quiver Schur algebra 𝐴♮Γ(𝛼) is polyhereditary.

Finally, similarly to [MM23] we provide the imaginary semicuspidal algebra with an explicit

diagrammatic description by considering torsion sheaves on P1
.

Theorem C (Theorem 5.5 and Corollary 6.9). The imaginary semicuspidal algebra of 𝐴♮Γ(𝑛𝛿) is
Morita-equivalent to the extended curve Schur algebra of P1 (Section 6). It provides a polyhereditary
cover of the imaginary semicuspidal algebra of 𝑅(𝑛𝛿), as computed in [MM23].

As a byproduct, we obtain a simpler polyhereditary cover of the semicuspidal algebra of 𝑅(𝑛𝛿)
in characteristic 0 (Section 6.7), and extend the stratification result of [McN17b, KM17] to arbi-

trary characteristic (Section 5.3). We also compute integral cohomology of the moduli stack of

torsion sheaves on P1
, thus correcting some mistakes in [MM23] (Appendix A).

1
This name is non-standard; one usually calls such algebras polynomial quasihereditary. We opted for a contraction

to save ink; see Section 3.4 for definitions
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Modular representation theory. Semicuspidal quotients feature prominently in the study of

blocks of F𝑝[S𝑑], or more generally of Ariki-Koike algebras at roots of unity (higher level). The

typical strategy is to use derived equivalences to reduce a given question from arbitrary blocks

to RoCK blocks; see [CK02, CR08] for F𝑝[S𝑑], and [Lyl22, Web24] for higher level. Thanks to

the foundational result of Brundan-Kleshchev [BK09], blocks of Ariki-Koike algebras (at roots of

unity) are equivalent to blocks of cyclotomic KLR algebras for cyclic quivers.

For the symmetric groups, RoCK blocks were realized inside the category of semicuspidal

modules of KLR algebra of a cyclic quiver [EK18], thus proving a non-abelian version of Broué

conjecture (for symmetric groups). In the higher level case, 𝐶(𝑛𝛿) only captures a certain piece

of RoCK blocks of Ariki-Koike [MNSS24]. A presentation of higher RoCK blocks as modules over

quotients of KLRW algebras was recently established in [MW25]. We hope that our methods can

be used to study these quotients geometrically in positive characteristic, and for example realize

them as Ext-algebras of ersatz parity sheaves in some suitable evenness theory.

Organisation. In Section 1, we recall Schur diagrammatics and convolution algebras in Borel-

Moore homology. In Section 2, we fix our notations for quiver Schur algebras, and introduce the

seminilpotent version for the Kronecker quiver. We define and study evenness theories Section 3,

culminating in the proof of Theorem A. We construct a special evenness theory for representa-

tions of the Kronecker quiver using Mackey filtration on flag sheaves, and deduce Theorem B in

Section 4. Section 5 relates our results back to semicuspidal quotients, and the imaginary semi-

cuspidal algebra is computed in Section 6. Finally, Appendix A discusses integral cohomology of

stacks of torsion sheaves on curves, and provides erratum for [MM23].

Acknowledgements. This project took its current shape after A.M. tried to explain the results

of [MM23] to D. Juteau at Colloque tournant in Luminy, and was met with confusion at how the

mismatch of Z-lattices therein could ever occur. We are grateful to him for the patient ear. The

authors are also grateful to Max Planck Institute for Mathematics in Bonn and CY Cergy Paris

Université for their hospitality and financial support.

1. Prereqisites

Let k be a field. All varieties we consider are over C; the field k plays the role of the coefficient

ring for (co)homology and sheaves.

1.1. Coloured compositions. Let us fix a finite set 𝐼 ; we refer to its elements as colours.

Definition 1.1. (1) Let 𝑛 ∈ Z≥0. A quasi-composition of 𝑛 of length 𝑘 is a 𝑘-tuple of non-
negative integers 𝜆 = (𝜆1, 𝜆2, … , 𝜆𝑘) which sum up to 𝑛. We further say that 𝜆 is a

composition if all 𝜆𝑗 ’s are positive, and a partition if 𝜆1 ⩾ 𝜆2 ⩾ … ⩾ 𝜆𝑘 > 0.
(2) Let 𝛼 = (𝑛𝑖)𝑖 ∈ Z𝐼

≥0. An 𝐼 -composition of 𝛼 is a 𝑘-tuple 𝛽 = (𝛽1, 𝛽2, … , 𝛽𝑘) of nonzero
elements of Z𝐼

≥0, which sum up to 𝛼. We call 𝓁(𝛽) ∶= 𝑘 the length of 𝛽. For each 𝑖 ∈ 𝐼 , we
have 𝛽𝑖 = (𝛽1𝑖 , … , 𝛽𝑘𝑖 ) a quasi-composition of 𝑛𝑖.

(3) An 𝐼 -coloured composition of 𝑛 of length 𝑘 is a word 𝝀 = (𝜆1𝑖1, … , 𝜆𝑘𝑖𝑘), where 𝑖𝑗 ∈ 𝐼 and
∑𝑗 𝜆𝑗 = 𝑛. Equivalently, it is a pair 𝝀 = (𝜆, (𝑖𝑗 )𝑗 ), where 𝜆 = (𝜆1, … , 𝜆𝑘) is a composition

of 𝑛, and (𝑖1, … , 𝑖𝑘) is a 𝑘-tuple of colours.

Denote the set of (𝐼 -)compositions of 𝛼 by Comp(𝛼), and the set of 𝐼 -coloured compositions

on 𝑛 by 𝐼 (𝑛); our convention is that for 𝑛 = 0 both sets consist of one (trivial) composition of

length 0. 𝐼 -coloured compositions can be seen as 𝐼 -compositions, where each 𝛽𝑗 is supported in

one single colour, and so we have 𝐼 (𝑛) ⊂ Comp(𝛼).
Let | ⋅ | ∶ Z𝐼

≥0 → Z≥0 be the map sending (𝑛𝑖)𝑖 to ∑𝑖 𝑛𝑖. Then each 𝐼 -composition 𝛽 =
(𝛽1, … , 𝛽𝑘) of 𝛼 yields a composition |𝛽| = (|𝛽1|, … , |𝛽𝑘 |) of |𝛼|.
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Each quasi-composition 𝜆 yields a parabolic subgroup S𝜆 ∶= ∏𝑘
𝑗=1S𝜆𝑗 of S𝑛. Let us denote

S𝛼 = ∏𝑖∈𝐼 S𝑛𝑖 ; then each 𝐼 -composition 𝛽 yields a parabolic subgroup S𝛽 = ∏𝑖∈𝐼 S𝛽𝑖 of S𝛼 .

For 𝐼 -coloured compositions, we setS𝝀 ∶= S𝜆, viewed as a subgroup ofS𝑛. When talking about

double cosets of the formS𝜆\S𝑛/S𝜇, we will always implicitly identify them with the shortest

length representatives.

For two compositions 𝜆, 𝜇 ∈ Comp(𝑛), we say that 𝜇 is a refinement of 𝜆 ifS𝜇 ⊂ S𝜆, and denote

it by 𝜇 ⊨ 𝜆. We have the same definition for 𝐼 -compositions. For two 𝐼 -coloured compositions

𝝀, 𝝁 we say that 𝝁 is a refinement of 𝝀 if it is a refinement as 𝐼 -compositions.

1.2. Schur diagrammatics. Let us recall the widely used diagrammatic language for permuta-

tions and compositions.

Definition 1.2. Let 𝑛 be a positive integer. A Schur diagram of weight 𝑛 is a planar diagram,

which around every point looks in one of the following ways:

𝑎

𝑎 𝑎 𝑏

𝑎 + 𝑏 𝑎 𝑏

𝑎 + 𝑏

𝑎 𝑏

𝑏 𝑎

strand split merge crossing

We label each strand with a positive integer, called thickness; we say a strand is thin if it has

thickness 1. Thicknesses add up on splits and merges, and are required to sum up to 𝑛 on each

horizontal slice. Strands go from bottom to top, caps or cups are not allowed.

We will always impose the following associativity relations on splits and merges:

(1.1)

𝑎 𝑏 𝑐

𝑎 + 𝑏 + 𝑐

=

𝑎 𝑏 𝑐

𝑎 + 𝑏 + 𝑐

,

𝑎 𝑏 𝑐

𝑎 + 𝑏 + 𝑐

=

𝑎 𝑏 𝑐

𝑎 + 𝑏 + 𝑐

.

This allows us to make sense of more general splits and merges:

𝑎1 𝑎2
⋯

𝑎𝑘−1 𝑎𝑘

∑𝑗 𝑎𝑗 𝑎1 𝑎2
⋯

𝑎𝑘−1 𝑎𝑘

∑𝑗 𝑎𝑗

In particular, for any 𝜆, 𝜇 ∈ Comp(𝑛) with 𝜇 ⊨ 𝜆 we can draw the corresponding split

and merge diagrams, with thicknesses given by components of 𝜆 and 𝜇. Furthermore, if 𝜆 =
(𝜆1… , 𝜆𝑘) ∈ Comp(𝑛) and 𝜎 ∈ S𝑘 , then for any reduced decomposition of 𝜎 we can draw the

corresponding diagram which only has crossings, and the thicknesses of strands are given by

𝜆𝑗 ’s.
Let 𝜆, 𝜇 ∈ Comp(𝑛), 𝓁(𝜆) = 𝑘, 𝓁(𝜇) = 𝑙, and 𝑤 ∈ S𝜆\S𝑛/S𝜇. Define the compositions 𝜆′ ⊨ 𝜆,

𝜇′ ⊨ 𝜇 by

𝜆′ = (𝜆′11, … , 𝜆′1𝑙 , … , 𝜆′𝑘𝑙), 𝜆′𝑖𝑗 = #([𝜆𝑖−1 + 1, 𝜆𝑖] ∩ 𝑤[𝜇𝑗−1 + 1, 𝜇𝑗 ]),

𝜇′ = (𝜇′11, … , 𝜇′1𝑘 , … , 𝜇′𝑙𝑘), 𝜇′𝑖𝑗 = #([𝜇𝑖−1 + 1, 𝜇𝑖] ∩ 𝑤−1[𝜆𝑗−1 + 1, 𝜆𝑗 ]).

We have S𝜆′ = S𝜆 ∩ 𝑤S𝜇𝑤−1
, S𝜇′ = S𝜇 ∩ 𝑤−1S𝜆𝑤. Denoting the length of 𝜆′ by 𝑘′, the

permutation 𝑤 ∈ S𝑛 induces a permutation 𝜎 ∈ S𝑘′ , which transforms 𝜆′ into 𝜇′. Fix a reduced
decomposition of 𝜎.

Definition 1.3. Denote by 𝐷𝑤 the Schur diagram characterized by the following properties:

∙ 𝐷𝑤 is a concatenation of there parts: top, middle and bottom;
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∙ The bottom part is the split corresponding to 𝜆′ ⊨ 𝜆, the top part is the merge corre-

sponding to 𝜇′ ⊨ 𝜇;
∙ The middle part is the crossing diagram corresponding to 𝜎.

Example 1.4. Let 𝜆 = (2, 2, 1), 𝜇 = (3, 2), and take 𝑤 = 𝑠3𝑠4. Then 𝜆′ = (2, 2, 1), 𝜇′ = (2, 1, 2), and
𝐷𝑤 is as follows:

3 2

2 2 1

Remark 1.5. We do not imposeS𝑛-relations on crossings. However, in situations of our interest

they hold “up to lower terms”, see e.g. proof of [MM23, Th. 4.10].

Given a set of colours 𝐼 , we can define Schur diagrams with thicknesses valued in Z𝐼
≥0 in a

straightforward way. All the considerations above extend accordingly after replacing composi-

tions by 𝐼 -compositions; for example, for any 𝛽, 𝛾 ∈ Comp(𝛼) and 𝑤 ∈ S𝛽\S𝛼/S𝛾 , we get a

Schur diagram 𝐷𝑤. More precisely, in this case for the definition of 𝐷𝑤 we should take 𝛽′ and 𝛾 ′

defined by

(1.2)

𝛽′𝑖 = (𝛽′11𝑖 , … , 𝛽′1𝑙𝑖 , … , 𝛽
′𝑘𝑙
𝑖 ), 𝛽′𝑡𝑟𝑖 = #([𝛽𝑡−1𝑖 + 1, 𝛽𝑡𝑖 ] ∩ 𝑤𝑖[𝛾

𝑟−1
𝑖 + 1, 𝛾 𝑟𝑖 ]),

𝛾 ′𝑖 = (𝛾 ′11𝑖 , … , 𝛾 ′1𝑘𝑖 , … , 𝛾 ′𝑙𝑘𝑖 ), 𝛾 ′𝑡𝑟𝑖 = #([𝛾 𝑡−1𝑖 + 1, 𝛾 𝑡𝑖 ] ∩ 𝑤
−1
𝑖 [𝛽𝑟−1𝑖 + 1, 𝛽𝑟𝑖 ]).

In some cases, we will only want to consider 𝐼 -coloured compositions; this corresponds to only

allowing strands, splits and merges of pure colour.

1.3. Symmetric polynomials. We will work with various polynomial rings. Define Pol𝑛 =
k[𝑋1, … , 𝑋𝑛], and for any quasi-composition 𝜆 set Pol𝜆 = PolS𝜆

𝑛 . More generally, for an 𝐼 -
composition 𝛽 of 𝛼 = (𝑛𝑖)𝑖 we define Pol𝛼 = ⨂𝑖∈𝐼 Pol𝑛𝑖 , and Pol𝛽 = PolS𝛽

𝛼 . Note that we have

obvious identifications

Pol𝜆 ≃
𝑘

⨂
𝑗=1

PolS𝜆𝑗
𝜆𝑗 , Pol𝛽 ≃ ⨂

𝑖∈𝐼
PolS𝛽𝑖

𝑛𝑖 .

For 𝑟 ∈ [1, 𝑛 − 1], denote by 𝜕𝑟 the Demazure operator

𝜕𝑟 ∶ Pol𝑛 → Pol𝑛, 𝑃 ↦
𝑃 − 𝑠𝑟(𝑃)
𝑋𝑟 − 𝑋𝑟+1

.

For any 𝑤 ∈ S𝑛 we define 𝜕𝑤 ∶= 𝜕𝑘1 …𝜕𝑘𝑟 , where 𝑤 = 𝑠𝑘1 …𝑠𝑘𝑟 is a reduced expression. Since
Demazure operators satisfy braid relations, 𝜕𝑤 is independent of choices.

For positive integers 𝑎, 𝑏 with 𝑎 + 𝑏 = 𝑛 consider the shuffle permutation

(1.3) 𝑤𝑎,𝑏(𝑖) =

{
𝑖 + 𝑏 if 1 ⩽ 𝑖 ⩽ 𝑎,
𝑖 − 𝑎 if 𝑎 < 𝑖 ⩽ 𝑛.

We abbreviate 𝜕𝑎,𝑏 ∶= 𝜕𝑤𝑎,𝑏 . For any 𝑃 ∈ PolS𝑎×S𝑏
𝑛 , we have 𝜕𝑎,𝑏𝑃 ∈ PolS𝑛

𝑛 .

1.4. Convolution algebras. Let us briefly recall the geometric setup of [CG10]. Let 𝜋 ∶ 𝑌 → 𝑋
be a proper map of algebraic varieties with smooth source. We define 𝑍 ∶= 𝑌 ×𝑋 𝑌 , and consider
its Borel-Moore homology 𝐴 = 𝐻∗(𝑍) = 𝐻∗(𝑍,k) with coefficients in k. Consider the following
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correspondence:

𝑍 × 𝑍 𝑌 ×𝑋 𝑌 ×𝑋 𝑌 𝑍

𝑌 2 × 𝑌 2 𝑌 × 𝑌 × 𝑌

𝑝13𝑝12×𝑝23

Id𝑌 ×Δ𝑌 ×Id𝑌

One equips𝐴with the associative product 𝑝13∗(𝑝12×𝑝23)!, where (𝑝12×𝑝23)! is the Gysin pullback
along the diagonal embedding Δ𝑌 . Note that this product depends not only on 𝑍 , but also on the

choice of the map 𝜋. We have a natural action of 𝐴 on 𝐻∗(𝑌 ) ≃ 𝐻 2 dim𝑌−∗(𝑌 ) via a similar

correspondence. Both 𝐴 and 𝐻∗(𝑌 ) are naturally 𝐻 ∗(𝑋)-modules; both algebra structure on 𝐴
and 𝐴-action on 𝐻∗(𝑌 ) are 𝐻 ∗(𝑋)-linear.

In the case when 𝑌 = ⊔𝑖𝑌𝑖 has several connected components, we have an obvious decompo-

sition 𝐴 = 𝐴𝑖𝑗 ∶= 𝐻∗(𝑍𝑖𝑗 ), 𝑍𝑖𝑗 = 𝑌𝑖 ×𝑋 𝑌𝑗 . We equip 𝐴 with a grading by setting

𝐴 = ⨁
𝑘
𝐴𝑘 , 𝐴𝑘 ∶= ⨁

𝑖,𝑗
𝐻dim𝑌𝑖+dim𝑌𝑗−𝑘(𝑍𝑖𝑗 ).

Let us consider the constructible sheaf IC𝑌 ∶= ⨁𝑖 k𝑌𝑖[dim 𝑌𝑖]. The following statement is proved

in [CG10, § 8.6]:

Proposition 1.6. We have an isomorphism of graded algebras 𝐴 ≃ Ext∗(𝜋∗ IC𝑌 , 𝜋∗ IC𝑌 ).

When 𝑋 , 𝑌 are 𝐺-varieties for a linear algebraic group 𝐺, and 𝜋 is 𝐺-equivariant, we can

replace Borel-Moore homology by 𝐺-equivariant Borel-Moore homology. Everything we listed

above remains true.

2. Quiver Schur algebras

2.1. Quivers and flags. Let Γ = (𝐼 , 𝐻) be a quiver, where 𝐼 denotes the set of vertices and 𝐻
the set of edges. We denote by 𝑠, 𝑡 ∶ 𝐻 → 𝐼 the maps associating to an edge its source and target

respectively. Write 𝑄𝐼 = Z𝐼
, 𝑄+

𝐼 = Z𝐼
≥0; note that 𝑄𝐼 has an obvious basis {𝛼𝑖, 𝑖 ∈ 𝐼 } over Z.

For 𝛼 = ∑𝑖 𝑛𝑖𝛼𝑖 ∈ 𝑄𝐼 , we write |𝛼| ∶= ∑𝑖 𝑛𝑖. Given an 𝐼 -graded vector space 𝑉 = ⨁𝑖 𝑉𝑖, its
dimension vector dim𝐼 (𝑉 ) = ∑𝑖 dim(𝑉𝑖)𝛼𝑖 is naturally an element of 𝑄+

𝐼 .

Definition 2.1. Let 𝑉 be a finite-dimensional C-vector space. A quasi-flag of length 𝑘 in 𝑉 is a

sequence of vector spaces

𝑉 ∙ = ({0} = 𝑉 0 ⊂ 𝑉 1 ⊂ ⋯ ⊂ 𝑉 𝑘 = 𝑉 );

we write 𝓁(𝑉 ∙) ∶= 𝑘. For a quasi-flag 𝑉 ∙
we say that it is

∙ a flag, if 𝑉 𝑗−1 ≠ 𝑉 𝑗 for all 1 ≤ 𝑗 ≤ 𝑘,
∙ a full flag, if dim𝑉 𝑟/𝑉 𝑟−1 = 1 for all 1 ≤ 𝑗 ≤ 𝑘.

When 𝑉 is an 𝐼 -graded vector space, we say that a flag 𝑉 ∙
is 𝐼 -homogeneous if 𝑉 𝑟 = ⨁𝑖∈𝐼 𝑉 𝑟𝑖 for

all 1 ≤ 𝑟 ≤ 𝑘, where 𝑉 𝑟𝑖 = 𝑉 𝑟 ∩ 𝑉𝑖.

We denote the variety of all (not necessarily full) 𝐼 -homogeneous flags in 𝑉 by 𝐅𝛼 . Note that
({0} = 𝑉 0

𝑖 ⊂ 𝑉 1
𝑖 ⊂ … ⊂ 𝑉 𝑘𝑖 = 𝑉𝑖) is a quasi-flag in 𝑉𝑖, but not always a flag.

Given an 𝐼 -homogeneous flag 𝑉 ∙
, denote 𝛽𝑟 ∶= dim𝐼 𝑉 𝑟/dim𝐼 𝑉 𝑟−1 for 1 ⩽ 𝑟 ⩽ 𝓁(𝛽) and

call the composition 𝛽 = (𝛽1, … , 𝛽𝑘) ∈ Comp(𝛼) the type of 𝑉 ∙
. Denoting by 𝐅𝛽 the variety of

𝐼 -homogeneous flags of type 𝛽, we have 𝐅𝛼 = ∐𝛽∈Comp(𝛼) 𝐅𝛽 .

2.2. Quiver Schur algebras. Let 𝑉 = ⨁𝑖 𝑉𝑖 be an 𝐼 -graded vector space of dimension 𝛼. Set
𝐸𝛼 = ⨁ℎ∈𝐻 Hom(𝑉𝑠(ℎ), 𝑉𝑡(ℎ)). The group 𝐺𝛼 = ∏𝑖∈𝐼 𝐺𝐿(𝑉𝑖) acts on 𝐸𝛼 , as well as on 𝐅𝛽 for all
𝛽 ∈ Comp(𝛼), in a natural way.
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Denote by 𝐅̃♯𝛽 the closed subvariety of pairs (𝑥, 𝑉 ∙) ∈ 𝐸𝛼 × 𝐅𝛽 such that 𝑥 preserves the flag

𝑉 ∙
, in other words for each arrow ℎ ∈ 𝐻 and 1 ≤ 𝑗 ≤ 𝓁(𝛽) we have 𝑥ℎ(𝑉

𝑗
𝑠(ℎ)) ⊂ 𝑉 𝑗𝑡(ℎ). This

subvariety is preserved by the action of 𝐺𝛼 , and is known to be smooth. We will also write

𝐅̃♯𝛼 = ∐𝛽∈Comp(𝛼) 𝐅̃♯𝛽 .
For 𝛽, 𝛾 ∈ Comp(𝛼), we define the quiver Steinberg varieties

𝐙♯𝛽,𝛾 = 𝐅̃♯𝛽 ×𝐸𝛼 𝐅̃
♯
𝛾 , 𝐙♯𝛼 = 𝐅̃♯𝛼 ×𝐸𝛼 𝐅̃

♯
𝛼 = ∐

𝛽,𝛾∈Comp(𝛼)
𝐙♯𝛽,𝛾 .

As explained in Section 1.4, we have a convolution algebra structure on 𝐻𝐺𝛼∗ (𝐙♯𝛼 ,k).

Definition 2.2. The (standard) quiver Schur algebra of Γ is the algebra 𝐴♯(𝛼) ∶= 𝐻𝐺𝛼∗ (𝐙♯𝛼 ,k).

Remark 2.3. We often find it convenient to use the language of stacks, instead of varieties with

group actions. Namely, consider the quotient stacks

Rep𝛼 ∶= [𝐸𝛼/𝐺𝛼], Fl♯𝛽 ∶= [𝐅̃♯𝛽/𝐺𝛼].

In this notation, we have 𝐻𝐺𝛼∗ (𝐙♯𝛽,𝛾 ) ≡ 𝐻∗(Fl𝛽 ×Rep𝛼 Fl𝛾 ).

It is also customary (see [SW14]) to consider smaller Steinberg varieties. Namely, denote by

𝐅̃♭𝛽 ⊂ 𝐅̃♯𝛽 the variety of pairs (𝑥, 𝑉 ∙) ⊂ 𝐸𝛼 × 𝐅𝛽 such that 𝑥 strictly preserves the flag 𝑉 ∙
, that is for

each arrow ℎ ∈ 𝐻 and 1 ≤ 𝑗 ≤ 𝓁(𝛽) we have 𝑥ℎ(𝑉 𝑟𝑠(ℎ)) ⊂ 𝑉
𝑟−1
𝑡(ℎ) . When 𝛽 is the type of a full flag,

we have 𝐅̃♭𝛽 = 𝐅̃♯𝛽 , but in general the inclusion is strict.

Anologously to the above, for any 𝛽, 𝛾 ∈ Comp(𝛼) we define

𝐙♭𝛽,𝛾 = 𝐅̃♭𝛽 ×𝐸𝛼 𝐅̃
♭
𝛾 , 𝐙♭𝛼 = 𝐅̃♭𝛼 ×𝐸𝛼 𝐅̃

♭
𝛼 = ∐

𝛽,𝛾∈Comp(𝛼)
𝐙♭𝛽,𝛾 ,

and the convolution algebra 𝐻𝐺𝛼∗ (𝐙♭𝛼 ,k).

Definition 2.4. The nilpotent quiver Schur algebra of Γ is the algebra 𝐴♭(𝛼) ∶= 𝐻𝐺𝛼∗ (𝐙♭𝛼 ,k).

Let ⋆ ∈ {♯, ♭}. For each 𝛽 ∈ Comp(𝛼) we define an idempotent 1𝛽 ∈ 𝐴⋆(𝛼) as the fundamental

class of the diagonal subvariety 𝐅̃⋆𝛽 ⊂ 𝐙⋆𝛽,𝛽 . We have 1 = ∑𝛽∈Comp(𝛼) 1𝛽 in 𝐴⋆(𝛼).
Let 𝛾 ⊨ 𝛽. We have a map 𝑓 ∶ 𝐅𝛾 → 𝐅𝛽 obtained by forgetting subspaces of the flag. Consider

the subvariety 𝐅̃⋆𝛾 ,𝛽 ⊂ 𝐅̃⋆𝛾 of pairs (𝑥, 𝑉 ∙) ∈ 𝐸𝛼 × 𝐅𝛾 such that 𝑥 (strictly, if ⋆ = ♭) preserves 𝑓 (𝑉 ∙).
We have a map 𝐅̃⋆𝛾 ,𝛽 → 𝐅̃⋆𝛽 induced by 𝑓 , and so a closed embedding of 𝐅̃⋆𝛾 ;𝛽 into both 𝐙⋆𝛾 ,𝛽 and

𝐙⋆𝛽,𝛾 . We denote the corresponding fundamental classes by 𝑆⋆𝛾 ,𝛽 and 𝑀
⋆
𝛽,𝛾 respectively.

Definition 2.5. We call the element 𝑆⋆𝛾 ,𝛽 ∈ 1𝛾𝐴⋆(𝛼)1𝛽 a split, and the element𝑀⋆
𝛽,𝛾 ∈ 1𝛽𝐴⋆(𝛼)1𝛾

a merge.

Remark 2.6. Note that 𝐅̃♯𝛾 ,𝛽 = 𝐅̃♯𝛾 , but 𝐅̃♭𝛾 ,𝛽 ⊂ 𝐅̃♭𝛾 is typically a strict inclusion.

Let 𝜂 ⊨ 𝛾 ⊨ 𝛽. It is clear from the definitions that splits, merges and idempotents satisfy the

following relations:

1𝛾𝑆⋆𝛾 ,𝛽 = 𝑆
⋆
𝛾 ,𝛽1𝛽 = 𝑆

⋆
𝛾 ,𝛽 , 1𝛽𝑀⋆

𝛽,𝛾 = 𝑀
⋆
𝛽,𝛾1𝛾 = 𝑀

⋆
𝛽,𝛾 ,

𝑆⋆𝜂,𝛾𝑆
⋆
𝛾 ,𝛽 = 𝑆

⋆
𝜂,𝛽 , 𝑀⋆

𝛽,𝛾𝑀
⋆
𝛾 ,𝜂 = 𝑀

⋆
𝛽,𝜂.

In particular, this means that we can represent them using Schur diagrammatics:

1𝛽 =
,

𝛽1

𝛽1

𝛽2

𝛽2

…
𝛽𝑘

𝛽𝑘

𝑆⋆𝛾 ,𝛽 = ,

𝛽1 𝛽𝑘

𝛾 1 𝛾 𝑙

⋯

⋯

𝑀⋆
𝛽,𝛾 = .

𝛽1 𝛽𝑘

𝛾 1 𝛾 𝑙

⋯

⋯
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Recall that 𝐴⋆(𝛼) acts by convolution on

𝐻 ∗
𝐺𝛼 (𝐅̃

⋆
𝛼 ,k) = ⨁

𝛽∈Comp(𝛼)
𝐻 ∗
𝐺𝛼 (𝐅̃

⋆
𝛽 ,k) ≃ ⨁

𝛽∈Comp(𝛼)
Pol𝛽 ;

we denote this module by APol⋆𝛼 , and call it the polynomial representation. We will write out the

action of𝐴⋆(𝛼) onAPol⋆𝛼 more explicitly in Section 2.5. For now, note that the diagonal inclusion

𝐅̃⋆𝛽 ⊂ 𝐙⋆𝛽,𝛽 induces an algebra homomorphism

Pol𝛽 → 1𝛽𝐴⋆(𝛼)1𝛽 , 𝑃 ↦ [𝐅̃⋆𝛽] ∪ 𝑃.

Diagrammatically, we will draw elements of these polynomial subalgebras as coupons:

𝑃

𝛽1𝛽2
…
𝛽𝑘

,
𝑄

𝑃

𝛽1𝛽2

…

𝛽𝑘

= 𝑃𝑄

𝛽1𝛽2
…
𝛽𝑘

Remark 2.7. Let Comp0(𝛼) ⊂ Comp(𝛼) be the subset of all compositions 𝛽 = (𝛽1, … , 𝛽𝑘) sat-
isfying |𝛽𝑖| = 1 for all 𝑖; in other words, Comp0(𝛼) is the set of types of full flags. Denote

1KLR ∶= ∑𝛽∈Comp0(𝛼) 1𝛽 , and consider

𝐴0(𝛼) ∶= 1KLR𝐴♯(𝛼)1KLR = ⨁
𝛽,𝛾∈Comp0(𝛼)

𝐻𝐺𝛼∗ (𝐙𝛽,𝛾 ,k).

This is the quiver Hecke algebra of Γ as defined in [KL09]. If Γ has no edge loops, we clearly have
𝐅̃♭𝛽 = 𝐅̃♯𝛽 for any 𝛽 ∈ Comp0(𝛼). In particular, in this case 1KLR𝐴♯(𝛼)1KLR = 1KLR𝐴♭(𝛼)1KLR.

2.3. Basis of 𝐴(𝛼). Let us recall a basis of 𝐴(𝛼). Since this construction works for both 𝐴♯(𝛼)
and 𝐴♭(𝛼), we will temporarily drop the superscripts. We describe a basis of 1𝛽𝐴(𝛼)1𝛾 for fixed
𝛽, 𝛾 ∈ Comp(𝛼). Given𝑤 ∈ S𝛽\S𝛼/S𝛾 , recall the split-merge diagram𝐷𝑤 from Section 1.2. We

can interpret it inside 𝐴(𝛼) by sending splits to splits, merges to merges, and crossings to “naive”

crossings, given by a composition of a merge with a split:

(2.1)

𝛽1 𝛽2

𝛽2 𝛽1

∶=

𝛽1 𝛽2

𝛽2 𝛽1

Recall the intermediate composition 𝛽′ from (1.2). For every 𝑃 ∈ Pol𝛽′ , we consider the element

𝜓𝑃𝑤 ∈ 1𝛽𝐴(𝛼)1𝛾 , which corresponds to the diagram obtained from 𝐷𝑤 by placing a coupon with

label 𝑃 on the horizontal line separating the splits and the crossings.

For each 𝛽′, fix a basis𝐵𝛽′ of Pol𝛽′ . The following statement is proved in [SW14, Th. 3.11], [Prz19,

Th. 3.25].

Proposition 2.8. The set
{𝜓𝑃𝑤, 𝑤 ∈ S𝛽\S𝛼/S𝛾 , 𝑃 ∈ 𝐵𝛽′}

is a basis of 1𝛽𝐴(𝛼)1𝛾 .

2.4. Fourier transform. Let us briefly explain what happens to the quiver Schur algebra when

we change the orientation of Γ.
Let𝐺 be an algebraic group, 𝑋 a𝐺-variety, and 𝐸 a𝐺-equivariant vector bundle on 𝑋 . We say

that a complex of sheaves ismonodromic if it is locally constant along the orbits of the scalingG𝑚-

action on the fibers of 𝐸, and denote by 𝐷𝑏mon(𝐸/𝐺) = 𝐷𝑏𝐺,mon(𝐸,k) the 𝐺-equivariant derived
category of monodromic complexes of k-vector spaces on 𝐸. The Fourier-Sato transform is an
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equivalence of categories

Θ𝐸 ∶ 𝐷𝑏mon(𝐸/𝐺) → 𝐷𝑏mon(𝐸
∨/𝐺);

see [AHJR14, 2.7] for the precise definition. The following proposition summarizes some prop-

erties of Θ𝐸 , found in loc.cit.:

Proposition 2.9. (1) Identifying 𝑋 with the zero section in 𝐸, we have Θ𝐸(k𝑋 ) ≃ k𝐸∨[dim𝐸];
(2) If 𝐸 = 𝐸1 ⊕ 𝐸2, then Θ𝐸 = Θ𝐸1 ⊠ Θ𝐸2 ;
(3) Let D be Verdier duality functor. We have

DΘ𝐸 = Θ𝐸D(−1), Θ𝐸∨Θ𝐸 = (−1),

where (−1) is the auto-equivalence of 𝐷𝑏mon(𝐸/𝐺) induced by multiplication by (−1) along
the fibers of 𝐸 → 𝑋 .

Fix a map ⋄ ∶ 𝐻 → {♯, ♭}. We can generalize the considerations in Section 2.2 and define a

quiver Schur algebra 𝐴⋄(𝛼) starting with flag varieties 𝐅⋄𝛼 , where we impose strict condition on

ℎ if ⋄(ℎ) = ♭, and the non-strict one otherwise. Considering the constant functions ♯ ∶ ℎ ↦ ♯
and ♭ ∶ ℎ ↦ ♭, we recover our previous notations.

The convolution algebra𝐻𝐺𝛼∗ (𝐙⋄
𝛼) can be alternatively seen as Ext∗(𝑝∗ IC𝐅̃⋄𝛼

, 𝑝∗ IC𝐅̃⋄𝛼
), see Propo-

sition 1.6. Given a collection of arrows 𝐻 ′ ⊂ 𝐻 , consider the quiver Γ′, obtained from Γ by

inverting the arrows in 𝐻 ′
. Note that 𝐸Γ𝛼 and 𝐸Γ′𝛼 are dual vector bundles over the base 𝐵 =

⨁ℎ∈𝐻⧵𝐻 ′ Hom(𝑉𝑠(ℎ), 𝑉𝑡(ℎ)), so that we have Fourier-Sato equivalences Θ𝛼 ∶ 𝐷𝑏mon(𝐸Γ𝛼/𝐺𝛼) →
𝐷𝑏mon(𝐸Γ

′
𝛼 /𝐺𝛼).

Lemma 2.10. Denote by Θ(⋄) the function obtained from ⋄ by inverting the values on 𝐻 ′. We have
an isomorphism of algebras 𝐴⋄

Γ(𝛼) ≃ 𝐴
Θ(⋄)
Γ′ (𝛼).

Proof. To ease the notational burden, we will only consider ⋄ = ♯, the general proof being com-

pletely analogous. Let 𝐸Γ𝛽 = ∏𝑗 𝐸𝛽𝑗 , and 𝐸0𝛽 ⊂ 𝐸
Γ
𝛽 is the subspace of all representations where the

components corresponding to the edges in 𝐻 ′
vanish. Observe that we have a 𝐺𝛼-equivariant

map 𝑞 ∶ 𝐅̃♯𝛽 → 𝐅𝛽 ×𝐸Γ𝛽 which remembers the flag 𝑉 ∙
and takes a representation 𝑥 to its associated

graded with respect to 𝑉 ∙
. The preimage of 𝐅𝛽 × 𝐸0𝛽 under this map is precisely 𝐅̃Θ(♯)𝛽 . Consider

the following commutative diagram:

𝐸Γ′𝛼 𝐅̃Θ(♯)𝛽 𝐅̃Θ(♯)𝛽 𝐅̃♯𝛽 𝐸𝛼

𝐅𝛽 × 𝐸Γ
′

𝛽 𝐅𝛽 × 𝐸0𝛽 𝐅𝛽 × 𝐸Γ𝛽

𝑝′

𝑞′

𝜄

𝑞0

𝑝

𝑞

𝜄

and denote 𝑑♯ = dim 𝐅̃♯𝛽 , 𝑑Θ(♯) = dim 𝐅̃Θ(♯)𝛽 . We have

Θ(𝑝∗k[𝑑♯]) ≃ Θ(𝑝∗𝑞∗k[𝑑♯])

≃ 𝑝′∗(𝑞
′)∗Θ(k[𝑑♯]) ≃ 𝑝′∗(𝑞

′)∗𝜄∗k[𝑑Θ(♯)] ≃ 𝑝′∗𝜄∗𝑞
∗
0k[𝑑Θ(♯)] ≃ 𝑝

′
∗k[𝑑Θ(♯)],

where the isomorphism between two lines is due to Lusztig [Lus93, § 10.2]. Recalling the Ext-

algebra description of 𝐴⋄(𝛼), we may conclude. □

Corollary 2.11. Fourier-Sato transform Θ𝛼 induces an isomorphism of algebras 𝐴♯Γ(𝛼) ≃ 𝐴♭Γop(𝛼).
Up to signs, this isomorphism sends 1𝛽 to 1𝛽 , 𝑆♯𝛾 ,𝛽 to 𝑆

♭
𝛾 ,𝛽 , 𝑀

♯
𝛽,𝛾 to 𝑀

♭
𝛽,𝛾 and coupons to coupons.

Proof. Coupons are sent to coupons by equivariance. The rest of the second statement is left as

an exercise to the reader; the correction signs might appear because of Proposition 2.9(3). □
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2.5. Seminilpotent version for Kronecker quiver. From now on, let Γ = 1 ⇒ 0 be the

Kronecker quiver, where we denote the two edges by ℎ♯ and ℎ♭. Let 𝛼 = 𝑛0𝛼0 + 𝑛1𝛼1. Consider
the function ♮ ∶ 𝐻 → {♯, ♭} given by ♮(ℎ♯) = ♯, ♮(ℎ♭) = ♭, and the corresponding convolution

algebra 𝐴♮(𝛼). More explicitly, it is the convolution algebra 𝐻𝐺𝛼∗ (𝐙♮𝛼 ,k), where

𝐙♮𝛽,𝛾 = 𝐅̃♮𝛽 ×𝐸𝛼 𝐅̃
♮
𝛾 , 𝐙♮𝛼 = 𝐅̃♮𝛼 ×𝐸𝛼 𝐅̃

♮
𝛼 = ∐

𝛽,𝛾∈Comp(𝛼)
𝐙♮𝛽,𝛾 ,

and 𝐅̃♮𝛽 ⊂ 𝐅̃♯𝛽 is the variety of pairs (𝑥, 𝑉
∙) ⊂ 𝐸𝛼 × 𝐅𝛽 such that ℎ♯(𝑉 𝑗1 ) ⊂ 𝑉

𝑗
0 and ℎ♭(𝑉 𝑗1 ) ⊂ 𝑉

𝑗−1
0 for

1 ≤ 𝑗 ≤ 𝓁(𝛽). As in Remark 2.3, we will sometimes write Fl♮𝛽 ∶= [𝐅̃♮𝛽/𝐺𝛼].

Definition 2.12. We call 𝐴♮(𝛼) the seminilpotent quiver Schur algebra.

By reversing various arrows and using Lemma 2.10, we get isomorphisms

𝐴♮1⇒0(𝛼) ≃ 𝐴
♯
1⇄0(𝛼) ≃ 𝐴

♭
1⇆0(𝛼).

We define the idempotents, split, merge, and polynomial elements in 𝐴♮(𝛼) analogously to Sec-

tion 2.2, and they are preserved under the isomorphisms above (up to signs). However, recall the

polynomial representation

APol⋆𝛼 = ∑
𝛽∈Comp(𝛼)

Pol𝛽 = ∑
𝛽∈Comp(𝛼)

k[𝑢1, … , 𝑢𝑛0 , 𝑣1, … , 𝑣𝑛1]
S𝛽 .

While it does not depend on the choice of ⋆ as a vector space, the action of the generators of

𝐴⋆(𝛼) will vary.

Proposition 2.13. Let 𝛽 = (𝛽1, 𝛽2) ∈ Comp(𝛼), and 𝛽1 = 𝑎𝛼0 + 𝑏𝛼1, 𝛽2 = 𝑐𝛼0 + 𝑑𝛼1. Denote

𝐾1 =
𝑎

∏
𝑖=1

𝑏+𝑑
∏
𝑗=𝑏+1

(𝑢𝑖 − 𝑣𝑗 ), 𝐾2 =
𝑎+𝑐
∏
𝑖=𝑎+1

𝑏
∏
𝑗=1

(𝑣𝑗 − 𝑢𝑖).

The action of the split-merge operators 𝑆𝛽,𝛼 ∶ Pol𝛼 → Pol𝛽 , 𝑀𝛼,𝛽 ∶ Pol𝛽 → Pol𝛼 on APol⋆𝛼 is given
by the following table:

𝐴♯ 𝑃 ↦ 𝑃 𝑃 ↦ (−1)𝑎𝑑+𝑏𝑐𝜕𝑢𝑎,𝑐𝜕𝑣𝑏,𝑑(𝐾1𝐾2𝑃)
𝐴♮ 𝑃 ↦ (𝐾1𝑃) 𝑃 ↦ (−1)𝑏𝑐𝜕𝑢𝑎,𝑐𝜕𝑣𝑏,𝑑(𝐾2𝑃)
𝐴♭ 𝑃 ↦ (𝐾1𝐾2𝑃) 𝑃 ↦ 𝜕𝑢𝑎,𝑐𝜕𝑣𝑏,𝑑𝑃

Proof. The formulas for 𝐴♯ and 𝐴♭ can be found in [Prz19, Th. 4.7] and [SW14, Prop. 3.4] respec-

tively. For 𝐴♮, one obtains them completely analogously via equivariant localization. □

From this point on, we will only be interested in the Kronecker quiver and the seminilpotent

version of Schur algebra. We thus drop the superscripts and write𝐴(𝛼), 𝐅̃𝛽 and so on, and use the
corresponding conventions for the diagrammatic calculus and the polynomial representation.

2.6. Representations of the Kronecker quiver. Let us recall some basic facts about repre-

sentations of the Kronecker quiver; see e.g. [MM23, App. A]. Let 𝚽+ ⊂ Z𝐼
⩾0 be the set of positive

roots for ŝl2. There exists an indecomposable representation of Γ of dimension 𝛼 iff 𝛼 ∈ 𝚽+
.

Denote 𝛿 ∶= 𝛼0 + 𝛼1. The set 𝚽+
breaks into real and imaginary roots:

𝚽+ = 𝚽+
re ⊔ 𝚽+

im, 𝚽+
re = {𝛼𝑖 + 𝑘𝛿 ∶ 𝑖 ∈ 𝐼 , 𝑘 ≥ 0}, 𝚽+

im = {𝑘𝛿 ∶ 𝑘 ≥ 1}.

When 𝛼 ∈ 𝚽+
re, there exists a unique indecomposable representation of dimension 𝛼; we denote

it by 𝑀𝛼 . When 𝛼 = 𝑛𝛿 is an imaginary root, we consider the open substack Repreg𝑛𝛿 ⊂ Rep𝑛𝛿 of
all representations which do not contain any 𝑀𝛼 , 𝛼 ∈ 𝚽+

re as a summand. It is well known that
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Repreg𝑛𝛿 is isomorphic to the moduli stack T𝑛(P1) of torsion coherent sheaves on P1
of length 𝑛,

and the isomorphism is given by

(2.2) T𝑛(P1) ∼−→ Repreg𝑛𝛿 Γ, E ↦ ( 𝐻 0(E) 𝐻 0(E ⊗ OP1(1))
⋅𝑦1

⋅𝑦2 ) .

Let ∞ ∈ P1
be the point corresponding to the representation in Rep𝛿 ≃ T1(P1) with vanishing

ℎ♭. Using the description above, define Repreg𝑛𝛿∙ ⊂ Repreg𝑛𝛿 to be the closed substack consisting of

sheaves supported at∞, and Repreg𝑛𝛿◦ ⊂ Repreg𝑛𝛿 the open substack of sheaves supported away from

∞. It is clear that

Repreg𝑛𝛿∙ ≃ [Ngl𝑛/𝐺𝐿𝑛], Repreg𝑛𝛿◦ ≃ [gl𝑛/𝐺𝐿𝑛],
and we have a stratification

(2.3) Repreg𝑛𝛿 =
𝑛
⨆
𝑘=0

Repreg𝑘𝛿∙ ×Rep
reg
(𝑛−𝑘)𝛿◦ .

3. Ersatz parity sheaves

In this section we introduce a geometric framework, which allows us to easily prove poly-

heredity of convolution algebras. Our construction takes inspiration from [JMW14, McN17a].

3.1. Evenness theories. Let 𝑌 be a quotient stack, that is [𝑌 ′/𝐺], where𝐺 is an algebraic group,

and 𝑌 ′
a 𝐺-variety; we only require an existence of such presentation, and do not fix one. Let

𝐷𝑏(𝑌 ) denote the bounded constructible derived category of k-sheaves on 𝑌 ; see [BL06] for its
definition and properties.

Definition 3.1. An evenness theory on 𝑌 is a full subcategory Ev = Ev(𝑌 ) ⊂ 𝐷𝑏(𝑌 ) such that

∙ Ev(𝑌 ) is stable by even shifts, direct sums, taking direct summands and Verdier duality;

∙ For anyF,G ∈ Ev(𝑌 ) the k-moduleHom(F,G) is finite-dimensional, and Extodd(F,G) = 0.
Given an evenness theory, we denote by Par = Par(𝑌 ) the full subcategory of 𝐷𝑏(𝑌 ) whose

objects are direct sums of elements in Ev(𝑌 ) and Ev(𝑌 )[1]. We call elements of Ev(𝑌 ) even,
elements of Ev(𝑌 )[1] odd, and elements of Par(𝑌 ) parity complexes.

Remark 3.2. Hom-finiteness in the second assumption of Definition 3.1 implies that the category

Par(𝑌 ) is Krull-Schmidt [LC07].

Remark 3.3. Let 𝑋 , 𝑌 be two stacks, equipped with evenness theories Ev(𝑋), Ev(𝑌 ). Then

Ev(𝑋 × 𝑌 ) ∶= { direct sums and summands of F ⊠ G,F ∈ Ev(𝑋),G ∈ Ev(𝑌 ) }

is an evenness theory on 𝑋 × 𝑌 .

Let 𝑋 = ∐𝜆∈Λ 𝑋𝜆 be a stratification into a finite number of locally closed substacks, such that

(3.1)

There exists a partial order on Λ, such that

𝑋⩽𝜆 ∶= ⊔𝜇⩽𝜆𝑋𝜇 is closed in 𝑋 for all 𝜆 ∈ Λ.
Denote by 𝑖𝜆 ∶ 𝑋𝜆 → 𝑋 the inclusion maps, and fix an evenness theory on each stratum 𝑋𝜆.

Definition 3.4. Let F ∈ 𝐷𝑏(𝑋). We say that F is ∗-even if 𝑖∗𝜆F ∈ Ev(𝑋𝜆) for all 𝜆 ∈ Λ, and F is

!-even if 𝑖!𝜆F ∈ Ev(𝑋𝜆) for all 𝜆 ∈ Λ.

Lemma 3.5. Let F,G ∈ 𝐷𝑏(𝑋). Assume that F is ∗-even and G is !-even. Then we have a (non-
canonical) isomorphism of k-vector spaces

Ext∗(F,G) ≃ ⨁
𝜆∈Λ

Ext∗(𝑖∗𝜆F, 𝑖
!
𝜆G).

In particular, Extodd(F,G) = 0.
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Proof. The proof is by induction on the number 𝑘 of strata with 𝑖∗𝜆F ≠ 0. If 𝑘 = 1, we have

F = 𝑖𝜆!𝑖∗𝜆F for some stratum 𝜆 ∈ Λ and so by adjunction

Ext∗(F,G) = Ext∗((𝑖𝜆)!𝑖∗𝜆F,G) ≃ Ext∗(𝑖∗𝜆F, 𝑖
!
𝜆G).

Now, assume that 𝑘 > 1. By (3.1), we can find an open union of strata 𝑗 ∶ 𝑈 ↪ 𝑋 such that

𝑗∗F ≠ 0. We get a long exact sequence

… → Ext𝑛(𝑖∗𝑖∗F,G) → Ext𝑛(F,G) → Ext𝑛(𝑗!𝑗 !F,G) → …

The complexes 𝑖∗𝑖∗F and 𝑗!𝑗 !F are clearly ∗-even. By induction assumption, all terms of the long

exact sequence with odd 𝑛 vanish. Moreover, we have

Ext∗(𝑖∗𝑖∗F,G) ≃ ⨁
𝑋𝜆⊂𝑈

Ext∗(𝑖∗𝜆F, 𝑖
!
𝜆G), Ext∗(𝑗!𝑗 !F,G) ≃ ⨁

𝑋𝜆⊂𝑋\𝑈
Ext∗(𝑖∗𝜆F, 𝑖

!
𝜆G).

This proves the statement. □

Corollary 3.6. The full subcategory EvΛ(𝑋) ⊂ 𝐷𝑏(𝑋) of complexes which are both ∗-even and
!-even is an evenness theory on 𝑋 .

Lemma 3.7. Let F,G ∈ ParΛ(𝑋). For any open union of strata 𝑗 ∶ 𝑈 ↪ 𝑋 , the map Ext∗(F,G) →
Ext∗(𝑗∗F, 𝑗∗G) is surjective. In particular, if F ∈ ParΛ(𝑋) is indecomposable, then 𝑗∗F ∈ ParΛ(𝑈) is
indecomposable (or zero).

Proof. It is enough to assume F,G ∈ EvΛ(𝑋). Recall that 𝑗∗ = 𝑗 !. Consider a piece of long exact

sequence:

… → Ext2𝑘(F,G) → Ext2𝑘(𝑗!𝑗 !F,G) → Ext2𝑘+1(𝑖∗𝑖∗F,G) → …
Since 𝑖∗𝑖∗F ∈ EvΛ(𝑋), the last term vanishes, which proves the first claim.

For the second claim, let F be indecomposable. The ring End(F) is local by the Krull-Schmidt

property, and surjects on End(𝑗∗F). Therefore End(𝑗∗F) is also local (or zero), hence 𝑗∗F is

indecomposable. □

Lemma 3.8. Assume that F ∈ ParΛ(𝑋) is indecomposable. Then there exists a unique 𝜆 ∈ Λ such
that 𝑖∗𝜆F ≠ 0 and the support of F is in 𝑋⩽𝜆.

Proof. Let 𝑋 ′
be the smallest closed union of strata in 𝑋 containing the support of F; such 𝑋 ′

exists by (3.1). We claim that 𝑋 ′ = 𝑋⩽𝜆 for some 𝜆 ∈ Λ. Indeed, assume 𝑋 ′
contains two open

strata 𝑋𝜇1 , 𝑋𝜇2 . Then the restriction of F to 𝑋𝜇1 ⊔ 𝑋𝜇2 should be indecomposable by Lemma 3.7,

and so either 𝑖∗𝜇1F or 𝑖∗𝜇2F is zero. □

Lemma 3.9. Let 𝜆 ∈ Λ, and F,G ∈ ParΛ(𝑋) two indecomposable complexes supported on 𝑋⩽𝜆,
with 𝑖∗𝜆F ≃ 𝑖∗𝜆G. Then F ≃ G.

Proof. By Lemma 3.7, the complex 𝑖∗𝜆F ≃ 𝑖∗𝜆G is indecomposable; denote it by P. The ring End(P)
is local by Remark 3.2. Denote its residue field by F, and the open inclusion 𝑋𝜆 ↪ 𝑋⩽𝜆 by 𝑗𝜆.
Again by Lemma 3.7, we have surjections

Hom(F,G)↠ Hom(𝑗∗F, 𝑗∗G) = End(P)↠ F.

Thus we can lift 1 ∈ F to a morphism 𝜑∶ F → G. Exchanging the roles of F and G, we get a

morphism 𝜓∶ G → F. Then 𝜓 ◦ 𝜑 is invertible in End(F) and 𝜑 ◦ 𝜓 is invertible in End(G), so 𝜑
is an isomorphism. □

Definition 3.10. We say that an evenness theory Ev(𝑌 ) on 𝑌 is finitary if the indecomposables

in Par(𝑌 ) up to shift are labelled by a finite setM. A finitary evenness theory is balanced if each

class 𝜇 ∈ M contains a Verdier self-dual representative P(𝜇).
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Let 𝑋 = ∐𝜆∈Λ 𝑋𝜆 as before, and assume that the evenness theory on each 𝑋𝜆 is finitary.

Denote by M𝜆 the labelling set of isomorphism classes (up to a shift) of indecomposable objects

in Par(𝑋𝜆). For 𝜇 ∈ M𝜆, let P𝜆(𝜇) be the corresponding indecomposable parity sheaf with an

arbitrary shift; our convention is that for a balanced evenness theory we pick the Verdier self-

dual one.

Definition 3.11. Let 𝜆 ∈ Λ, 𝜇 ∈ M𝜆. We call an indecomposable sheaf F ∈ ParΛ(𝑋) satisfying
𝑖∗𝜆F ≃ P𝜆(𝜇) an ersatz parity sheaf, and denote it by P(𝜆, 𝜇) = P𝑋 (𝜆, 𝜇).

Lemma 3.9 shows that if an ersatz parity sheaf P(𝜆, 𝜇) exists, it is unique. Note that each

P(𝜆, 𝜇) can be either even or odd.

Definition 3.12. We say that the evenness theory EvΛ is ersatz-complete if all ersatz parity

sheaves P(𝜆, 𝜇) exist.

By Lemma 3.8, every indecomposable in ParΛ(𝑋) must be of the form P(𝜆, 𝜇) up to a shift.

Moreover, if Ev(𝑋𝜆) is balanced, the complexP(𝜆, 𝜇) is automatically Verdier self-dual. We obtain

Proposition 3.13. Let 𝑋 = ⨆𝜆∈Λ 𝑋𝜆 be a stratification satisfying (3.1) with a finitary evenness
theory on each stratum. Assume that EvΛ(𝑋) is ersatz-complete. Then EvΛ(𝑋) is finitary with
labelling set ΛM ∶= {(𝜆, 𝜇) ∶ 𝜆 ∈ Λ, 𝜇 ∈ M𝜆}. If each Ev(𝑋𝜆) is balanced, then EvΛ(𝑋) is balanced
as well.

3.2. Proper stratifications. Let 𝑌 be a stack with a finitary evenness theory, whose labelling

set we denote by M. Fix a finite totally ordered set (Ξ,⩽), together with a map 𝜚 ∶ M → Ξ. The
map 𝜚 induces a preorder onM with 𝜈 ⩽ 𝜇 if and only if 𝜚(𝜈) ⩽ 𝜚(𝜇).

Given 𝜉 ∈ Ξ, we denote P(𝜉) ∶= ⨁𝜚(𝜇)=𝜉 P(𝜇). For each F,G ∈ Par(𝑌 ), consider the following
subspaces of Ext∗(F,G):

Ext∗⩽𝜉 (F,G) = ∑
𝜁⩽𝜉

Ext∗(F,P(𝜁 )) ◦ Ext∗(P(𝜁 ),G) ⊂ Ext∗(F,G),

Ext∗<𝜉 (F,G) = ∑
𝜁<𝜉

Ext∗(F,P(𝜁 )) ◦ Ext∗(P(𝜁 ),G) ⊂ Ext∗(F,G).

We further denote Ext∗𝜉 (F,G) = Ext∗⩽𝜉 (F,G)/Ext
∗
<𝜉 (F,G).

Let B be a class of Noetherian Laurentian k-algebras. It is known [Kle15, Lem. 2.6] that all

such algebras are semiperfect.

Definition 3.14. Let Ev(𝑌 ) be a finitary evenness theory on 𝑌 . A map 𝜚 ∶ M → Ξ is B-properly
stratifying if the following conditions are satisfied for all 𝜉 ∈ Ξ:

(1) 𝐵𝜉 ∶= Ext∗𝜉 (P(𝜉),P(𝜉))
op

belongs to B;

(2) For each F ∈ Par(𝑌 ), the right 𝐵𝜉 -module Ext∗𝜉 (F,P(𝜉)) is finitely generated and flat;

(3) For each F,G ∈ Par(𝑌 ), the canonical map

(3.2) Ext∗𝜉 (F,P(𝜉)) ⊗𝐵𝜉 Ext
∗
𝜉 (P(𝜉),G) → Ext∗𝜉 (F,G)

is an isomorphism of vector spaces.

We say that Ev(𝑌 ) is B-properly stratified if it admits a B-properly stratifying order.

Example 3.15. If |Ξ| = 1, the only non-trivial condition in Definition 3.14 is that Ext∗(P,P)op ∈ B,

where P = ⨁𝜇∈M P(𝜇).

Let us recall a parallel notion of B-properly stratified algebras.

Definition 3.16 ([Kle15]). Let 𝐴 be a Noetherian Laurentian graded unital k-algebra. A two-

sided homogeneous ideal 𝐽 ⊂ 𝐴 is B-properly stratifying if it satisfies the following conditions:

(i) Hom𝐴(𝐽 , 𝐴/𝐽 ) = 0;
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(ii) 𝐽 is projective as a left 𝐴-module, and End𝐴(𝐽 )op is Morita-equivalent to an algebra in B;

(iii) 𝐽 is finitely generated and flat as a right End𝐴(𝐽 )op-module.

The algebra 𝐴 is B-properly stratified if there exists a finite chain of two-sided ideals {0} =
𝐽𝑚 ⊂ 𝐽𝑚−1 ⊂ … ⊂ 𝐽1 ⊂ 𝐽0 = 𝐴 such that 𝐽𝑟/𝐽𝑟+1 is B-properly stratifying in 𝐴/𝐽𝑟+1 for all

0 ⩽ 𝑟 < 𝑚.

We say that L ∈ Par(𝑌 ) is full if it contains all indecomposables P(𝜇), 𝜇 ∈ M as direct factors

up to a shift.

Proposition 3.17. Let Ev(𝑌 ) be a B-properly stratified evenness theory. The algebra 𝐴L ∶=
Ext∗(L,L)op is B-properly stratified for any full sheaf L ∈ Par(𝑌 ).

Proof. Let us first check that 𝐴L is Noetherian Laurentian. Laurentian condition follows from

finite-dimensionality of Hom-spaces in Ev(𝑌 ). Recall that 𝑌 is assumed to be a quotient stack

[𝑌 ′/𝐺]. Denote Ext-functors in the non-equivariant category 𝐷𝑏(𝑌 ′) by Ext∗𝑌 ′ . By Serre spectral

sequence

𝐻 ∗
𝐺(pt) ⊗k Ext∗𝑌 ′(L,L) ⇒ Ext∗(L,L),

the algebra Ext∗(L,L) is finitely generated over a quotient of𝐻 ∗
𝐺(pt). Since𝐻 ∗

𝐺(pt) is Noetherian,
so is 𝐴L.

Fix a properly stratifying 𝜚 ∶ M → Ξ. For each 𝜉 ∈ Ξ, consider the ideal 𝐽⩽𝜉 = Ext∗⩽𝜉 (L,L). It
suffices to show that 𝐽⩽𝜉/𝐽<𝜉 is B-properly stratifying in 𝐴/𝐽<𝜉 for all 𝜉 .

Let us write 𝐴 = 𝐴L, 𝐽 = 𝐽⩽𝜉 , 𝐴′ = 𝐴/𝐽<𝜉 . Given a graded 𝐴-module 𝑁 , denote the corre-

sponding graded 𝐴′
-module 𝑁/𝐽<𝜉𝑁 by 𝑁 ′

; in particular, 𝐽 ′ = 𝐽⩽𝜉/𝐽<𝜉 . Let 𝑒 ∈ 𝐴 be an idempo-

tent projecting to a direct summand of L isomorphic to a shift of P(𝜉). By abuse of notation, we

denote the image of 𝑒 in 𝐴′
by 𝑒 as well. We have 𝐽 = 𝐴𝑒𝐴 + 𝐽 ′, and so 𝐽 ′ = 𝐴′𝑒𝐴′

.

It is a standard fact (see e.g. [Mak15, Th. 2.14] for the proof of a similar statement) that the

functor 𝐄 = Ext∗(L, −) induces an equivalence between Par(𝑌 ) and the category of finitely gen-

erated projective (left) 𝐴-modules. In particular, for any F,G ∈ Par(𝑌 ) we have an isomorphism

of graded k-modules

Ext∗(F,G) ≃ Hom∗
𝐴(𝐄(F), 𝐄(G)),

where Hom𝑖
𝐴(−, −) ∶= Hom𝐴(−, −[𝑖]). By the definition of 𝐽 ′, we also have

(3.3) Hom𝐴′(𝐄(F)′, 𝐄(G)′) ≃ Ext∗(F,G)/Ext∗<𝜇(F,G).

Consider 𝑃𝜉 ∶= 𝐄(P(𝜉)). We have 𝑃𝜉 ≃ 𝐴𝑒, 𝑃 ′𝜉 = 𝐴′𝑒 and End𝐴′(𝑃 ′𝜉 ) ≃ 𝑒𝐴′𝑒. Applying (3)

to F = G = L and using (3.3), we see that 𝐴′𝑒 ⊗𝑒𝐴′𝑒 𝑒𝐴′ ≃ 𝐴′𝑒𝐴′
. This shows that 𝐽 ′ = 𝐴′𝑒𝐴′

is a direct sum of (shifted) copies of 𝑃 ′𝜉 = 𝐴′𝑒. In particular, 𝐽 ′ is projective, and End𝐴′(𝐽 ′)op is
Morita-equivalent to

End𝐴′(𝑃 ′𝜉 )
op ≃ Ext∗𝜉 (P(𝜉))

op = 𝐵𝜉 .
Since 𝐵𝜉 ∈ B by (1), we verified (ii).

Let us write 𝐽 ′ = 𝑃 ′𝜉 ⊗k 𝑉 , with 𝑉 graded vector space. Then

Hom𝐴′(𝐽 ′, 𝐴′/𝐽 ′) = Hom𝐴′(𝑃 ′𝜉 , 𝐴
′/𝐽 ′) ⊗ 𝑉 = Hom𝐴′(𝐴′𝑒, 𝐴′/𝐴′𝑒𝐴′) ⊗ 𝑉

= 𝑒(𝐴′/𝐴′𝑒𝐴′) ⊗ 𝑉 = 0,

which proves (i).

Finally, since the right End𝐴′(𝑃 ′𝜉 )
op
-module 𝑃 ′𝜉 is the same thing as the right𝐵𝜉 -module Ext∗𝜉 (L,P(𝜉)),

it is flat and finitely generated over End𝐴′(𝑃 ′𝜉 )
op

by (2). Since these properties are preserved by

Morita-equivalence, this proves (iii); and so we may conclude. □
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3.3. Gluing stratifications. Let us consider 𝑋 = ∐𝜆∈Λ 𝑋𝜆 with a finitary evenness theory

Ev(𝑋𝜆) for each 𝑋𝜆. Denote the labelling set of Ev(𝑋𝜆) by M𝜆. Assume that we have a B-

properly stratifying map 𝜚𝜆 ∶ M𝜆 → Ξ𝜆 for each 𝜆. Consider an arbitrary refinement of the

order from (3.1) to a total order on Λ, and equip

Ξ ∶= ⨆
𝜆
Ξ𝜆 = {(𝜆, 𝜉) ∶ 𝜉 ∈ Ξ𝜆}

with the lexicographic order. Let MΛ = ⨆𝜆M𝜆, and denote the disjoint union of maps 𝜚𝜆 by

𝜚 ∶ M → Ξ. The following is our main technical result.

Theorem 3.18. If the induced evenness theory EvΛ(𝑋) on 𝑋 is ersatz-complete, then it is also B-
properly stratifying with respect to 𝜚.

We will need some preparation before proceeding with the proof. Denote by 𝜆0 the minimal

element of Λ, and by 𝜉0 the maximal element of Ξ𝜆0 . Consider the open embedding 𝑗 ∶ 𝑈 =
𝑋\𝑋𝜆0 ↪ 𝑋 and its closed complement 𝑖 ∶ 𝑋𝜆0 ↪ 𝑋 .

Lemma 3.19. For F,G ∈ ParΛ(𝑋), there is a short exact sequence

0 → Ext∗⩽𝜉0(F,G) → Ext∗(F,G) → Ext∗(𝑗∗F, 𝑗∗G) → 0.

Proof. Analogously to the proof of Lemma 3.7, we have a short exact sequence

0 → Ext∗(F, 𝑖∗𝑖!G) → Ext∗(F,G) → Ext∗(F, 𝑗∗𝑗∗G) → 0.

Weneed to show that the image of Ext∗(F, 𝑖!𝑖!G) in Ext∗(F,G) is Ext∗⩽𝜉0(F,G). Since 𝑖
!G ∈ Par(𝑋𝜆0),

this image clearly belongs to Ext∗⩽𝜉0(F,G). On the other hand, each element of Ext∗⩽𝜉0(F,G) van-
ishes under the map Ext∗(F,G) → Ext∗(𝑗∗F, 𝑗∗G), so it has to be in the image of Ext∗(F, 𝑖!𝑖!G). □

Lemma3.20. Let 𝜆 ≠ 𝜆0, and 𝜉 ∈ Ξ𝜆. For anyF,G ∈ ParΛ(𝑋), we have Ext∗𝜉 (F,G) ≃ Ext∗𝜉 (𝑗
∗F, 𝑗∗G).

Proof. By the lemma above, we have Ext∗(𝑗∗F, 𝑗∗G) ≃ Ext∗(F,G)/Ext∗⩽𝜉 (F,G). For any (𝜆′, 𝜇′) ∈
Λ𝑀 with 𝜆′ ≠ 𝜆0, consider the ersatz parity sheaf P𝑋 (𝜆′, 𝜇′), resp. P𝑈 (𝜆′, 𝜇′) on 𝑋 , resp. 𝑈 . By
Lemma 3.7 we have 𝑗∗P𝑋 (𝜆′, 𝜇′) = P𝑈 (𝜆′, 𝜇′). This implies that for any 𝜉 ∈ Ξ𝜆, 𝜆 ≠ 𝜆0, the
subspace Ext∗⩽𝜉 (𝑗

∗F, 𝑗∗G) ⊂ Ext∗(𝑗∗F, 𝑗∗G) is the image of Ext∗⩽𝜉 (F,G) ⊂ Ext∗(F,G). The claim
follows. □

Lemma 3.21. Let F,G ∈ ParΛ(𝑋).
(1) If G ∈ 𝑖∗ Par(𝑋𝜆0), the natural map Ext∗(𝑖∗𝑖∗F,G) → Ext∗(F,G) is an isomorphism;
(2) If F ∈ 𝑖∗ Par(𝑋𝜆0), the natural map Ext∗(F,G) → Ext∗(F, 𝑖!𝑖!G) is an isomorphism;
(3) The isomorphisms in (1) and (2) restrict to isomorphisms on Ext∗⩽𝜉 for any 𝜉 ∈ Ξ𝜆0 . In

particular, we get Ext∗𝜉 (F,G) ≃ Ext∗𝜉 (𝑖∗𝑖
∗F,G) in (1) and Ext∗𝜉 (F,G) ≃ Ext∗𝜉 (F, 𝑖!𝑖

!G) in (2).

Proof. The first two statements follow from long exact sequences as in Lemma 3.5 together with

𝑗∗𝑖∗ = 0. Let us prove the last statement for the isomorphism in (1), for (2) the proof is analogous.

The inclusion Ext∗⩽𝜉 (𝑖∗𝑖
∗F,G) ⊂ Ext∗⩽𝜉 (F,G) is immediate. For the opposite direction, note that

any extension in Ext∗(F,P(𝜉)) must come from Ext∗(𝑖∗𝑖∗F,P(𝜉)) by (1). □

Lemma 3.22. Let F,G ∈ ParΛ(𝑋). The canonical map Ext∗(𝑖∗𝑖∗F, 𝑖!𝑖!G) → Ext∗(F,G) induces an
isomorphism Ext∗⩽𝜉 (𝑖∗𝑖

∗F, 𝑖!𝑖!G) ≃ Ext∗⩽𝜉 (F,G) for every 𝜉 ∈ Ξ𝜆0 . In particular, Ext∗𝜉 (𝑖∗𝑖
∗F, 𝑖!𝑖!G) ≃

Ext∗𝜉 (F,G).

Proof. First, note that we have Ext∗⩽𝜉 (𝑖∗𝑖
∗F,G) ≃ Ext∗⩽𝜉 (𝑖∗𝑖

∗F, 𝑖!𝑖!G) by Lemma 3.21. It remains to

prove Ext∗⩽𝜉 (𝑖∗𝑖
∗F,G) ≃ Ext∗⩽𝜉 (F,G). Since F,G, 𝑖∗𝑖

∗F ∈ ParΛ(𝑋), we have a short exact sequence

0 → Ext∗(𝑖∗𝑖∗F,G) → Ext∗(F,G) → Ext∗(𝑗!𝑗 !F,G) → 0.
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This implies the inclusion Ext∗⩽𝜉 (𝑖∗𝑖
∗F,G) ⊂ Ext∗⩽𝜉 (F,G). The surjectivy follows fromLemma 3.21(1)

applied to G = P(𝜉). □

Proof of Theorem 3.18. We reason by induction on the number of elements in Λ. The case of

one element is trivial. By the induction assumption, the evenness theory on 𝑈 induced by the

stratification𝑈 = ⨆𝜆∈Λ\{𝜆0} 𝑋𝜆 isB-properly stratified. If 𝜆 ≠ 𝜆0, all conditions in Definition 3.14
follow immediately from Lemma 3.20. From now on, assume 𝜆 = 𝜆0 and 𝜉 ∈ Ξ𝜆0 . Let us write

P𝜆0(𝜉) = ⨁
𝜇∈𝜚−1(𝜉)

P𝜆0(𝜇) ∈ Par(𝑋𝜆0).

For condition (1), we have

𝐵𝜉 = Ext∗𝜉 (P(𝜉),P(𝜉))
op = Ext𝜉 (P𝜆0(𝜉),P𝜆0(𝜉))

op,

and so 𝐵𝜉 ∈ B by proper stratification on 𝑋𝜆0 . For condition (2), let F ∈ ParΛ(𝑋). Then by

Lemma 3.21 we have

Ext∗𝜉 (P(𝜉),F) ≃ Ext∗𝜉 (P(𝜉), 𝑖!𝑖
!F) = Ext∗𝜉 (P𝜆0(𝜉), 𝑖

!F),

and so Ext∗𝜉 (P(𝜉),F) is a flat 𝐵𝜉 -module by proper stratification on 𝑋𝜆0 . Finally, let us consider
the map

Ext∗𝜉 (F,P(𝜉)) ⊗𝐵𝜉 Ext
∗
𝜉 (P(𝜉),G) → Ext∗𝜉 (F,G)

for F,G ∈ ParΛ(𝑋). By Lemma 3.21 we have

Ext∗𝜉 (F,P(𝜉)) ≃ Ext∗𝜉 (𝑖∗𝑖
∗F,P(𝜉)) = Ext∗𝜉 (𝑖

∗F,P𝜆0(𝜉)),

Ext∗𝜉 (P(𝜉),G) ≃ Ext∗𝜉 (P(𝜉), 𝑖!𝑖
!G) = Ext∗𝜉 (P𝜆0(𝜉), 𝑖

!G).

Moreover, by Lemma 3.22 we have

Ext∗𝜉 (F,G) ≃ Ext∗𝜉 (𝑖∗𝑖
∗F, 𝑖!𝑖!G) = Ext∗𝜉 (𝑖

∗F, 𝑖!G).

Therefore (3) follows from the proper stratification on 𝑋𝜆0 . □

Remark 3.23. Ersatz-completeness was used exactly once, in the proof of Lemma 3.20, which is

our crucial inductive step.

Remark 3.24. Definition 3.1 makes sense for any triangulated category C. Most of our statements

are essentially properties of recollements. We only use C = 𝐷𝑏(𝑌 ) for Krull-Schmidt property

in Remark 3.2, and Noetherianity in Proposition 3.17. This suggests that one can use analogous

arguments to deduce B-properly stratified structure of Ext-algebras in more exotic categories of

sheaves.

3.4. Polyheredity. Let us specialize our discussion to the particular case when B = P is the

class of (finitely generated positively graded) polynomial algebras, and 𝜚 is the identity map. In

the literature, one says polynomial quasihereditary instead of P-properly stratified, but we will

use the term polyhereditary for brevity.

Definition 3.25. Let Ev(𝑌 ) be a finitary evenness theory on 𝑌 with labelling setM. A total order

onM is polyhereditary if the following conditions are satisfied for all 𝜇 ∈ M:

(1) 𝐵𝜇 ∶= Ext∗𝜇(P(𝜇),P(𝜇))op is a polynomial algebra;

(2) For each F ∈ Par(𝑌 ), Ext∗𝜇(F,P(𝜇)) is free of finite rank over 𝐵𝜇;
(3) For each F,G ∈ Par(𝑌 ), the map (3.2) is an isomorphism.

Ev(𝑌 ) is polyhereditary if it admits a polyhereditary order.

Definition 3.26. Let 𝐴 be a Noetherian Laurentian graded unital k-algebra. A two-sided homo-

geneous ideal 𝐽 ⊂ 𝐴 is polyheredity if:
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(i) Hom𝐴(𝐽 , 𝐴/𝐽 ) = 0;
(ii) 𝐽 is a direct sum of (shifted) copies of an indecomposable projective 𝑃 as a left 𝐴-module,

and End𝐴(𝑃)op is a polynomial algebra;

(iii) 𝑃 is free finite rank over End𝐴(𝑃)op.

The algebra 𝐴 is polyhereditary if it admits a chain of polyheredity ideals.

The following is an immediate consequence of Proposition 3.17 and Theorem 3.18.

Corollary 3.27. (1) Let Ev(𝑌 ) be a polyhereditary evenness theory. The algebra Ext∗(L,L) is
polyhereditary for any full sheaf L ∈ Par(𝑌 ).

(2) Let 𝑋 = ∐𝜆∈Λ 𝑋𝜆 with a polyhereditary evenness theory Ev(𝑋𝜆) for each 𝑋𝜆. If EvΛ(𝑋) is
ersatz-complete, then it is polyhereditary.

3.5. Comparison with usual parity sheaves. Let 𝑌 be a smooth stack with 𝐻odd(𝑌 ,k) = 0.
Consider the full subcategory Evc(𝑌 ) ⊂ 𝐷𝑏(𝑌 ) of direct sums of even shifts of the constant sheaf

k𝑌 . One easily checks that this is an evenness theory.

Next, let 𝑋 = ⨆𝜆∈Λ 𝑋𝜆 be a stratification satisfying (3.1), such that 𝐻odd(𝑋𝜆,k) = 0 for all 𝜆.
By Corollary 3.6, we can glue the evenness theories Evc(𝑋𝜆) to an evenness theory EvpcΛ on 𝑋 ; we
call it the piecewise constant evenness theory. If 𝜋1(𝑋𝜆) = 0 for all 𝜆 ∈ Λ, then EvpcΛ is precisely

the category of even complexes of zero pariversity in the terminology of [JMW14, Def. 2.4], and

ersatz parity sheaves are parity sheaves.

Let 𝐺 be an algebraic group, and 𝑌 a 𝐺-variety with finitely many orbits 𝑌𝜆. Consider

𝑋 = [𝑌 /𝐺] = ⨆
𝜆∈Λ

𝑋𝜆, 𝑋𝜆 = [𝑌𝜆/𝐺].

Assume that for any point 𝑦 ∈ 𝑌 the stabilizer 𝐺𝑦 is connected, and 𝐻odd
𝐺𝑦 (pt) = 0. This is

equivalent to requiring that 𝜋1(𝑋𝜆) = 0 and 𝐻odd(𝑋𝜆) = 0. If all parity sheaves on 𝑋 exist, and

𝐻 ∗
𝐺𝑦 (pt) is a polynomial algebra for all 𝑦 ∈ 𝑌 , Corollary 3.27 recovers a result of McNamara.

Corollary 3.28 ([McN17a, Th. 4.7]). Under the assumptions above, the graded algebra Ext∗(L,L)
is polyhereditary for any full sheaf L ∈ ParpcΛ (𝑋).

When 𝐺 is trivial, the existence of parity sheaves is known [JMW14, Cor. 2.28]. In general,

the main method of constructing parity sheaves requires finding equivariant even resolutions of

closures of the strata, see [JMW14, Cor. 2.35].

Example 3.29. For each 𝑎, 𝑏 ∈ Z, consider the action of 𝑇 = C∗
on C2 = SpecC[𝑥, 𝑦], which

scales coordinate 𝑥 , resp. 𝑦 with weight 𝑎, resp. 𝑏 , and denote by [C2/(𝑎,𝑏)𝑇 ] the corresponding
quotient stack. The constant sheaves

k0 ∶= k{0}×{0}, k𝑥 ∶= kC×{0}, k𝑦 ∶= k{0}×C, k𝑥𝑦 ∶= kC2

are 𝑇 -equivariant for any values of 𝑎, 𝑏 .
Consider 𝑌♭ = {(𝑥, 𝑦) ∶ 𝑥𝑦 = 0} ⊂ [C2/(−1,1)𝑇 ] and 𝑌♮ = [C2/(1,1)𝑇 ], together with the

following stratifications:

𝑌♭ = ({0} × {0}) ⊔ (C∗ × {0}) ⊔ ({0} × C∗), 𝑌♮ = ({0} × {0}) ⊔ (C∗ × {0}) ⊔ (C × C∗).
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Consider evenness theory EvpcΛ associated to each stratification. In both cases all ersatz parity

sheaves exist; namely, {k0,k𝑥 ,k𝑦} for 𝑌♭ and {k0,k𝑥 ,k𝑥𝑦} for 𝑌♮. Moreover, Fourier-Sato trans-

form Θ along the first coordinate of C2
exchanges the two sets (up to shifts):

k0 ↔ k𝑥 , k𝑥 ↔ k0, k𝑦 ↔ k𝑥𝑦 .

Let L = k0 ⊕ k𝑥 ⊕ k𝑥𝑦 ∈ EvpcΛ (𝑌♮), and consider the algebra 𝐴 = Ext∗(L,L). It acquires two
polyhereditary structures; one by Proposition 3.17 applied to L, and another by Corollary 3.28

applied to L′ = k𝑥 ⊕ k0 ⊕ k𝑦 ∈ EvpcΛ (𝑌♭), and then transported via Θ. In the first case, the

polyheredity order is 0 < 𝑥 < 𝑥𝑦; denote it byΩ♮. In the second case, we can take any total order
refining the partial order 0 < 𝑥, 0 < 𝑦 in terms of L′

, which translates to 𝑥 < 0, 𝑥 < 𝑥𝑦 for L;

denote the latter partial order by Ω♭.
The algebra 𝐴 is linear over 𝐻 ∗

𝑇 (pt) = k[𝑢], and can be presented as a quiver with relations:

𝑒𝛿

𝑒10 𝑒01
𝑠1

𝑠2𝑚1

𝑟1 𝑚2

𝑟2

𝑠1𝑚1 = 𝑢𝑒10, 𝑠2𝑚2 = 𝑢𝑒01, 𝑚1𝑠1 = 𝑚2𝑠2 = 𝑢𝑒𝛿 ,
𝑟2𝑟1 = 𝑢2𝑒10, 𝑟1𝑟2 = 𝑢2𝑒01,
𝑠1𝑚2 = 𝑟2, 𝑠2𝑚1 = 𝑟1.

It follows that the first quotient in order Ω♭ is 𝐴/𝐴𝑒𝛿𝐴 ≃ k[𝑢]𝑒10 ⊕ k[𝑢]𝑒01, whereas the first
quotient in Ω♮ is 𝐴/𝐴𝑒10𝐴 ≃ 𝑍𝑒𝐴1

[𝑢]; here 𝑍𝑒𝐴1
is the extended zigzag algebra of type 𝐴1, see (6.5)

for the definition.

The example above essentially compares the stratifications of𝐴♭(𝛿) and𝐴♮(𝛿), up to killing off
one equivariant parameter for simplicity. The upshot is that the polyheredity structure arising

from cyclic orientation 1⇆ 0 does not have the semicuspidal algebra𝐶(𝛿) as the top piece, while
the one arising from Kronecker orientation 1⇒ 0 does.

Remark 3.30. We could fit the stratification of 𝑌♮ above in the framework of [McN17a] by adding

a one-dimensional unipotent group acting on C2
by 𝑎(𝑥, 𝑦) = (𝑥 + 𝑎𝑦, 𝑦). However, this trick

does not work when studying 𝐴♮(𝑘𝛿), 𝑘 > 1.

4. Stratification of seminilpotent qiver Schur

In this section, we construct an ersatz-complete evenness theory on Rep𝛼 , and deduce that the
seminilpotent Schur algebra is polyhereditary.

4.1. Stratification. Let 𝚽+ ⊂ Z𝐼
⩾0 be the set of positive roots for ŝl2, and 𝚽+

re ⊂ 𝚽+
the subset

of positive real roots. For every non-zero 𝛼 = 𝑛0𝛼0 + 𝑛1𝛼1, set

𝜃(𝛼) = 𝑛1/(𝑛0 + 𝑛1) ∈ [0, 1].

We write 𝛼 ⩽ 𝛼′ if 𝜃(𝛼) ⩽ 𝜃(𝛼′), and 𝛼 < 𝛼′ if the inequality is strict. This induces a preorder

⩽ on 𝚽+
. It is uniquely determined by the following conditions:

∙ The preorder is convex (i.e. 𝛼 ⩽ 𝛼 +𝛼′ ⩽ 𝛼′ for 𝛼, 𝛼′, 𝛼 +𝛼′ ∈ 𝚽+
, 𝛼 ⩽ 𝛼′), and 𝛼0 < 𝛼1;

∙ The restriction of ⩽ to 𝚽+
re ∪ {𝛿} is a total order;

∙ The multiples of 𝛿 are equivalent with respect to ⩽.

Explicitly, this preorder is as follows:

𝛼0 < 𝛼0 + 𝛿 < 𝛼0 + 2𝛿 < … < 𝛿 ∼ 2𝛿 ∼ … < … < 𝛼1 + 2𝛿 < 𝛼1 + 𝛿 < 𝛼1.

Definition 4.1. Let 𝛼 ∈ Z𝐼
⩾0. A Kostant partition 𝛽 of 𝛼 is a composition of 𝛼 of the form

𝛽 = (𝑖1𝛽1, 𝑖2𝛽2, … , 𝑖𝑟𝛽𝑟),

where 𝑖𝑘 ∈ Z>0 and 𝛽1 > 𝛽2 > … > 𝛽𝑟 are elements of 𝚽+
re ∪ {𝛿}. We denote the set of Kostant

partitions of 𝛼 by kp(𝛼) ⊂ Comp(𝛼).
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We will need a slight variant of this notion. Let 𝚽+
∙ ∶= 𝚽+

re ∪ {𝛿∙, 𝛿◦} be the totally ordered set

obtained from 𝚽+
re ∪ {𝛿} by replacing 𝛿 with 𝛿∙ > 𝛿◦. We regard 𝛿∙, 𝛿◦ as two copies of the same

element 𝛿 ∈ Z𝐼
⩾0.

Definition 4.2. Let 𝛼 ∈ Z𝐼
⩾0. A marked Kostant partition 𝛽 of 𝛼 is a composition of 𝛼 of the

form

𝛽 = (𝑖1𝛽1, 𝑖2𝛽2, … , 𝑖𝑟𝛽𝑟),
where 𝑖𝑘 ∈ Z>0 and 𝛽1 > 𝛽2 > … > 𝛽𝑟 are elements of 𝚽+

∙ . We denote the set of marked Kostant

partitions of 𝛼 by mkp(𝛼).

The data of a marked Kostant partition 𝛽 is equivalent to (𝛽, 𝑘∙), where 𝛽 ∈ kp(𝛼), and 𝑘∙ is a
non-negative integer not exceeding the coefficient of 𝛿 in 𝛽. The bijection is given by

(4.1) 𝛽 = (𝑖1𝛽1, … , 𝑘∙𝛿∙, 𝑘◦𝛿◦, … , 𝑖𝑟𝛽𝑟) ↔ (𝛽 = (𝑖1𝛽1, … , (𝑘 + 𝑘′)𝛿, … , 𝑖𝑟𝛽𝑟), 𝑘∙).

Recall the stacky notations of Remark 2.3 and Section 2.6. For every 𝛼 ∈ 𝚽+
re, we have the

unique indecomposable representation 𝑀𝛼 ∈ Rep𝛼 . The following lemma is well known, see

e.g. [Sch12, Ex. 3.34].

Lemma 4.3. Let 𝑀 , 𝑁 be two indecomposable representations of Γ with dim(𝑀) < dim(𝑁). Then
Ext1(𝑀, 𝑁 ) = Hom(𝑁 ,𝑀) = 0. If dim(𝑀) ∈ 𝚽+

re, then Ext1(𝑀,𝑀) = 0. □

In particular, for any 𝛼 ∈ 𝚽+
re, 𝑘 ∈ Z>0 we have an open substack

Repreg𝑘𝛼 ∶= {𝑀⊕𝑘
𝛼 } ≃ [pt/𝐺𝐿𝑘] ⊂ Rep𝑘𝛼 .

Recall that we have already defined the substacks Repreg𝑘𝛿 ,Rep
reg
𝑘𝛿∙ ,Rep

reg
𝑘𝛿◦ ⊂ Rep𝑘𝛿 in Section 2.6.

Definition 4.4. For any 𝛽 = (𝑖1𝛽1, 𝑖2𝛽2, … , 𝑖𝑟𝛽𝑟) ∈ mkp(𝛼), define

Repreg𝛽 ∶=
𝑟

∏
𝑗=1

Repreg𝑖𝑗𝛽𝑗 ⊂ Rep𝛽 , Rep𝛽𝛼 ∶= Repreg𝛽 ×Rep𝛽 Fl
♯
𝛽 .

Define Repreg
𝛽

, Rep𝛽𝛼 for 𝛽 ∈ kp(𝛼) analogously.

By Lemma 4.3, the natural map 𝑞 ∶ Rep𝛽𝛼 → Repreg𝛽 is bijective on C-points. Note that for

𝑉 = (𝑉1, … , 𝑉𝑟) ∈ Repreg𝛽 , we have a short exact sequence

0 → Id𝑉 +⨁
𝑖<𝑗

HomkΓ(𝑉𝑗 , 𝑉𝑖) → Aut
Rep𝛽𝛼

(𝑉 ) → AutRepreg𝛽
(𝑉 ) → 0,

where the first group is unipotent. On the other hand, the forgetful map Rep𝛽𝛼 → Rep𝛼 is a locally
closed embedding. By classification of indecomposable representations of the Kronecker quiver,

we have

(4.2) Rep𝛼 = ⨆
𝛽∈kp(𝛼)

Rep𝛽𝛼 = ⨆
𝛽∈mkp(𝛼)

Rep𝛽𝛼 .

The stratification into Rep𝛽𝛼 satisfies the conditions (3.1) by [Rei03, Prop. 3.7]. The same condition

holds for each stratification Rep𝛽𝛼 = ⊔𝑘 Rep(𝛽,𝑘)𝛼 , since it holds for (2.3).

4.2. Evenness theory on Rep𝛼 . We begin by defining an evenness theory on each Repreg𝛽 , 𝛽 ∈
mkp(𝛼). Let 𝑘∙, resp. 𝑘◦ be the multiplicity of 𝛿∙, resp. 𝛿◦ in 𝛽. Then by definition, we have

Repreg𝛽 ≃ [Ngl𝑘∙/𝐺𝐿𝑘∙] × [gl𝑘◦/𝐺𝐿𝑘◦] × [pt/𝐺
′] = [(Ngl𝑘∙ × gl𝑘◦)/𝐺],

where 𝐺′
is a product of general linear groups, and 𝐺 ∶= 𝐺′ × 𝐺𝐿𝑘∙ × 𝐺𝐿𝑘◦ .
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It is known that Ngl𝑘∙ × Ngl𝑘◦ has finitely many 𝐺𝐿𝑘∙ × 𝐺𝐿𝑘◦ orbits, with stabilizers satisfying

the conditions of Section 3.5. In particular, we obtain piecewise constant evenness theory Evpc

on [(Ngl𝑘∙ ×Ngl𝑘◦ )/𝐺].
Let us consider the maps

𝑖 ∶ [(Ngl𝑘∙ ×Ngl𝑘◦ )/𝐺] ↪ [(Ngl𝑘∙ × gl𝑘◦)/𝐺],
𝑝 ∶ [(Ngl𝑘∙ × gl𝑘◦)/𝐺] → [Ngl𝑘∙/𝐺].

The first map 𝑖 is a closed embedding, and 𝑝 is a vector bundle, self-dual via trace form on gl𝑘◦ .

Consider the Fourier-Sato transform Θ𝑝; then Θ𝑝 ◦ 𝑖∗(Evpc) is an evenness theory on Repreg𝛽 .

Remark 4.5. Alternatively, we can define an evenness theory on Repreg𝛽 by appealing to Re-

mark 3.3, and check that the result is the same.

Pulling back Θ𝑝 ◦ 𝑖∗(Evpc) along Rep𝛽𝛼 → Repreg𝛽 , we get an evenness theory Ev𝛽 ⊂ 𝐷
𝑏(Rep𝛽𝛼).

Finally, Corollary 3.6 gives rise to an evenness theory on Rep𝛼 , which we will denote Evmkp
𝛼 .

Example 4.6. Let 𝛼 = 𝑘𝛿, and restrict Evmkp
𝛼 to the open regular stratum Repreg𝑘𝛿 . This is an even-

ness theory, with at most 𝑝2(𝑘) ersatz parity sheaves, where 𝑝2(𝑘) is the number of bipartitions

of 𝑘.

4.3. Evenness of flag sheaves. The main source of sheaves in Evmkp
𝛼 is flag sheaves.

Proposition 4.7. Let 𝛽 ∈ Comp(𝛼), 𝑝𝛽 ∶ Fl♮𝛽 → Rep𝛼 the projection, and

L𝛽 ∶= (𝑝𝛽)∗k.

Then L𝛽 ∈ Evmkp
𝛼 .

Before proceeding with the proof, we need some intermediary results.

Definition 4.8. Let 𝑀 ∈ Rep𝛼 , and 𝛽 ∈ Comp(𝛼). The variety Fl♮𝛽(𝑀) ∶= Fl♮𝛽 ×Rep𝛼 {𝑀} is called
a (seminilpotent) Lusztig fiber.

We can analogously define Fl⋄𝛽(𝑀) for any quiver Γ = (𝐼 , 𝐻) and any function ⋄ ∶ 𝐻 → {♯, ♭}
as in Section 2.4.

Proposition 4.9. All seminilpotent Lusztig fibers for the Kronecker quiver have even cohomology.

Proof. For flags of KLR type (when Fl♮𝛽 = Fl♯𝛽) this is proved in [MM23, App. A]. The vanishing

of odd cohomology is proven for Lusztig fibers Fl♯𝛽(𝑀), Fl♭𝛽(𝑀) for all Dynkin and affine quivers

in [Zho25]. The proof replaces the original quiver Γ = (𝐼 , 𝐻)with its extended quiver on vertices

𝐼 × [1, 𝑑], and Lusztig fibers with (extended) quiver Grassmannians. Two flavors of extended

quiver are considered, depending on whether one works with Fl♯ or Fl♭; for the former, the

copies of arrows of the original quiver preserve the second coordinate, while for the latter they

decrease it by 1. More generally, for any function ⋄ ∶ 𝐻 → {♯, ♭} one may consider the “mixed”

extended quiver, where the behaviour of second coordinate depends on the value of ⋄. The proof
in [Zho25] then extends verbatim to show the evenness of 𝐻 ∗(Fl⋄𝛽(𝑀)). □

Lemma 4.10. Let 𝛼 ∈ 𝚽+
∙ , 𝑘 > 0, and 𝛾 ∈ Comp(𝑘𝛼). Then 𝑟∗L𝛾 is even, where 𝑟 ∶ Repreg𝑘𝛼 →

Rep𝑘𝛼 is the inclusion.

Proof. Let 𝛼 ∈ 𝚽+
re, and 𝑀𝛼 ∈ Rep𝛼 the indecomposable representation. Since Repreg𝑘𝛼 = {𝑀⊕𝑘

𝛼 } ≃
[pt/𝐺𝐿𝑘], the sheaf 𝑟∗L𝛾 is nothing else than the𝐻 ∗

𝐺𝐿𝑘 (pt)-module𝐻 ∗
𝐺𝐿𝑘 (Fl

♮
𝛾 (𝑀⊕𝑘

𝛼 )). As Fl♮𝛾 (𝑀⊕𝑘
𝛼 )

has even cohomology, this module is a direct sum of even shifts of the constant sheaf on [pt/𝐺𝐿𝑘]
by degeneration of Leray spectral sequence. Therefore 𝑟∗𝐿𝛾 is even by the definition of Evmkp

.
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Let 𝛼 = 𝛿∙. In this case Rep
reg
𝑘𝛿∙ = [Ngl𝑘/𝐺𝐿𝑘] has finitely many points, and the evenness theory

is the locally constant one. In particular, the evenness of 𝑟∗L𝛾 follows from Proposition 4.9 as

before.

Finally, let 𝛼 = 𝛿◦. Since all representations in Repreg𝑘𝛿◦ ≃ [gl𝑘/𝐺𝐿𝑘] are regular, we have

𝑟∗L𝛾 = 0 unless 𝛾 𝑗1 ≤ 𝛾 𝑗0 for all 1 ≤ 𝑗 ≤ 𝓁(𝛾). Note that the arrow ℎ♭ provides a canonical

isomorphism 𝑉1 ∼−→ 𝑉0 for any representation (𝑉1 ⇒ 𝑉0) ∈ Repreg𝑘𝛿◦ . Let us denote by Γ′ ⊂ Γ the

subquiver 1 ℎ♭−−→ 0. We have the following fiber square:

(4.3)

[gl𝑘/𝐺𝐿𝑘] Repreg𝑘𝛿◦(Γ) Rep𝑘𝛿◦(Γ)

[pt/𝐺𝐿𝑘] Repreg𝑘𝛿◦(Γ
′) Rep𝑘𝛿◦(Γ

′)

𝑗

𝑝 ⌟ 𝑝

where Repreg𝑘𝛿◦(Γ
′) parameterizes the unique representation of Γ′ with ℎ♭ isomorphism. For any

flag type 𝛾 , we need to check that Θ𝑝 ◦ 𝑗∗L𝛾 is even. Since Fourier-Sato transform is local in the

target, we have

Θ𝑝 ◦ 𝑗∗(L𝛾 ) = (𝑗 ′)∗ ◦ Θ𝑝(L𝛾 ) = (𝑗 ′)∗L♭𝛾 ,
where L♭𝛾 is the flag sheaf of type 𝛾 on Rep𝑘𝛿(1⇆ 0) with nilpotent conditions, and

𝑗 ′ ∶ Repreg𝑘𝛿 (1⇆ 0) ↪ Rep𝑘𝛿(1⇆ 0)

is the open inclusion of representations where the bottom arrow is an isomorphism. Analogously

to (4.3), we have a fiber diagram

[Ngl𝑘/𝐺𝐿𝑘] Repnil𝑘𝛿(1⇆ 0)

[pt/𝐺𝐿𝑘] Rep𝑘𝛿◦(Γ
′)

⌟

Thus, we are again reduced to showing that the Lusztig fibers Fl♭𝛾 (𝑁 ) are even, for any 𝑁 ∈
Repnil𝑘𝛿(1⇆ 0). This is known by [Mak15, Lem. 3.40]. □

Consider Lusztig’s restriction functor :

Δ𝛽 = (𝑞𝛽)!(𝑝𝛽)∗ ∶ 𝐷𝑏(Rep𝛼) → 𝐷𝑏(Rep𝛽), Rep𝛽
𝑞𝛽
←−− Fl♯𝛽

𝑝𝛽
−−→ Rep𝛼 .

Recall (see Section 1.2) that any 𝑤 ∈ S𝛽\S𝛼/S𝛾 yields a Schur diagram 𝐷𝑤. In particular, we

obtain compositions 𝛽𝑖(𝑤) ∈ Comp(𝛽𝑖), 1 ≤ 𝑖 ≤ 𝓁(𝛽).

Lemma 4.11. Let 𝛽, 𝛾 ∈ Comp(𝛼), and 𝑀 = |S𝛽\S𝛼/S𝛾 |. We have a sequence of exact triangles
(𝐹𝑖−1 → 𝐹𝑖 → 𝐶𝑖[−2𝑘𝑖] →) in 𝐷𝑏(Rep𝛽), such that 𝐹0 = 0, 𝐹𝑀 = Δ𝛽(L𝛾 ), 𝑘𝑖 ∈ Z, and

{𝐶𝑖 ∶ 1 ≤ 𝑖 ≤ 𝑀} =
{
𝐿𝛽1(𝑤) ⊠…⊠ 𝐿𝛽𝓁(𝑤) ∶ 𝑤 ∈ S𝛽\S𝛼/S𝛾

}
.

We call this filtration of Δ𝛽(𝐿𝛾 ) the Mackey filtration.

Proof. The statement is essentially due to Lusztig [Lus93, (9.2.11)]. Namely, the proof of Lem. 9.2.4

in loc.cit. constructs a stratification Fl♯𝛾 ×Rep𝛼 Fl
♯
𝛽 = ⨆𝑤 𝑋𝑤 into vector bundles 𝑋𝑤 → Fl♯𝛽1(𝑤) ×…×

Fl♯𝛽𝓁(𝑤), 𝑤 ∈ S𝛽\S𝛼/S𝛾 . Restricting from Fl♯𝛾 to Fl♮𝛾 , we obtain a stratification Fl♮𝛾 ×Rep𝛼 Fl
♯
𝛽 =

⨆𝑤 𝑋𝑤 into vector bundles 𝑋 ♮𝑤 → Fl♮𝛽1(𝑤) ×… × Fl♮𝛽𝓁(𝑤). Consider the locally closed inclusions

𝑖𝑤 ∶ 𝑋 ♮𝑤 ↪ Fl♮𝛾 ×Rep𝛼 Fl
♯
𝛽 .

By recollement, we have a sequence of exact triangles

(4.4) 𝐺𝑖−1 → 𝐺𝑖 → 𝐷𝑖[−2𝑚𝑖] +1−−→
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in 𝐷𝑏(Fl♮𝛾 ×Rep𝛼 Fl
♯
𝛽), such that 𝐺0 = 0, 𝐺𝑀 = k, 𝑚𝑖 ∈ Z, and {𝐷𝑖}𝑖 = {(𝑖𝑤)!k𝑋 ♮𝑤 }𝑤. On the other

hand, let us denote the natural projections from Fl♮𝛾 ×Rep𝛼 Fl
♯
𝛽 to Fl

♯
𝛽 , resp. Fl

♮
𝛾 by 𝑝1, resp. 𝑝2. We

have

Δ𝛽(L𝛾 ) = (𝑞𝛽)!(𝑝𝛽)∗(𝑝𝛾 )!(kFl♮𝛾
) = (𝑞𝛽)!(𝑝1)!(𝑝2)∗(kFl♮𝛾

)

= (𝑝1 ◦ 𝑞𝛽)!(kFl♮𝛾 ×Rep𝛼 Fl♯𝛽
).

Pushing the sequence (4.4) down to Rep𝛽 , we arrive at the desired statement. □

Proposition 4.12. Mackey filtration splits, that is we have

Δ𝛽(L𝛾 ) = ⨁
𝑤∈S𝛽\S𝛼/S𝛾

L𝛽1(𝑤) ⊠…⊠ L𝛽𝓁(𝑤)[−2𝑘𝑤]

for any 𝛽, 𝛾 ∈ Comp(𝛼).

Remark 4.13. Note that the splitting argument in [Lus93, § 9.2] relies on the theory of weights

for perverse sheaves, and therefore does not apply when chark > 0.

We prove Propositions 4.7 and 4.12 simultaneously.

Proof of Propositions 4.7 and 4.12. We proceed by induction on |𝛼|. Assume we know both Propo-

sition 4.7 and Proposition 4.12 for all 𝛼′ with |𝛼′| < 𝑁 , and let |𝛼| = 𝑁 . All sheaves occuring in

Mackey filtration of Δ𝛽(L𝛾 ) are even by induction, which implies Proposition 4.12 for 𝛼. Next,
consider the following commutative diagram:

Repreg𝛽 Rep𝛽𝛼 Rep𝛽𝛼

Rep𝛽 Fl♯𝛽 Rep𝛼

𝑖

𝑞

𝑖 𝑖𝛽
𝑝𝛽𝑞𝛽

The sheaf L𝛾 ∈ 𝐷𝑏(Rep𝛼) is Verdier self-dual up to an even shift. Therefore L𝛾 is even if and

only if 𝑞!𝑖∗𝛽L𝛾 is even for any 𝛽 ∈ mkp(𝛼). By base change, we have

𝑞!𝑖∗𝛽L𝛾 = 𝑞!𝑖
∗𝑝∗𝛽L𝛾 = 𝑖

∗(𝑞𝛽)!𝑝
∗
𝛽L𝛾 = 𝑖

∗Δ𝛽(𝐿𝛾 ).

Therefore it suffices to check that 𝑖∗Δ𝛽L𝛾 is even for all 𝛽 ∈ mkp(𝛼). Applying Proposition 4.12,

we are reduced to checking the evenness of 𝑖∗L𝛽′ for 𝛽
′ ∈ Comp(𝛼′), 𝛼′ ∈ Z>0𝚽+

∙ , which follows

from Lemma 4.10. □

4.4. Orders on Kostant partitions. The set mkp(𝛼) of marked Kostant partitions admits two

natural orders. First, each 𝛽 ∈ mkp(𝛼) gives rise to a locally closed stratum Rep𝛽𝛼 ⊂ Rep𝛼 by (4.2).
The closure order ⩽𝐶 on mkp(𝛼) is defined by

𝛽 ⩽𝐶 𝛾 ⇔ Rep𝛽𝛼 ⊂ Rep𝛾𝛼 .

Given 𝛽 = (𝑖1𝛽1, … , 𝑖𝑟𝛽𝑟), let us define a closed substackRep♯̈𝛽 ⊂ Rep𝛽 . WriteRep♯̈𝛽 ∶= ∏𝑘 Rep
♯
𝑖𝑘𝛽𝑘 ,

where Rep♯𝑖𝑘𝛽𝑘 = Rep𝑖𝑘𝛽𝑘 if 𝛽𝑘 ≠ 𝛿∙, and Rep♯𝑖𝛿∙ is the image of the map Fl♮𝛿,𝛿,…,𝛿 → Rep𝑖𝛿∙ . Define

Fl♯̈𝛽 ∶= Rep♯̈𝛽 ×Rep𝛽 Fl
♯
𝛽 .

It is clear from Definition 4.4 that Repreg𝛽 ⊂ Rep♯̈𝛽 , and so the inclusion Rep
𝛽
𝛼 ⊂ Fl♯𝛽 factors through

Fl♯̈𝛽 . We will say that a representation 𝑉 ∈ Rep𝛼 supports a flag of type 𝛽 if 𝑉 lies in the image of

the proper map Fl♯̈𝛽 → Rep𝛼 .
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Lemma 4.14. We have 𝛽 ⩽𝐶 𝛾 if and only if every representation 𝑉 ∈ Rep𝛽𝛼 supports a flag of
type 𝛾 .

Proof. The argument is contained in the proof of [Rei03, Prop. 3.4]. To summarize, Fl♯𝛾 → Rep𝛼
is a proper map with irreducible source, which restricts to an isomorphism over the open dense

Rep𝛾𝛼 . This implies that the closure Rep𝛾𝛼 is precisely the image of Fl♯𝛾 . □

Second, we have total reverse lexicographic order. Recall that the set 𝚽+
∙ is totally ordered.

Then given 𝛽, 𝛾 ∈ mkp(𝛼), 𝛽 = (𝑖1𝛽1, … , 𝑖𝑟𝛽𝑟), 𝛾 = (𝑗1𝛾 1, … , 𝑗𝑠𝛾 𝑠), we say that 𝛽 ⩽𝐿 𝛾 if there

exists 𝑡 ≤ min(𝑟, 𝑠) such that 𝑖𝑙𝛽𝑙 = 𝑗 𝑙𝛾 𝑙 for all 𝑙 < 𝑡, and either 𝛽𝑡 > 𝛾 𝑡 , or 𝛽𝑡 = 𝛾 𝑡 and 𝑖𝑡 > 𝑗 𝑡 .

Proposition 4.15. Reverse lexicographic order refines closure order, i.e. 𝛽 ⩽𝐶 𝛾 implies 𝛽 ⩽𝐿 𝛾 .

Proof. Let 𝛾 >𝐿 𝛽. By Lemma 4.14, it suffices to show that a representation 𝑉 ∈ Rep𝛽𝛼 does not

support a flag of type 𝛾 . We reason by contradiction. Assume 𝑉1 ⊂ 𝑉2 ⊂ … ⊂ 𝑉 is a flag of type 𝛾 ,
and denote by 𝑡 the smallest index such that 𝛾 𝑡 > 𝛽𝑡 . Recall that by definition (and Lemma 4.3),

𝑉 supports the unique flag 𝑉 ′
1 ⊂ … ⊂ 𝑉 of type 𝛽; in particular, we have 𝑉𝑖 = 𝑉 ′

𝑖 for all 𝑖 < 𝑡.
Passing from 𝑉 to 𝑉/𝑉𝑡−1, we can assume that 𝑡 = 1. If 𝛾 1 > 𝛽1, then any map 𝑉1 → 𝑉 has to

vanish by Lemma 4.3. If 𝛾 1 = 𝛽1 and 𝑗1 > 𝑖1, then for the same reason the map 𝑉1 → 𝑉 factors

through 𝑉 ′
1 . However, the dimension of 𝑉 ′

1 is strictly smaller than that of 𝑉1, so that 𝑉1 → 𝑉
cannot be an injection. Thus 𝑉 cannot support a flag of type 𝛾 . □

Corollary 4.16. Let 𝛽 ∈ mkp(𝛼), and pick an arbitrary composition 𝛽 ∈ Comp(𝛼) refining 𝛽.
Then the support of the flag sheaf L𝛽 belongs to Rep𝛽𝛼 .

Proof. The closure Rep𝛽𝛼 is precisely the image of the projection 𝑝 ∶ Fl♯̈𝛽 → Rep𝛼 by Lemma 4.14.

The flag sheaf L𝛽 is the pushforward of the constant sheaf along Fl♮𝛽 → Rep𝛼 . Since the latter
map factors through 𝑝, we may conclude. □

Remark 4.17. One can write down an intermediate partial order between ⩽𝐶 and ⩽𝐿 similarly

to [Rei03, Prop. 3.7]. We do not need this.

4.5. Ersatz-completeness.

Proposition 4.18. The evenness theory Evmkp
𝛼 is ersatz-complete.

Proof. In view of Proposition 4.7 and Corollary 4.16, for each 𝛽 ∈ mkp(𝛼) and indecomposable

𝐹 ∈ Ev𝛽 it suffices to find a composition 𝛽 ∈ Comp(𝛼) refining 𝛽, such that L𝛽 |Rep𝛽𝛼 = 𝐹 . Let us

write 𝛽 = (𝑖1𝛽1, … , 𝑖𝑟𝛽𝑟), and 𝛽 is a concatenation of compositions 𝛾𝑘 ∈ Comp(𝑖𝑘𝛽𝑘). Recall the
map 𝑞 ∶ Rep𝛽𝛼 → Repreg𝛽 . Since any representation 𝑉 ∈ Rep𝛽𝛼 supports a unique flag of type 𝛽,
we have

L𝛽 |Rep𝛽𝛼 = 𝑞
∗(L𝛾1 ⊠…⊠ L𝛾𝑟 ).

By Remark 4.5 we are therefore reduced to the length 1 case 𝛽 = (𝑘𝛼′), 𝑘 > 0, 𝛼′ ∈ 𝚽+
∙ .

Assume 𝛼′ ∈ 𝚽+
re, then 𝑉 = 𝑀⊕𝑘

𝛼′ . Explicitly, 𝑀𝛼′ are as follows:

𝑀𝛼1+𝑖𝛿 = C𝑖+1 C𝑖
(idC𝑖 0)

(0 idC𝑖 )
, 𝑀𝛼0+𝑖𝛿 = C𝑖 C𝑖+1

(
idC𝑖
0 )

(
0

idC𝑖)

.

One checks directly that 𝑀⊕𝑘
𝛼1+𝑖𝛿 has the unique flag of type

(4.5) 𝛽𝑘(𝛼1+𝑖𝛿) ∶= (𝑘𝛿, 𝑘𝛿, … , 𝑘𝛿, 𝑘𝛼1),
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and 𝑀⊕𝑘
𝛼0+𝑖𝛿 has the unique flag of type

(4.6) 𝛽𝑘(𝛼0+𝑖𝛿) ∶= (𝑘𝛼0, 𝑘𝛿, 𝑘𝛿, … , 𝑘𝛿).

Therefore L𝛽𝑘𝛼′ |Rep𝛽𝑘𝛼′
= k for any 𝛼′ ∈ 𝚽+

re.

Let 𝛼′ = 𝛿∙; then Rep𝛽𝑘𝛼′ = [Ngl𝑘/𝐺𝐿𝑘], and the evenness theory is piecewise constant on the

nilpotent orbits. For a partition 𝜆 ⊢ 𝑘, 𝜆 = (𝜆1 ≥ … ≥ 𝜆𝑟), consider the flag type

(4.7) 𝛽∙𝜆 ∶= (𝜆1𝛿,… , 𝜆𝑟𝛿)

and the nilpotent orbit O𝜆 with sizes of Jordan blocks given by 𝜆. By Proposition 6.10, the re-

striction of Fl♮𝛽∙𝜆 to Rep𝛽𝑘𝛼′ is simply the partial Springer resolution 𝑇 ∗(𝐺𝐿𝑘/𝑃𝜆). It is known that

the image of projection 𝑝 ∶ 𝑇 ∗(𝐺𝐿𝑘/𝑃𝜆) → Ngl𝑘 lies in the closure O𝜆𝑡 , and 𝑝 restricts to an

isomorphism over O𝜆𝑡 . Therefore L𝛽∙𝜆 contains the ersatz parity sheaf corresponding to 𝜆𝑡 as a
direct summand.

Finally, let 𝛼′ = 𝛿◦, so that Rep𝛽𝑘𝛼′ = [gl𝑘/𝐺𝐿𝑘]. For a partition 𝜇 ⊢ 𝑘, consider the flag type

(4.8) 𝛽◦𝜇 ∶= (𝜇1𝛼0, 𝜇1𝛼1, … , 𝜇𝑟𝛼0, 𝜇𝑟𝛼1).

It follows from [MM23, Lem. 8.7] that the restriction of Fl♮𝛽◦𝜇 to Rep
𝛽
𝑘𝛼′ is the partial Grothendieck-

Springer alternation𝐺𝐿𝑘×𝑃𝜇 p𝜇. Under Fourier-Sato transform on [gl𝑘/𝐺𝐿𝑘], the flag sheavesL𝛽◦𝜇
go to the flag sheaves L𝛽∙𝜇 on the nilpotent cone, so we may conclude by the previous case. □

Corollary 4.19. The category of ersatz parity sheaves on Rep𝛼 with respect to Ev
mkp
𝛼 coincides with

category of direct sums of shifted direct summands of flag sheaves L𝛽 , 𝛽 ∈ Comp(𝛼).

Remark 4.20. We can replace the idempotents in (4.5, 4.6) by

𝛽′𝑘(𝛼1+𝑖𝛿) ∶= (𝑖𝑘𝛼0, (𝑖 + 1)𝑘𝛼1), 𝛽′𝑘(𝛼0+𝑖𝛿) ∶= ((𝑖 + 1)𝑘𝛼0, 𝑖𝑘𝛼1).

4.6. Polyheredity structure on 𝐴♮(𝛼). By Proposition 4.18, we can apply Theorem 3.18 to the

evenness theory Evmkp
𝛼 on Rep𝛼 . Since the evenness theory Ev𝛽 on each stratum is equivalent

to piecewise constant evenness theory, it is polyhereditary by Section 3.5. Hence Evmkp
𝛼 is poly-

hereditary as well. By Corollary 4.19, the direct sum of all flag sheaves L𝛼 = ∑𝛽∈Comp(𝛼)L𝛽 is a

full sheaf in Parmkp
𝛼 . Therefore the algebra Ext∗(L𝛼 ,L𝛼) is polyhereditary by Corollary 3.27. We

obtain:

Theorem 4.21. Let Γ = 1 ⇒ 0 be the Kronecker quiver, and 𝛼 ∈ 𝑄+
𝐼 . The seminilpotent quiver

Schur algebra 𝐴♮Γ(𝛼) is polyhereditary. □

Let us bemore explicit about the sequence of idempotents in𝐴♮Γ(𝛼) yielding the polyhereditary
structure. Recall the notations in (4.1), and consider the set

(4.9) Λ𝛼 =
{
(𝛽, 𝜆, 𝜇) ∶ 𝛽 ∈ mkp(𝛼), 𝜆 ⊢ 𝑘∙, 𝜇 ⊢ 𝑘◦

}
.

We equip the triples in Λ𝛼 with the lexicographic order, where each coordinate is arranged by

reverse lexicographic order. In other words,

(𝛽1, 𝜆1, 𝜇1) ⩽ (𝛽2, 𝜆2, 𝜇2) ⇔
⎡
⎢
⎢
⎣

𝛽1 >𝐿 𝛽2;
𝛽1 = 𝛽2, 𝜆1 > 𝜆2;
𝛽1 = 𝛽2, 𝜆1 = 𝜆2, 𝜇1 > 𝜇2.

To each element (𝛽, 𝜆, 𝜇) ∈ Λ𝛼 , we associate a composition 𝛾(𝛽, 𝜆, 𝜇) ∈ Comp(𝛼), defined via the
following procedure:

(1) Write 𝛽 as (𝑘1𝛼1, … , 𝑘𝑟𝛼𝑟 , 𝑘∙𝛿∙, 𝑘◦𝛿◦, 𝑘𝑟+1𝛼𝑟+1, … , 𝑘𝑠𝛼𝑠), 𝛼𝑖 ∈ 𝚽+
re;

(2) To each 𝛼𝑖 ∈ 𝚽+
re associate the composition 𝛽𝑘𝑖𝛼𝑖 as defined in (4.5, 4.6);
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(3) For 𝛿∙ resp. 𝛿◦, take the composition 𝛽∙𝜆𝑡 , resp. 𝛽
◦
𝜇𝑡 as defined in (4.7, 4.8);

(4) Concatenate compositions in (2), (3) in the order given by (1). Denote the result by

𝛾(𝛽, 𝜆, 𝜇) ∈ Comp(𝛼).
Combining Theorem 3.18 and Propositions 4.15 and 4.18, we obtain

Theorem 4.22. The polyhereditary structure on 𝐴♮Γ(𝛼) is given by the sequence of idempotents
1𝛾(𝛽,𝜆,𝜇), (𝛽, 𝜆, 𝜇) ∈ Λ𝛼 in reverse lexicographic order. □

4.7. Another poyhereditary structure. Note that we have the following simple corollary of

the discussion in Section 3.5.

Proposition 4.23. Let Γ be a cyclic quiver, and 𝛼 ∈ 𝑄+
𝐼 . The nilpotent Schur algebra 𝐴♭Γ(𝛼) is

polyhereditary.

Proof. All nilpotent flag sheaves are supported on the locus Repnil𝛼 ⊂ Rep𝛼 of nilpotent repre-

sentations. It is well known that the cyclic quiver has finitely many nilpotent representations of

fixed dimension vector 𝛼, and the stabilizer of each such representation is homotopic to a prod-

uct of general linear groups. Every flag sheaf has even fibers by [Mak15, Zho25]. Moreover, for

each nilpotent representation 𝑉 there exists 𝛽 ∈ Comp(𝛼) such that 𝑉 admits exactly one flag of

type 𝛽 [SW14, Prop. 2.7].

Summarizing, the piecewise constant evenness theory Evpc on Repnil𝛼 is ersatz-complete, there-

fore polyhereditary, and the sum of flag sheaves is full. We conclude by Corollary 3.28. □

In particular, we get another polyhereditary structure on 𝐴♭1⇆0(𝛼) ≃ 𝐴
♮
1⇒0(𝛼). Note, however,

that the two polyheredity orders are not compatible already for 𝛼 = 𝛿 by Example 3.29. Only

the polyheredity order of Theorem 4.22 is compatible with the categorification of Beck-Damiani

basis of 𝑈−
𝑞 (ŝl2) in [McN17b].

5. Semicuspidal qotients

In this section, we unwind Theorem 4.22 and relate our results to some existing constructions.

In order to do so, we consider a coarser properly stratified structure on 𝐴♮(𝜉), 𝜉 ∈ 𝑄+
𝐼 .

5.1. Semicuspidal quotients. Let us regroup the idempotents in Theorem 4.22. For any 𝛽 ∈
kp(𝜉), consider

1𝛾(𝛽) ∶= ∑
𝑘,𝜆,𝜇

1𝛾((𝛽,𝑘),𝜆,𝜇).

On the sheaf side, let P𝛽 be the direct sum of all ersatz parity sheaves in Ev(Rep𝛽𝜉 ). Proposi-

tion 3.17 implies that the (reverse) lexicographic order on idempotents 1𝛾(𝛽) induces aC -properly

stratified structure on 𝐴♮(𝛼), where C is the collection of algebras Ext∗(P𝛽 ,P𝛽) for all 𝜉 and

𝛽 ∈ mkp(𝜉). Since the evenness theory on Rep𝛽𝜉 is a product of evenness theories, in order to

understand C it suffices to consider 𝜉 = 𝑛𝛼, 𝛽 = (𝑛𝛼) for some 𝛼 ∈ 𝚽+
, 𝑛 > 0.

Let us denote the sum of all (seminilpotent) flag sheaves on Rep𝑛𝛼 by L𝑛𝛼 , and the sum of all

ersatz parity sheaves supported away from Repreg𝑛𝛼 by P′
. By Lemma 3.7, we have

(5.1)

Ext∗(P𝛽 ,P𝛽) = Ext∗(L𝑛𝛼 ,L𝑛𝛼)/Ext∗(L𝑛𝛼 ,P′) ◦ Ext∗(P′,L𝑛𝛼)

= Ext∗(L𝑛𝛼 ,L𝑛𝛼)/Ext∗(L𝑛𝛼 ,L′) ◦ Ext∗(L′,L𝑛𝛼),

where L′
is the direct sum of all flag sheaves on Rep𝑛𝛼 supported away from Repreg𝑛𝛼 . Note that

the second equality holds by ersatz-completeness.
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Definition 5.1. A composition 𝛽 = (𝛽1, … , 𝛽𝑘) ∈ Comp(𝜉) is called noncuspidal if we have

𝜃(∑𝑟
𝑡=1 𝛽𝑡) > 𝜃(∑𝑘

𝑡=𝑟+1 𝛽𝑡) for some 1 ⩽ 𝑟 < 𝑘. We say that the idempotent 1𝛽 ∈ 𝐴(𝜉) is
noncuspidal if 𝛽 is, and denote the sum of all noncuspidal idempotents by 1nc.

By Lemma 4.14 a flag sheafL𝛽 , 𝛽 ∈ Comp(𝜉) is supported away from Repreg𝑛𝛼 for 𝛽 noncuspidal.
Moreover, by construction in Proposition 4.18 the collection of such flag sheaves contains all

ersatz parity sheaves supported away from Repreg𝑛𝛼 as direct summands. Thus

Ext∗(L𝑛𝛼 ,L𝑛𝛼)/Ext∗(L𝑛𝛼 ,L′) ◦ Ext∗(L′,L𝑛𝛼) = 𝐴(𝑛𝛼)/𝐴(𝑛𝛼)1nc𝐴(𝑛𝛼).

Definition 5.2. We call 𝐶(𝑛𝛼) ∶= 𝐴(𝑛𝛼)/𝐴(𝑛𝛼)1nc𝐴(𝑛𝛼) the semicuspidal algebra.

When 𝛼 ∈ 𝚽+
re, the evenness theory on Rep(𝑛𝛼)𝑛𝛼 is the constant one, so that 𝐶(𝑛𝛼) is Morita-

equivalent to a polynomial algebra. When 𝛼 = 𝛿, the algebra is more complicated, but the

results of Section 4 supply us with a projective generator. Namely, let I = {𝜏, 𝜀}, and recall

the set of I-coloured compositions I(𝑛) from Definition 1.1. For each 𝑛 > 0, consider the map

I(𝑛) → Comp(𝑛𝛿), 𝝀 ↦ 𝛽𝝀 uniquely determined by:

∙ (𝑛𝜀) ↦ (𝑛𝛿), (𝑛𝜏) ↦ (𝑛𝛼0, 𝑛𝛼1),
∙ The map∐𝑗 I

(𝑛𝑗 ) → ∐𝑗 Comp(𝑛𝑗𝛿) commutes with concatenation.

Note that for a composition of pure colour 𝜀, resp. 𝜏 we have 𝛽𝝀 = 𝛽∙𝜆, resp. 𝛽𝝀 = 𝛽◦𝜆, as defined
in (4.7, 4.8). We abbreviate 𝑒𝝀 ∶= 1𝛽𝝀 ∈ 𝐴(𝑛𝛿).

Proposition 5.3. Let
𝑒 = ∑

𝝀∈I(𝑛)
𝑒𝝀, 𝑒0 = ∑

𝝀∈I𝑛
𝑒𝝀.

The algebra 𝐶(𝑛𝛿) is Morita-equivalent to 𝑒𝐶(𝑛𝛿)𝑒. Moreover, if k is of characteristic zero, then
𝐶(𝑛𝛿) is Morita-equivalent to 𝑒0𝐶(𝑛𝛿)𝑒0.

Proof. By the proof of Proposition 4.18, every ersatz parity sheaf on Repreg𝑛𝛿 can be obtained from

a flag sheaf of type 𝛽𝝀, where

(5.2) 𝝀 = (𝜆1𝜀, … , 𝜆𝑘𝜀, 𝜆𝑘+1𝜏, … , 𝜆𝑘+𝑙𝜏).

This proves the first claim.

Recall the stratification Repreg𝑛𝛿 = ⨆𝑛
𝑘=0 Rep

reg
𝑘𝛿∙ ×Rep

reg
(𝑛−𝑘)𝛿◦ . We know by Springer theory that

when k is of characteristic zero, pushforwards of partial Springer resolutions have the same

direct summands as the Springer sheaf 𝑝∗k, 𝑝 ∶ 𝑇 ∗(𝐺𝐿𝑘/𝐵) → Ngl𝑘 . This means that we only

need the flag sheaves of type 𝛽𝝀 where all 𝜆𝑖’s are equal to 1. This proves the second claim. □

Remark 5.4. Denote restriction of flag sheaf of type 𝛽𝝀 to Repreg𝑛𝛿 by L
reg
𝝀 , and Lreg ∶= ⨁𝝀L

reg
𝝀 .

Then by the discussion above that 𝐶(𝑛𝛿) ≃ Ext∗(Lreg,Lreg).

The proof of Proposition 5.3 shows that 𝑒 is somewhat redundant. While we could choose

a smaller idempotent, this one produces more convenient diagrammatics. On the other hand,

we can use the smaller set of idempotents to describe the polyhereditary structure on 𝐶(𝑛𝛿)
inherited from Theorem 4.22. Denote Λ′

𝑛𝛿 ∶= {(𝜆, 𝜇)} ⊂ Λ𝑛𝛿 , where (𝜆, 𝜇) ∶= ((𝑘∙𝛿∙, 𝑘◦𝛿◦), 𝜆, 𝜇)
in the notations of (4.9). This is precisely the subset of images of 𝝀’s appearing in (5.2).

Restricting polyhereditary evenness theory from Rep𝑛𝛿 to Repreg𝑛𝛿 , Theorem 4.22 implies

Theorem 5.5. The semicuspidal algebra 𝐶(𝑛𝛿) is polyhereditary. The polyhereditary structure is
given by the sequence of idempotents 1𝜆,𝜇, (𝜆, 𝜇) ∈ Λ′

𝑛𝛿 in the lexicographic order. □

Example 5.6. Let 𝜉 = 2𝛿. Theorem 4.22 yields the following sequence of idempotents:

1(2𝛼1,2𝛼0) < 1(𝛼1,𝛿,𝛼0) < 1(𝛼1,𝛼0,𝛼1,𝛼0) < 1(𝛼1,𝛼0,𝛿) < 1(𝛿,𝛼1,𝛼0)
< 1(2𝛿) < 1(𝛿,𝛿) < 1(𝛿,𝛼0,𝛼1) < 1(2𝛼0,2𝛼1) < 1(𝛼0,𝛼1,𝛼0,𝛼1),
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where the second line consists of idempotents in Λ′
2𝛿 , and can be equivalently rewritten as

𝑒(2𝜀) < 𝑒(𝜀,𝜀) < 𝑒(𝜀,𝜏) < 𝑒(2𝜏) < 𝑒(𝜏,𝜏).

5.2. Diagrammatics of 𝑒𝐶(𝑛𝛿)𝑒. In view of Proposition 5.3, let us introduce new Schur dia-

grammatics for images of certain elements of 𝑒𝐴(𝑛𝛿)𝑒 in 𝑒𝐶(𝑛𝛿)𝑒. First, denote

𝑛𝜏

∶=

𝑛𝛼0 𝑛𝛼1

,

𝑛𝜀

∶=

𝑛𝛿

.

For 𝝀 = (𝜆1𝑐1, … , 𝜆𝑟𝑐𝑟) ∈ I(𝑛), we draw the idempotent 𝑒𝝀 as 𝑟 parallel vertical lines with labels

𝜆1𝑐1, … , 𝜆𝑟𝑐𝑟 . We allow our strands to change colour via splits and merges:

−

𝑎𝜏

𝑎𝜀

∶=

𝑎𝛼0 𝑎𝛼1

𝑎𝛿

,

−

𝑎𝜀

𝑎𝜏

∶=

𝑎𝛼0 𝑎𝛼1

𝑎𝛿
.

For strands of colour 𝜏, we write

(𝑎 + 𝑏)𝜏

𝑎𝜏 𝑏𝜏

∶=

𝑎𝛼0 𝑎𝛼1

(𝑎 + 𝑏)𝛼0

𝑏𝛼0 𝑏𝛼1

(𝑎 + 𝑏)𝛼1

,

(𝑎 + 𝑏)𝜏

𝑎𝜏 𝑏𝜏

∶=

𝑎𝛼0 𝑎𝛼1

(𝑎 + 𝑏)𝛼0

𝑏𝛼0 𝑏𝛼1

(𝑎 + 𝑏)𝛼1

.

For strands of colour 𝜀, splits and merges are defined as images of 𝑆(𝑎𝛿,𝑏𝛿),(𝑎+𝑏)𝛿 , 𝑀(𝑎+𝑏)𝛿,(𝑎𝛿,𝑏𝛿)
from Definition 2.5 respectively.

Lemma 5.7. For each 𝑐 ∈ I splits and merges of colour 𝑐 are associative, i.e. (1.1) holds.

Proof. In this proof, we will use black for thick strands of colour 𝛼0 and red for 𝛼1 to remove

the labels. For 𝑐 = 𝜀, the claim follows directly from associativity of splits/merges in 𝐴(𝑛𝛿). For
𝑐 = 𝜏, consider the following equations in 𝐴(𝑛𝛿):

=
,

=
,

together with their reflections with respect to vertical and horizontal axes. It is straightforward

to check these relations on the polynomial representation of 𝐴(𝑛𝛿). Namely, the formulae in

Proposition 2.13 show that the crossings act by multiplication with a symmetric polynomial,

which commutes past single-colour splits and merges. Thus we can check the associativity rela-

tions already in 𝑒𝐴(𝑛𝛿)𝑒:

= =

In particular, the same relations hold in 𝑒𝐶(𝑛𝛿)𝑒. □

For two strands of the same colour, we define the crossing asmerge followed by split, as in (2.1).

However, since we do not allow idempotents of mixed colour in I-coloured diagrammatics, we

have to define the crossing of two different colours separately:

𝑎𝜏 𝑏𝜀

𝑏𝜀 𝑎𝜏

∶=

𝑎𝛼0

𝑎𝛼0

𝑎𝛼1

𝑎𝛼1

𝑏𝛿

𝑏𝛿

,

𝑎𝜏 𝑏𝜀

𝑏𝜀 𝑎𝜏

∶=

𝑎𝛼0

𝑎𝛼0

𝑎𝛼1

𝑎𝛼1

𝑏𝛿

𝑏𝛿

.
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Finally, we define coupons labelled by polynomials 𝑃 ∈ PolS𝑎×S𝑎
𝑎𝛿 . For strands of colour 𝜀, we

define them simply as images of coupons in 𝑒𝐴(𝑛𝛿)𝑒. For colour 𝜏, given a polynomial of the

form 𝑃 = 𝑄𝑅, 𝑄 ∈ k[𝑢1, … , 𝑢𝑎]S𝑎
, 𝑅 ∈ k[𝑣1, … , 𝑣𝑎]S𝑎

, we set

𝑃

𝑎𝜏

∶= 𝑄

𝑎𝛼0

𝑅

𝑎𝛼1

For other polynomials, we extend this definition by linearity.

Let 𝝀, 𝝁 ∈ I(𝑛), with underlying uncoloured partitions 𝜆, 𝜇 ∈ Comp(𝑛). Consider the basis

{𝜓𝑃𝑤} in Proposition 2.8 for 𝑒𝝀𝐴(𝛼)𝑒𝝁. We have an obvious bijection

S𝛽𝝀\S𝑛𝛿/S𝛽𝝁 ≃ S𝜆\S𝑛/S𝜇 ×S𝜆\S𝑛/S𝜇, 𝑤 → (𝑤0, 𝑤1);

here 𝑤𝑖 corresponds to the colour 𝛼𝑖 ∈ 𝐼 . Let us denote 𝜓𝑃𝑤0,𝑤1
∶= 𝜓𝑃𝑤.

Proposition 5.8. Let 𝝀, 𝝁 ∈ I(𝑛), and define 𝐵𝝁′ as in Section 6.5. Then the set

{𝜓𝑃𝑥,𝑥 ∶ 𝑥 ∈ S𝜆\S𝑛/S𝜇, 𝑃 ∈ 𝐵𝝁′}

is a basis of the k-module 𝑒𝝀𝐶(𝑛𝛿)𝑒𝝁.

We postpone the proof of this claim until Section 6.5.

Example 5.9. Assume 𝝀 = (2𝜏, 2𝜀, 2𝜏), 𝝁 = (3𝜏, 3𝜀), and let 𝑥 = ( 1 2 3 4 5 6
1 3 5 2 4 6 ) ∈ S6. Here is how

𝜓𝑃𝑥,𝑥 is drawn in quiver Schur diagrammatics and the new diagrammatics:

𝑃

3𝛼0 3𝛼1 3𝛿

𝛿 𝛿 𝛿

2𝛼0 2𝛼1 2𝛿 2𝛼0 2𝛼1

𝛿 𝛿

𝛿 𝛿 𝛿

⇝

− −

𝑃

−

3𝜏 3𝜀

2𝜏 2𝜀 2𝜏

5.3. Restriction to KLR algebra. Let 𝛼 = 𝑛0𝛼0 + 𝑛1𝛼1, and consider the KLR algebra 𝐴0(𝛼)
as in Remark 2.7. A stratification of this algebra was obtained in [KM17] under the assumption

chark > min(𝑛0, 𝑛1). The theory we developed in Section 4 allows us to remove this condition.

Let us define a evenness sub-theory of Evmkp
𝛼 . Since Evmkp

𝛼 is ersatz-complete, this amounts

to choosing a subset of ersatz parity sheaves. For any 𝛽 ∈ mkp(𝛼) and an indecomposable

𝐹 ∈ Ev(Rep𝛽𝛼), we denote the corresponding ersatz parity sheaf by P(𝛽, 𝐹). Recalling the identi-

fication (4.1), we write

Evkp𝛼 ∶= {P((𝛽, 0), 𝐹) ∶ 𝛽 ∈ kp(𝛼), 𝐹 ∈ Ev(Rep(𝛽,0)𝛼 )}.

Proposition 5.10. The category Evkp𝛼 is the category of all direct summands of flag sheaves L𝛽 ,
𝛽 ∈ Comp0(𝛼).
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Proof. Consider the natural action of 𝐺𝐿2 on Rep Γ by linear combinations of arrows. For any

𝛾 ∈ Comp(𝛼), the flag variety Fl♮𝛾 has an induced 𝐺𝐿2-action, and so L𝛾 acquires a natural 𝐺𝐿2-
equivariant structure if and only if 𝛾 ∈ Comp0(𝛼). On the other hand, the support of an ersatz

parity sheaf P((𝛽, 𝑘), 𝐹) is not preserved by 𝐺𝐿2 for 𝑘 > 0. Therefore, L𝛾 must belong to Evkp𝛼 .

For the opposite inclusion, the proof of Proposition 4.18, Remark 4.20 and the usual nilHecke

argument to replace sequences 𝑘𝛼𝑖 with (𝛼𝑖, … , 𝛼𝑖) show that every ersatz parity sheafP((𝛽, 0), 𝐹)
occurs as a direct summand of a KLR flag sheaf. □

In particular, we see that Evkp𝛼 can be seen as an induced evenness theory from Corollary 3.6,

for the decomposition Rep𝛼 = ⨆𝛽∈kp(𝛼) Rep
𝛽
𝛼 . It is also ersatz-complete.

Analogously to Definition 5.2, we can define the semicuspidal quotient 𝐶0(𝑛𝛿) of 𝐴0(𝑛𝛿).
Consider the class of algebras C0 containing polynomial algebras P , the algebras 𝐶0(𝑛𝛿) for all
𝑛 > 0, as well as their tensor products. Let

Λ0
𝛼 =

{
(𝛽, 𝜇) ∶ 𝛽 ∈ kp(𝛼), 𝜇 ⊢ 𝑘𝛿

}
,

where 𝑘𝛿 is the coefficient of 𝛿 in 𝛽. To each element (𝛽, 𝜇) ∈ Λ0
𝛼 we associate a composition

𝛾(𝛽, 𝜇) ∈ Comp0(𝛼) by concatenating compositions from Remark 4.20 for real roots, and (4.8)

for 𝛿. Applying Theorem 3.18, we obtain an analogue of Theorem 4.22, which removes the

characteristic assumption of [KM17, Th. 3] for the Kronecker quiver.

Corollary 5.11. The KLR algebra 𝐴0(𝛼) admits a C0-properly stratified structure, given by the
sequence of idempotents 1𝛾(𝛽,𝜇), (𝛽, 𝜇) ∈ Λ0

𝛼 in the lexicographic order. □

Since convolution algebras are local in the base, the open embedding T𝑛(P1) ⊂ Rep𝑛𝛿 gives
rise to a restriction map 𝐴0(𝑛𝛿) → 𝐴0(𝑛𝛿)/𝐴0(𝑛𝛿)1nc𝐴0(𝑛𝛿). By Lemma 3.7, this is a surjection.

In particular, after idempotent truncation with respect to 1(𝑛𝛿) we obtain:

Corollary 5.12. The restriction map 𝐻 ∗(Rep𝑛𝛿) → 𝐻 ∗(T𝑛) is surjective. □

This is in sharp contradiction with [MM23]; see Appendix A for discussion and erratum.

6. Schur algebras on “dotted” curves

In this section, we express the (truncated) semicuspidal algebra 𝑒𝐶(𝑛𝛿)𝑒 in terms of another

convolution algebra, and in doing so prove Proposition 5.8.

6.1. Curve Schur algebras. Let us quickly recall the geometric setup of [MM23], and refer the

reader to op.cit. for more details.

Let 𝐶 be a smooth projective curve, and k a field. For any 𝑛 > 0, let T𝑛 = T𝑛(𝐶) be the

moduli stack of torsion sheaves on 𝐶 of length 𝑛. For any composition 𝜆 ∈ Comp(𝑛) consider
the associated moduli of flags of torsion sheaves:

F𝜆 = {0 = E0 ⊂ E1 ⊂ … ⊂ E𝓁(𝜆) ∶ E𝑗/E𝑗−1 ∈ T𝜆𝑗 }, F𝑛 ∶= ⨆
𝜆∈Comp(𝑛)

F𝜆.

There are two natural maps out of F𝜆:

𝑝 ∶ F𝜆 → T𝑛, 𝑝(E1 ⊂ … ⊂ E𝑘) = E𝑘 ,
𝑞 ∶ F𝜆 → T𝜆, 𝑞(E1 ⊂ … ⊂ E𝑘) = (E1, … ,E𝑘/E𝑘−1),

where T𝜆 stands for the product∏𝑘
𝑗=1 T𝜆𝑗 . Both T𝑛 and F𝜆 are smooth stacks. Using the maps 𝑝,

we can form curve Steinberg stacks:

Z𝑛 = ⨆
𝜆,𝜇∈Comp(𝑛)

Z𝜆,𝜇, Z𝜆,𝜇 ∶= F𝜆 ×T𝑛 F𝜇.
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As explained in [MM23, Sec. 2], all of the stacks above are global quotients by 𝐺𝐿𝑛:

T𝑛 ≃ [𝑋𝑛/𝐺𝐿𝑛], F𝜆 ≃ [𝑌𝜆/𝐺𝐿𝑛], Z𝜆,𝜇 ≃ [𝑍𝜆,𝜇/𝐺𝐿𝑛];

𝑋𝑛 ∶= {𝑠 ∶ C𝑛 ⊗ O↠ E ∶ 𝐻 0(𝑠) is an iso},

𝑌𝜆 ∶= {(𝑉 ∙, 𝑠) ∶ 𝐻 0(𝑠|𝑉 𝑖) is an iso for all 𝑖} ⊂ 𝐅𝜆 × 𝑋𝑛, 𝑍𝜆,𝜇 ∶= 𝑌𝜆 ×𝑋𝑛 𝑌𝜇.

In particular𝐻∗(Z𝑛) ≃ 𝐻𝐺𝐿𝑛∗ (𝑍𝑛), so the formalism of Section 1.4 applies andwe get a convolution

product on S𝑛 ∶= 𝐻∗(Z𝑛). We call S𝑛 the curve Schur algebra.
The algebra S𝑛 acts naturally on𝐻 ∗(F𝑛); we call this S𝑛-module the polynomial representation.

We have the following isomorphisms of cohomology rings:

𝐻 ∗(F𝜆,k) ≃ ⨂
𝑗
𝐻 ∗(T𝜆𝑗 ,k), 𝐻 ∗(T1) ≃ 𝐻 ∗(𝐶,k)[𝑥].

Let 𝜆 = 1𝑛 = (1, 1, … , 1). If Q ⊂ k, pullback along F1𝑛 → T𝑛 induces an isomorphism

𝐻 ∗(T𝑛,k)
∼−→ (𝐻 ∗(𝐶𝑛,k)[𝑥1, … , 𝑥𝑛])S𝑛 .(6.1)

If 𝐶 = P1
, the map (6.1) is a monomorphism over Z, and its image can be explicitly computed;

see Appendix A for details. As a consequence,𝐻 ∗(T𝑛,k) is a freek-module for anyk by universal

coefficients. In view of this, from now on we always assume the following:

(6.2) Either 𝐶 = P1
or Q ⊂ k.

The reader is invited to assume𝐶 = P1
, since this is the case that bears relevance to the preceding

sections.

As with quiver Schur algebras, given 𝜆′ ⊨ 𝜆 we can define split and merge operators 𝑆𝜆′𝜆 , resp.
𝑀𝜆
𝜆′ as the fundamental class of 𝑌𝜆′ = 𝑌𝜆′ ×𝑌𝜆𝑌𝜆 inside 𝑍𝜆′,𝜆 = 𝑌𝜆′ ×𝑋𝑛𝑌𝜆, resp. inside 𝑍𝜆,𝜆′ . Further,

let 𝜆 = (𝜆1, … , 𝜆𝑘), and let 𝜆′ = (𝜆1, … , 𝜆𝑖(1), 𝜆
𝑖
(2), … , 𝜆

𝑘), 𝜆′′ = (𝜆1, … , 𝜆𝑖(2), 𝜆
𝑖
(1)… , 𝜆

𝑘) be obtained
from 𝜆 by splitting 𝜆𝑖 = 𝜆𝑖(1) + 𝜆

𝑖
(2) into 𝜆

𝑖
(1), 𝜆

𝑖
(2) in two different ways. We define the elementary

crossing as

𝑅𝜆
′′

𝜆′ ∶= 𝑆𝜆
′′

𝜆 𝑀
𝜆
𝜆′ .

Together, these operators give rise to the elements 𝜓𝑃𝑤 defined via the same diagrammatics as

in Section 2.3. The following statement was proved in [MM23, Sec. 4] using equivariant localiza-

tion.

Proposition 6.1. For any 𝜆, fix ak-basis 𝐵𝜆 of𝐻 ∗(F𝜆,k). The set {𝜓𝑃𝑤 ∶ 𝑤 ∈ S𝜆\S𝑛/S𝜇, 𝑃 ∈ 𝐵𝜆′}
is a basis of S𝜆,𝜇.

6.2. Extended Schur algebra and diagrammatics. Let us slighty enlarge the algebra S𝑛. Fix

a point 𝑐 ∈ 𝐶; by abuse of notation we denote the class [𝑐] ∈ 𝐻 2(𝐶,k) by 𝑐 too. Consider the
closed substack T𝑛𝜀 = {O𝑐 ⊗C𝑛} ⊂ T𝑛; we have T𝑛𝜀 ≃ [pt/𝐺𝐿𝑛]. Let us further denote T𝑛𝜏 = T𝑛.

Recall the set I = {𝜏, 𝜀}. For any I-coloured partition 𝝀 ∈ I(𝑛) with underlying uncoloured

partition 𝜆, consider the following flag stacks:

F𝝀 = {0 = E0 ⊂ E1 ⊂ … ⊂ E𝑘 ∶ E𝑗/E𝑗−1 ∈ T𝝀𝑗 }.

Wewill sometimes identify uncoloured partitions (𝜇1, … , 𝜇𝑘)with the partitions (𝜇1𝜏, … , 𝜇𝑘𝜏)
coloured purely with 𝜏. Denoting T𝝀 = ∏𝑗 T𝝀𝑗 , we have an obvious isomorphismF𝝀 ≃ F𝜆×T𝜆T𝝀.

We have explicit presentations as quotient stacks:

F𝝀 ≃ [𝑌𝝀/𝐺𝐿𝑛], 𝑌𝝀 ∶= {(𝑉 ∙, 𝑠) ∶ 𝐻 0(𝑠|𝑉 𝑖) is an iso, 𝑠(𝑉 𝑖)/𝑠(𝑉 𝑖−1) ∈ T𝝀𝑖 ∀𝑖} ⊂ 𝐅𝜆 × 𝑋𝑛.

Lemma 6.2. 𝑌𝝀 is a smooth variety for any 𝝀; in particular, F𝝀 is a smooth stack.

Proof. Let 𝑣𝑖 = 𝜆1 + … + 𝜆𝑖. It is clear that 𝑌𝝀 is a fibration over 𝐅𝜆 with fiber isomorphic to

𝑄𝝀 = {𝑠 ∶ 𝐻 0(𝑠|C𝑣𝑖 ) is an iso, 𝑠(C𝑣𝑖)/𝑠(C𝑣𝑖−1) ∈ T𝝀𝑖 for all 𝑖} ⊂ 𝑋𝑛.
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In [MM23, Lem. 3.3] we showed that𝑄𝜆 is an affine bundle over𝑋𝜆. The restriction of this bundle
to 𝑋𝝀 is precisely 𝑄𝝀, and thus the latter is smooth. □

As before, define the Steinberg varieties

ZI
𝑛 = ⨆

𝜆,𝜇∈I(𝑛)
ZI
𝝀,𝝁, ZI

𝝀,𝝁 = F𝝀 ×T𝑛 F𝝁.

Definition 6.3. The extended Schur algebra of 𝐶 is the convolution algebra SI𝑛 ∶= 𝐻∗(ZI
𝑛,k).

As before, SI𝑛 naturally acts on the polynomial representation

(6.3) 𝐏𝑛 ∶= ⨁
𝝀∈I(𝑛)

𝐻 ∗(F𝝀,k).

Let 𝝀′ ⊨ 𝝀, and consider the underlying uncoloured compositions 𝜆′ ⊨ 𝜆. We have natural

proper maps F𝜆′ → F𝜆, F𝝀 ↪ F𝜆, and so we can define F𝜆
′

𝝀 ∶= F𝝀 ×F𝜆 F𝜆′ . This is a closed

subvariety of F𝜆′ ; moreover, it is fully contained in F𝝀′ ⊂ F𝜆′ . In particular, we have closed

embeddings 𝜄 ∶ F𝜆
′

𝝀 → ZI
𝝀,𝝀′ , 𝜄′ ∶ F𝜆

′

𝝀 → ZI
𝝀′,𝝀.

Definition 6.4. We call 𝑆𝝀
′

𝝀 ∶= 𝜄′∗[F𝜆
′

𝝀 ] ∈ SI𝝀′,𝝀 a split, and 𝑀𝝀
𝝀′ ∶= 𝜄∗[F𝜆

′

𝝀 ] ∈ SI𝝀,𝝀′ a merge.

Remark 6.5. When 𝝀 is entirely of colour 𝜏, this definition coincides with splits and merges in

S𝑛. In general, the map F𝜆
′

𝝀 → F𝝀′ is a closed embedding, and not an isomorphism.

One can check analogously to [MM23, Lem. 4.6] that for 𝝀′′ ⊨ 𝝀′ ⊨ 𝝀, we have 𝑆𝝀
′′

𝝀′ 𝑆𝝀
′

𝝀 =
𝑆𝝀

′′

𝝀 , 𝑀𝝀
𝝀′𝑀𝝀′

𝝀′′ = 𝑀𝝀
𝝀′′ . This allows us to denote 𝑆𝝀

′

𝝀 and 𝑀𝝀
𝝀′ by split and merge in I-coloured

diagrammatics. Recalling the notations of Section 6.1, consider 𝝀, 𝝀′, 𝝀′′ ∈ I(𝑛) with underlying

compositions 𝜆, 𝜆′, 𝜆′′, where 𝜆𝑖, 𝜆𝑖(1), 𝜆
𝑖
(2) are all of colour 𝜀. Thenwe can again define elementary

crossing of colour 𝜀 as
𝑅𝝀

′′

𝝀′ ∶= 𝑆𝝀
′′

𝝀 𝑀𝝀
𝝀′ .

Since we do not consider splits and merges of mixed colour, the crossings of strands of different

colours have to be defined separately. Let

𝝀 = (𝜆1𝑐1, … , 𝑎𝜏, 𝑏𝜀, … , 𝜆𝑘𝑐𝑘), 𝝁 = (𝜆1𝑐1, … , 𝑏𝜀, 𝑎𝜏, … , 𝜆𝑘𝑐𝑘).

Definition 6.6. The multicoloured elementary crossing is given by 𝑅𝝀𝝁 ∶= [𝑍𝝀,𝝁] ∈ SI𝝀,𝝁.

Let 𝝀1, 𝝀2 be two I-compositions with the same underlying composition 𝜆 = (𝜆1, … , 𝜆𝑘).
Define 𝝀12 = (𝜆1𝑖1, … , 𝜆𝑘𝑖𝑘), where 𝑖𝑗 = 𝜏 if 𝑗-th colour in both 𝝀1 and 𝝀2 is 𝜏, and 𝜀 otherwise.
Closed embeddings T𝑚𝜀 ⊂ T𝑚𝜏 yield a closed embedding 𝜄 ∶ F𝝀12 ⊂ F𝝀1 ×T𝑛 F𝝀2 = ZI

𝝀1,𝝀2
.

Definition 6.7. We call 𝐶𝝀1
𝝀2

∶= 𝜄∗[F𝝀12] ∈ SI𝝀1,𝝀2
the colour change.

Diagrammatically, we draw strands of colour 𝜏 in black, strands of colour 𝜀 in cyan, and

colour change as a horizontal dash. Finally, for any 𝝀 ∈ I(𝑛) and 𝑃 ∈ 𝐻 ∗(F𝝀)we have the element

𝑃 ∈ SI𝝀,𝝀 corresponding to the image of 𝑃 under the diagonal map F𝝀 → ZI
𝝀,𝝀 = F𝝀 ×T𝑛 F𝝀. In

particular, for 𝝀 = 𝑛𝜏 we have 𝑃 ∈ 𝐻 ∗(T𝑛), and for 𝝀 = 𝑛𝜀 we have 𝑃 ∈ 𝐻 ∗(T𝑛𝜀) = 𝐻 ∗
𝐺𝐿𝑛(pt) =

k[𝑥1, … , 𝑥𝑛]S𝑛
. Diagrammatically, we draw these operators as coupons.

6.3. Comparison with the semicuspidal algebra. In this subsection, let us fix 𝐶 = P1
, and

𝑐 = ∞ ∈ P1
. By the argument in Section 5.1, the semicuspidal algebra 𝐶(𝑛𝛿) is precisely the

restriction of 𝐴♮(𝑛𝛿) to Repreg𝑛𝛿 ≃ T𝑛(P1). Since SI𝑛 is also a convolution algebra over T𝑛(P1), it
makes sense to compare them.
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Proposition 6.8. Let 𝝀 ∈ I(𝑛), and 𝛽𝝀 ∈ Comp(𝑛𝛿) the corresponding composition. Denote Flreg𝝀 =
Fl𝛽𝝀 ×Repreg𝑛𝛿 Rep𝑛𝛿 . Then we have an isomorphism Flreg𝛽𝝀 ≃ F𝝀. In particular, restriction to Repreg𝑛𝛿
induces an isomorphism 𝑒𝐶(𝑛𝛿)𝑒 ∼−→ SI𝑛.

Proof. When 𝝀 = 𝜆 is fully of colour 𝜏, this is the content of [MM23, Lem. 8.19]. In general,

Flreg𝝀 is closed in Flreg𝜆 ; the defining condition is that for each fragment of the flag … ⊂ 𝑉 𝑖−1 ⊂
𝑉 𝑖 ⊂ 𝑉 𝑖+1 ⊂ … with dim𝑉 𝑖/𝑉 𝑖−1 = 𝑘𝛼0, dim𝑉 𝑖+1/𝑉 𝑖 = 𝑘𝛼1, the restriction of ℎ♭ to 𝑉 𝑖+1/𝑉 𝑖−1

vanishes. Under the equivalence (2.2), this translates into the requirement that each graded piece

of colour 𝜀 has to be isomorphic toO⊕𝑘𝑐 . This is precisely the defining condition ofF𝝀 inF𝜆, hence

the first claim. The second claim follows from Remark 5.4. □

Corollary 6.9. The semicuspidal algebra 𝐶(𝑛𝛿) is Morita-equivalent to SI𝑛(P1) over an arbitrary
field k. □

Denote the isomorphism of Proposition 6.8 by Φ ∶ 𝑒𝐶𝐴(𝑛𝛿)𝑒 → SI𝑛. Let us study what Φ does

to the diagrammatic generators of 𝑒𝐶𝐴(𝑛𝛿)𝑒.

Proposition 6.10. Under Φ, splits go to splits, merges go to merges, elementary crossings to ele-
mentary crossings, and colour changes to colour changes.

Proof. For splits and merges of colour 𝜏, this follows from [MM23, Lem. 8.7]. For splits and

merges of colour 𝜀, the claim follows immediately from Proposition 6.8. The proof of Proposi-

tion 6.8 also shows that colour changes restrict to colour changes. Since the elementary crossing

of one colour is defined as composition of split and merge, the claim holds for them as well.

It remains to show that multicoloured crossings are preserved under Φ. Let us compute the

restriction of their defining correspondence to the regular representations. To save space, we

will only consider the crossing from (𝑎𝜏, 𝑏𝜀) to (𝑏𝜀, 𝑎𝜏), 𝑛 = 𝑎 + 𝑏 , the swapped case being

completely analogous. Recall the convolution diagram for quiver Schur algebra:

𝑍𝜅,𝜆 × 𝑍𝜆,𝜇 𝑍𝜅,𝜆,𝜇 𝑍𝜅,𝜇

𝐅̃𝜅 × 𝐅̃𝜆 × 𝐅̃𝜆 × 𝐅̃𝜇 𝐅̃𝜅 × 𝐅̃𝜆 × 𝐅̃𝜇 𝐅̃𝜅 × 𝐅̃𝜇

where we denote 𝜅 = (𝑎𝛼0, 𝑎𝛼1, 𝑏𝛿), 𝜆 = (𝑎𝛼0, 𝑏𝛿, 𝑎𝛼1), 𝜇 = (𝑏𝛿, 𝑎𝛼0, 𝑎𝛼1). Write Repreg𝑛𝛿 =
[𝐸reg𝑛𝛿 /𝐺𝑛𝛿], and 𝐅̃

reg
𝜆 = 𝐅̃𝜆 ∩(𝐸

reg
𝑛𝛿 ×𝐅𝜆). We want to show that after restricting to the regular locus

𝐅̃reg𝜅 × 𝐅̃reg𝜇 , the following equality holds:

[𝑍𝜅,𝜆] ∗ [𝑍𝜆,𝜇] = [𝑍𝜅,𝜇].

We will denote this restriction by a circle in superscript. First of all, one checks from the defini-

tions that

𝑍 ◦
𝜅,𝜆 =

{
𝑉 ⊂ C𝑎+𝑏 C𝑎+𝑏 ⊃ 𝑊

ℎ♭

ℎ♯
∣ dim𝑉 = 𝑏, dim𝑊 = 𝑎, ℎ♭(𝑉 ) ⊂ 𝑊

}
,

and 𝑍 ◦
𝜆,𝜇 = 𝑍 ◦

𝜅,𝜇 = 𝑍 ◦
𝜅,𝜆,𝜇 = {𝑥(𝑉 ) = 0} ⊂ 𝑍 ◦

𝜅,𝜆. Furthermore, 𝐅̃reg𝜆 = 𝑍 ◦
𝜅,𝜆. Putting all of this

together, the product [𝑍 ◦
𝜅,𝜆] ∗ [𝑍 ◦

𝜆,𝜇] is obtained by Gysin pullback of fundamental class along

the following diagram:

𝐅̃reg𝜆 × 𝑍 ◦
𝜆,𝜇 𝑍 ◦

𝜆,𝜇

𝐅̃reg𝜆 × 𝐅̃reg𝜆 𝐅̃reg𝜆

𝑔

Δ
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where 𝑔 is the graph of inclusion 𝑍 ◦
𝜆,𝜇 ↪ 𝐅̃reg𝜆 . However, it is known that Gysin pullback along

graph morphism sends [𝐅̃reg𝜆 ] ⊗ 𝑥 to 𝑥 , so we may conclude. □

6.4. Diagrammatic relations. Let us compute some relations in SI𝑛.

Proposition 6.11. Let 𝜆 = (𝜆1, … , 𝜆𝑘) ∈ Comp(𝑛). The following local diagrammatic relations
hold in SI𝑛, together with their upside down versions:

−

𝑃

𝑛𝜏

𝑛𝜀

=
−

𝑛𝜏

𝑛𝜀

𝑃
,

−

⋯

𝑛𝜏

𝜆1𝜀 𝜆𝑘𝜀

=
⋯

𝑛𝜏

𝜆1𝜀 𝜆𝑘𝜀

𝑄𝜆
− − − −

,

−

⋯

𝑛𝜀

𝜆1𝜏 𝜆𝑘𝜏

=
⋯

𝑛𝜀

𝜆1𝜏 𝜆𝑘𝜏

(−1)|𝑁𝜆 |𝑄𝜆
− − − −

.

Here, 𝑃 ∈ k[𝑥1, … , 𝑥𝑛]S𝑛 is a polynomial, and 𝑄𝜆 ∶= ∏(𝑖,𝑗)∈𝑁𝜆(𝑥𝑖−𝑥𝑗 ) is the 𝐺𝐿𝜆-equivariant Euler
class of n𝜆 = Lie(Rad(𝐺𝐿𝜆 ⋅ 𝐵)).

Proof. Upside down versions of the relations are obtained by inverting the order of indexes. Lo-

cality follows by base change along the natural forgetful maps F𝝀 → F𝝁, where 𝝀 ⊨ 𝝁. The
first relation holds because the product in SI𝑛 is linear over 𝐻 ∗

𝐺𝐿𝑛(pt) = k[𝑥1, … , 𝑥𝑛]S𝑛
. For the

second relation, a computation analogous to [MM23, Lem. 4.6] shows that the l.h.s. is given by

[𝐅𝜆] ∈ SI𝑛𝜏,𝝀, and the r.h.s. by 𝑄𝜆 ⋅ [𝑌𝝀] ∈ SI𝑛𝜏,𝝀. The difference between the two fundamental

classes is the Euler class of the embedding 𝐅𝜆 ⊂ 𝑌𝝀 = 𝑇 ∗𝐅𝜆, which is precisely 𝑄𝜆.
The third relation is slightly more subtle. While the r.h.s. is similarly given by 𝑄𝜆 ⋅ [𝐅𝜆], the

same argument computes the l.h.s. to be 𝜄![𝑋𝑛𝜀 × 𝑌𝜆], where 𝜄! is Gysin pullback with respect to

the following fiber square:

𝑋𝑛𝜀 × 𝑌𝜆 𝐅𝜆

𝑋𝑛 × 𝑋𝑛 𝑋𝑛

𝜄

This pullback differs from [𝐅𝜆] by an excess intersection class

𝑒(𝑇𝑋𝑛|𝐅𝜆/𝑁𝐅𝜆(𝑌𝜆)) = 𝑒(𝑁𝐹𝜆(𝑋𝑛)|𝐅𝜆) = ∏
(𝑖,𝑗)∈𝑁𝜆

(𝑥𝑗 − 𝑥𝑖) = (−1)|𝑁𝜆 |𝑄𝜆,

so we may conclude. □

Lemma 6.12. We have 𝐶𝑛𝜏𝑛𝜀𝐶𝑛𝜀𝑛𝜏 = ∏𝑛
𝑖=1 𝑐𝑖∏1≤𝑖≠𝑗≤𝑛(𝑥𝑖 − 𝑥𝑗 )2, and 𝐶𝑛𝜀𝑛𝜏𝐶𝑛𝜏𝑛𝜀 = 0.

Proof. Both products are obtained by pushing and pulling along the closed embedding pt → 𝑋𝑛,
thus amount to multiplication by the Euler class of this embedding. This class is equal to

𝑒(𝑁pt𝐶𝑛)𝑒(𝑁𝐶𝑛𝑋𝑛) =
𝑛

∏
𝑖=1
𝑐𝑖 ∏

1≤𝑖≠𝑗≤𝑛
(𝑥𝑖 − 𝑥𝑗 + Δ𝑖𝑗 ) =

𝑛
∏
𝑖=1
𝑐𝑖 ∏

1≤𝑖≠𝑗≤𝑛
(𝑥𝑖 − 𝑥𝑗 ).

It remains to note that 𝑐𝑖’s vanish in the cohomology of T𝑛𝜀 . □

Diagrammatically, we draw multiplication by∏𝑖 𝑐𝑖∏𝑖≠𝑗 (𝑥𝑖 − 𝑥𝑗 )2 as a cross on a strand.

In order to compute relations between colour changes and crossings, we need some prepa-

ration. Given 𝜆, 𝜇 ∈ Comp(𝑛), consider the natural projection 𝑍𝜆,𝜇 → 𝐅𝜆 × 𝐅𝜇. The 𝐺𝐿𝑛-orbits
Ω𝑤 ⊂ 𝐅𝜆 × 𝐅𝜇 are parameterized by double cosets 𝑤 ∈ S𝜆\S𝑛/S𝜇. This stratification into or-

bits induces a stratification 𝑍𝜆,𝜇 = ⨆𝑤∈S𝜆\S𝑛/S𝜇
𝑍𝑤𝜆,𝜇. Fixing a total order on S𝜆\S𝑛/S𝜇 which

refines the closure order in 𝐅𝜆 × 𝐅𝜇, we obtain a filtration 𝐻≤𝑤
∗ (Z𝜆,𝜇) on 𝐻∗(Z𝜆,𝜇) by [MM23,

Sec. 3.3]. Moreover, we have isomorphisms 𝐻𝐺𝐿𝑛∗ (𝑍𝑤𝜆,𝜇) ≃ 𝐻∗(T𝜇′), where 𝜇′ is determined by

S𝜇′ = S𝜇 ∩ 𝑤−1S𝜆𝑤. All of this works just as well for the I-coloured version:
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Proposition 6.13. The stratification 𝐅𝜆 × 𝐅𝜇 = ⨆𝑤 Ω𝑤 induces a filtration on 𝐻∗(Z𝝀,𝝁). The 𝑤-th
graded component is isomorphic to 𝐻∗(T𝝁′), where 𝝁′ is as in Section 1.2.

Proof. Analogously to the proof of Lemma 6.2, 𝑍𝑤𝝀,𝝁 is an affine fibration over Ω𝑤 × 𝑋𝝁′ . In par-

ticular, we have 𝐻∗(Z𝑤𝝀,𝝁) ≃ 𝐻∗(T𝝁′). Since each piece 𝐻∗(T𝝁′) is either pure or even by (6.2), the

long exact sequences associated to each successive step of stratification split. This gives rise to a

filtration with desired graded components. □

Now let 𝝀, 𝝁 be as in Definition 6.6. We denote

𝝀𝜏 = (𝜆1𝑐1, … , 𝑎𝜏, 𝑏𝜏, … , 𝜆𝑘𝑐𝑘), 𝝀𝜀 = (𝜆1𝑐1, … , 𝑎𝜀, 𝑏𝜀, … , 𝜆𝑘𝑐𝑘),

𝝁𝜏 = (𝜆1𝑐1, … , 𝑏𝜏, 𝑎𝜏, … , 𝜆𝑘𝑐𝑘), 𝝁𝜀 = (𝜆1𝑐1, … , 𝑏𝜀, 𝑎𝜀, … , 𝜆𝑘𝑐𝑘).

Lemma 6.14. Up to lower terms with respect to the length filtration, we have 𝐶𝝀𝜏
𝝀 𝑅

𝝀
𝝁 = 𝑅𝝀𝜏𝝁𝜏𝐶

𝝁𝜏
𝝁 ,

𝐶𝝁
𝝁𝜀𝑅

𝝁𝜀
𝝀𝜀 = 𝑅

𝝁
𝝀𝐶

𝝀
𝝀𝜀 . Diagrammatically, colour change slides past crossings:

−

𝑏𝜀 𝑎𝜏

𝑎𝜏 𝑏𝜏

=
−

𝑏𝜀 𝑎𝜏

𝑎𝜏 𝑏𝜏

+… ,
−

𝑎𝜀 𝑏𝜀

𝑏𝜀 𝑎𝜏

=
−

𝑎𝜀 𝑏𝜀

𝑏𝜀 𝑎𝜏

+….

Proof. We only prove the first equality, the second one being analogous. By base change, we can

further restrict our attention to the case 𝝀 = (𝑎𝜏, 𝑏𝜀), 𝝁 = (𝑏𝜀, 𝑎𝜏), 𝑛 = 𝑎 + 𝑏 .
Since we only consider the equality up to lower terms, we can restrict everything to the open

stratumΩ𝑤,𝑤 = 𝑤𝑎,𝑏 as in (1.3). In terms of sheaves, we require our pairs of subsheaves E1,E2 ⊂
E to have trivial intersection. Consider the following diagram with fiber square:

𝑌𝝁 × 𝑍𝑤𝝁𝜏 ,𝝀𝜏 𝑍𝑤𝝁,𝝀𝜏

(𝑌𝝁 ×𝑋𝑛 𝑌𝝁𝜏 ) × (𝑌𝝁𝜏 ×𝑋𝑛 𝑌𝝀𝜏 ) 𝑌𝝁 ×𝑋𝑛 𝑌𝝁𝜏 ×𝑋𝑛 𝑌𝝀𝜏 𝑌𝝁 ×𝑋𝑛 𝑌𝝀𝜏

𝜄

Δ

𝜄
𝜄′⌞

𝑞 𝑝

The product 𝑅𝝀𝜏𝝁𝜏𝐶
𝝁𝜏
𝝁 is equal to 𝑝∗𝑞!𝜄∗([𝑌𝝁]⊗[𝑍𝑤𝝁𝜏 ,𝝀𝜏 ]) by definition. Using base change for Gysin

pullback, this equals to 𝜄′∗Δ!([𝑌𝝁] ⊗ [𝑍𝑤𝝁𝜏 ,𝝀𝜏 ]). By the proof of Proposition 6.13 both 𝑍𝑤𝝁,𝝀𝜏 and

𝑍𝑤𝝁𝜏 ,𝝀𝜏 are smooth, and codim𝑌𝝁×𝑍𝑤𝝁𝜏 ,𝝀𝜏
𝑍𝑤𝝁,𝝀𝜏 = dim𝑌𝝁𝜏 . Thus Δ

! = Δ∗
by [Ful98, Rem. 6.2.1], and

so 𝑅𝝀𝜏𝝁𝜏𝐶
𝝁𝜏
𝝁 = [𝑍𝑤𝝁,𝝀𝜏 ] ∈ S𝑤𝝁,𝝀𝜏 . The same argument shows that 𝐶𝝀𝜏

𝝀 𝑅
𝝀
𝝁 is given by the fundamental

class [𝑍𝑤𝝁,𝝀] ∈ S𝑤𝝁,𝝀𝜏 . Note that

Z𝝁,𝝀𝜏 ⧵ Z𝝁,𝝀 = {E1,E2 ⊂ E ∶ E1 ≃ O⊕𝑏𝑐 ,E/E2 ≄ O⊕𝑎𝑐 }.

However, these two conditions are contradictory when E1∩E2 = 0. Thus (Z𝝁,𝝀𝜏 ⧵Z𝝀,𝝁)𝑤 is empty,

and we conclude that [𝑍𝑤𝝁,𝝀𝜏 ] = [𝑍𝑤𝝀,𝝁]. □

6.5. Basis theorem. Given 𝝀, 𝝁 ∈ I(𝑛), consider the underlying uncoloured compositions 𝜆, 𝜇 ∈
Comp(𝑛) together with their refinements 𝜆′ ⊨ 𝜆, 𝜇′ ⊨ 𝜇 as in Section 1.2. These refinements can

be naturally promoted to I-coloured partitions 𝝀′ ⊨ 𝝀, 𝝁′ ⊨ 𝝁. Given𝑤 ∈ S𝜆\S𝑛/S𝜇, we define

another I-colouring 𝝀′
𝑤 of 𝜆′, where (𝜆′)𝑖 is of colour 𝜏 if and only if both (𝜆′)𝑖 is of colour 𝜏 in

𝝀′
and (𝜇′)𝑤(𝑖) is of colour 𝜏 in 𝝁′

. For any 𝑃 ∈ 𝐻 ∗(F𝝀′
𝑤
,k), we consider a diagrammatic element

𝜓𝑃𝑤, defined as follows:

∙ Take the uncoloured Schur diagram 𝐷𝑤;
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∙ Colour each split and merge with their colours in 𝝀, 𝝁. If some thin strand has different

colours on two ends, put the appropriate colour change on it between the crossings and

the end coloured by 𝜀;
∙ Put a coupon with 𝑃 between splits and crossings, above the possible colour changes.

For an illustration, see the diagram on the right of Example 5.9.

Theorem 6.15. For every 𝝀 ∈ I(𝑛), fix a k-basis 𝐵𝝀 of 𝐻 ∗(T𝝀,k). Then the set

{𝜓𝑃𝑤 ∶ 𝑤 ∈ S𝜆\S𝑛/S𝜇, 𝑃 ∈ 𝐵𝝀′
𝑤
}

is a basis of SI𝝀,𝝁.

Proof. It suffices to prove the claim after passing to the associated graded with respect to the

length filtration. Let us identify the uncoloured partitions with fully 𝜏-coloured partitions as

usual. Consider the map Ψ ∶ SI𝝀,𝝁 → SI𝜆,𝜇 = S𝜆,𝜇 defined by Ψ(𝑥) = 𝐶𝜇𝝁𝑥𝐶𝝀
𝜆 . Thanks to Proposi-

tion 6.11 and Lemmata 6.12 and 6.14, we can remove all colour changes in the diagram of Ψ(𝜓𝑃𝑤),
for the price of multiplying 𝑃 by some polynomials 𝑄𝜈 ∈ k[𝑥1, … , 𝑥𝑛] independent of 𝑃 and

adding some lower terms. For instance, for the diagram from Example 5.9 we have:

3𝜏 3𝜏

2𝜏 2𝜏 2𝜏

−

− −
𝑃

−

−

=

3𝜏 3𝜏

2𝜏 2𝜏 2𝜏

𝑄
−− − −−
𝑃

−− −
𝑄′

=

3𝜏 3𝜏

2𝜏 2𝜏 2𝜏

𝑃𝑄𝑄′
+… =

3𝜏 3𝜏

2𝜏 2𝜏 2𝜏

𝑃𝑄𝑄′𝑐2𝑐4𝑐5𝑐6
+…

We see thatGrΨ(𝜓𝑃𝑤) is of length𝑤. The polynomials𝑄𝜈 are non-zero divisors and monic, and 𝑃
does not contain any nilpotents arising from colour changes by our choice of 𝝀′

𝑤, so the elements

GrΨ(𝜓𝑃𝑤), 𝑃 ∈ 𝐵𝝀′
𝑤
are linearly independent by Proposition 6.1. Since the graded dimensions of

𝐻 ∗(T𝝀′
𝑤
,k) and Gr𝑤 SI𝝀,𝝁 coincide by Proposition 6.13, we conclude that {𝜓𝑃𝑤} is a basis of SI𝝀,𝝁

over any field k. □

Corollary 6.16. The polynomial representation⨁𝝀∈I(𝑛) 𝐻 ∗(F𝝀,k) of SI𝑛 is faithful.

Proof. Consider a non-trivial linear combination of the basis elements of SI𝝀,𝝁 that acts trivially

the polynomial representation. Then its image under Ψ acts trivially as well. However, we

showed that Ψ is injective, so that it suffices to check that the restriction of polynomial rep-

resentation to S𝑛 is faithful. This holds by [MM23, Th. 4.15]. □

By Corollary 5.12, we have a surjection

Pol𝛽𝝀 = k[𝑢1, … , 𝑢𝑛, 𝑣1, … , 𝑣𝑛]S𝛽𝝀 ↠ 𝐻 ∗(T𝝀);

see Corollary A.4 for a precise description of this map. In particular, let the collection of elements

𝐵𝝀 ⊂ Pol𝛽𝝀 be an arbitrary lift of 𝐵𝝀 ⊂ 𝐻 ∗(T𝝀). Then Proposition 5.8 trivially follows from

Theorem 6.15.

6.6. Polynomial representation. Recall the polynomial representation 𝐏𝑛 of SI𝑛 defined by (6.3).
Let 𝝀 = (𝜆1𝑐1, … , 𝜆𝑘𝑐𝑘), and let 𝐻𝝀 ⊂ 𝐻 ∗(𝐶,k)⊗𝑛 be the tensor product ⨂𝑘

𝑖=1 𝐻𝑖, where 𝐻𝑖 =
𝐻 ∗(𝐶,k)⊗𝜆𝑖 if 𝑐𝑖 = 𝜏 and k otherwise. By (6.1), we have an embedding

𝐻 ∗(F𝝀,k) ⊂ 𝐏𝝀 ∶= (𝐻𝝀[𝑥1, … , 𝑥𝑛])S𝝀 .
35



We will use it to describe the polynomial representation explicitly. Let Δ ∈ 𝐻 2(𝐶 × 𝐶,k) be the
class of the diagonal. For any 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 we have an embedding 𝐻 ∗(𝐶,k)⊗2 ⊂ 𝐻 ∗(𝐶,k)⊗𝑛

sending 𝑥 × 𝑦 to 1⊗𝑖−1 ⊗ 𝑥 ⊗ 1⊗𝑗−𝑖−1 ⊗ 𝑦 ⊗ 1⊗𝑛−𝑗 ; we denote by Δ𝑖𝑗 ∈ 𝐻 2(𝐶,k)⊗𝑛 the image of Δ.

Proposition 6.17. We have the following (local) formulas for the action of SI𝑛 on the polynomial
representation:

∙ Coupons act by multiplication;
∙ 𝑆(𝑎𝜏,𝑏𝜏)𝑛𝜏 (𝑃) = 𝑃 , and 𝑆(𝑎𝜀,𝑏𝜀)𝑛𝜀 (𝑃) = 𝑃 ∏𝑖=1≤𝑖≤𝑎<𝑗≤𝑛(𝑥𝑖 − 𝑥𝑗 );
∙ 𝑀𝑛𝜀

(𝑎𝜀,𝑏𝜀)(𝑃) = 𝜕𝑎,𝑏(𝑃), and 𝑀
𝑛𝜏
(𝑎𝜏,𝑏𝜏)(𝑃) = 𝜕𝑎,𝑏 (𝑃 ∏𝑖=1≤𝑖≤𝑎<𝑗≤𝑛(𝑥𝑖 − 𝑥𝑗 − Δ𝑖𝑗 ));

∙ 𝐶𝑛𝜏𝑛𝜀 ∶ k[𝑥1, … , 𝑥𝑛]S𝑛 → 𝐏𝑛𝜏 acts by multiplication by∏𝑖 𝑐𝑖∏𝑖≠𝑗 (𝑥𝑖 − 𝑥𝑗 );
∙ 𝐶𝑛𝜀𝑛𝜏 ∶ 𝐏𝑛𝜏 → k[𝑥1, … , 𝑥𝑛]S𝑛 acts by setting all classes in 𝐻>0(𝐶𝑛) to zero.

Proof. The formulas in colour 𝜏 were proven in [MM23, Th. 4.15]. 𝐶𝑛𝜏𝑛𝜀 is defined as the push-

forward along the closed embedding pt = 𝑋𝑛𝜀 → 𝑋𝑛, and so is given by the Euler class of this

embedding:

𝑒(𝑁pt𝑋𝑛) = 𝑒(𝑁pt𝐶𝑛)𝑒(𝑁𝐶𝑛𝑋𝑛) = ∏
𝑖
𝑐𝑖∏

𝑖≠𝑗
(𝑥𝑖 − 𝑥𝑗 + Δ𝑖𝑗 ) = ∏

𝑖
𝑐𝑖∏

𝑖≠𝑗
(𝑥𝑖 − 𝑥𝑗 ).

For 𝐶𝑛𝜀𝑛𝜏 , this does nothing on polynomials in 𝑥𝑖’s by linearity, and kills anything containing

classes in 𝐻>0(𝐶𝑛), since 𝐻 ∗
𝐺𝐿𝑛(pt) has no nilpotent elements. The rest of the formulas follow

from the relations in Proposition 6.11. □

Let𝐷𝑛 = 𝑥𝑛−11 𝑥𝑛−22 …𝑥𝑛−1. Using the identity 𝜕𝑤0(𝐷𝑛) = 1, it is easy to check in the polynomial

representations that

(6.4) 𝐶𝑛𝜀𝑛𝜏 = 𝑀
𝑛𝜀
𝜺 𝐷𝑛𝐶

𝜺
𝝉𝑆

𝝉
𝑛𝜏 , 𝐶𝑛𝜏𝑛𝜀 = ±𝑀𝑛𝜏

𝝉 𝐷𝑛𝐶
𝝉
𝜺 𝑆

𝜺
𝑛𝜀 ; 𝝉 = (𝜏, … , 𝜏), 𝜺 = (𝜀, … , 𝜀).

In words, thick colour changes are expressed in terms of thin colour changes.

Corollary 6.18. The algebra 𝑒𝐶(𝑛𝛿)𝑒 is generated by (single-coloured) splits and merges, multi-
coloured crossings, thin colour changes, symmetric polynomials k[𝑢1, … , 𝑢𝑘]S𝑘 on strands of thick-
ness 𝑘, and polynomial (𝑣 − 𝑢) on thin strands of colour 𝜏.

Proof. Follows from Proposition 5.8 and Corollary A.4 and (6.4). □

The computation of the action of multicoloured crossings is somewhat more involved.

Proposition 6.19. Let 𝑃 ∈ 𝐻 ∗(T(𝜀,𝜏)) = 𝐻 ∗(𝐶)[𝑥1]⊗k[𝑥2]. Write 𝑃 = 𝑃1+𝑃2, where 𝑃1 ∈ k[𝑥1, 𝑥2],
and 𝑃2 ∈ 𝐻>0(𝐶)[𝑥1, 𝑥2]. Then 𝑅(𝜏,𝜀)(𝜀,𝜏)(𝑃) = 𝑠(𝑃) + 𝑐1𝜕𝑃1.

Proof. Consider the Steinberg variety 𝑍2 = 𝑌2 ×𝑋2 𝑌2. 𝑍2 has two irreducible components, the

diagonal 𝑌2 and the closure of its complement; let us call the latter 𝑇2. It is well known that 𝑇2
is smooth

2
. Now look at 𝑍 ′ ∶= 𝑍(𝜀,𝜏),(𝜏,𝜀) = 𝑌(𝜀,𝜏) ×𝑋2 𝑌(𝜏,𝜀) ⊂ 𝑍2 from Definition 6.6. We have

𝑍 ′ ∩ 𝑌2 = 𝑌(𝜀,𝜀), so dim𝑍 ′ ∩ 𝑌2 = 2. On the other hand, 𝑇 ′
2 ∶= 𝑍 ′ ∩ 𝑇2 has a 3-dimensional

open, covering the locus 𝑋𝜏+𝜀2 ⊂ 𝑋2 of quotients of the form O𝑝 ⊕ O𝑥 , 𝑥 ≠ 𝑝. This shows that
[𝑍 ′] = [𝑇 ′

2 ], and 𝑇 ′
2 is smooth

3
.

Consider the following commutative diagram:

𝑌(𝜀,𝜏) × 𝑇2 𝑌(𝜀,𝜏) × 𝑇 ′
2 𝑇 ′

2 𝑌(𝜏,𝜀)

𝑌2 × 𝑇2 𝑇2 𝑌2

𝜄

𝑗 𝑞′ 𝑝′

𝜄 𝜄
𝑞 𝑝

2
One can check this étale-locally, where it becomes a claim about the Grothendieck-Springer alteration for gl2. In
fact, one can show that 𝑇2 is the blow up of 𝑌2 along the subvariety of points with underlying torsion sheaf of the

form O⊕2
𝑥 , 𝑥 ∈ 𝐶

3
Again, étale-locally this boils down to Grothendieck-Springer for sl2
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We want to compute 𝑝′∗(𝑞′)!(𝑃 ⊗ [𝑇 ′
2 ]), for 𝑃 ∈ 𝐻 ∗(𝑌(𝜀,𝜏)). Since 𝑗 is a closed embedding of

smooth varieties, we have 𝑗 !(𝑃 ⊗[𝑇2]) = (𝑃 ⊗[𝑇 ′
2 ]). Furthermore, since 𝑇2 and 𝑌(𝜀,𝜏)×𝑇2 intersect

transversally, we have base change by [MM23, Prop. 2.2]:

𝜄∗𝑝′∗(𝑞
′)!(𝑃 ⊗ [𝑇 ′

2 ]) = 𝑝∗𝜄∗(𝑞
′)!𝑗 !(𝑃 ⊗ [𝑇2]) = 𝑝∗𝑞!𝜄∗(𝑃 ⊗ [𝑍2] − [𝑌2]) = 𝑅2(𝑐1𝑃) − 𝑐1𝑃.

Using Proposition 6.17 and the fact that Δ(𝑐1 ⊗ 𝛾) = 0 for all 𝛾 ∈ 𝐻>0(𝐶), we have:

𝑐2𝑅(𝜏,𝜀)(𝜀,𝜏)(𝑃) = 𝑅2(𝑐1𝑃) − 𝑐1𝑃 = 𝑐2𝑠(𝑃) + Δ𝜕(𝑐1𝑃1 + 𝑐1𝑃2) = 𝑐2(𝑠(𝑃) + 𝑐1𝜕(𝑃1)).

We conclude by removing 𝑐2 from both sides. □

We do not give the formulas for the action of thick multicoloured crossings. However, we

expect that a dimension count argument as in the proof of Proposition 6.19 shows that splits

slide past multicoloured crossings. One can then derive explicit formulas by expressing thick

crossings in terms of thin crossings:

𝑎𝜀 𝑏𝜏

?
=

𝑎𝜀 𝑏𝜏

6.7. Relation to Savage’s algebras. Let us recall the definition of affine wreath product al-

gebras after [Sav18]. Our setting is slightly different from op.cit., in that we assume that the

Nakayama automorphism is trivial, but do not require the Frobenius element to be non-degenerate.

Definition 6.20. Let 𝐹 be a unital algebra, and Δ ∈ 𝐹 ⊗ 𝐹 an element satisfying (𝑓1 ⊗ 𝑓2)Δ =
Δ(𝑓2 ⊗ 𝑓1) for all 𝑓1, 𝑓2 ∈ 𝐹 ; we call such Δ weak Frobenius. For 𝑛 > 0, the affine wreath product
algebra A𝑛(𝐹) = A𝑛(𝐹 , Δ) is the quotient of the free product 𝐹⊗𝑛[𝑥1, … , 𝑥𝑛] ⋆ kS𝑛 modulo the

following relations:

𝑠𝑖𝑓 = 𝑓 𝑠𝑖𝑠𝑖 for all 𝑓 ∈ 𝐹⊗𝑛,
𝑠𝑖𝑥𝑗 = 𝑥𝑠𝑖(𝑗)𝑠𝑖 + (𝛿𝑖,𝑗 − 𝛿𝑖+1,𝑗 )Δ𝑖,𝑖+1.

Let 𝐶 be a smooth projective curve. Denote by𝑀pt the one-dimensional ideal 𝐻 2(𝐶) ⊂ 𝐻 ∗(𝐶),
and write 𝑉𝐶 = 𝐻 ∗(𝐶) ⊕ 𝑀pt. Define 𝑍𝑒𝐶 ∶= End𝐻∗(𝐶)(𝑉𝐶), where we consider everything with

cohomological grading, e.g. 𝑀pt lives in degree 2. It is clear that

∑
𝑖
𝑡 𝑖 dim𝑍𝑒𝐶[𝑖] = 2 + 2𝑔(𝐶)𝑡 + 3𝑡2,

where 𝑔(𝐶) is the genus of𝐶. Observe that SI1 ≃ 𝑍𝑒𝐶[𝑥], 𝐏1 ≃ 𝑉𝐶[𝑥]. Let 𝑦 = 𝑐∪− ∶ 𝐻 ∗(𝐶) → 𝑀pt,

and 𝑧 ∶ 𝑀pt = 𝐻 2(𝐶) ↪ 𝐻 ∗(𝐶) the inclusion. Then Δ′ ∶= Δ𝐶 +𝑦 ⊗𝑧+𝑧⊗𝑦 is a weak Frobenius

element.

Example 6.21. Let 𝐶 = P1
. In this case 𝑍𝑒

P1 is isomorphic to the extended zigzag algebra of type

𝐴1:

(6.5) 𝑍𝑒𝐴1
∶= k𝑄/(𝑦𝑧), 𝑄 = 𝜏 𝜀

𝑦

𝑧
,

and Δ′ = 1𝜏 ⊗ 𝑧𝑦 + 𝑧𝑦 ⊗ 1𝜏 + 𝑦 ⊗ 𝑧 + 𝑧 ⊗ 𝑦.

Consider the subalgebra RI
𝑛 = ∑𝝀,𝝁∈I𝑛 S

I
𝝀,𝝁 ⊂ SI𝑛. Diagrammatically, this means we only allow

thin strands at the ends.

Proposition 6.22. We have an isomorphism RI
𝑛 ≃ A𝑛(𝑍𝑒𝐶).
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Proof. Rewrite the polynomial representation of RI
𝑛 in the following way:

∑
𝝀∈I𝑛

𝐻 ∗(T𝝀) ≃
𝑛

⨂
𝑖=1

(𝐻 ∗(T𝜏) ⊕ 𝐻 ∗(T𝜀)) ≃ 𝑉⊗𝑛𝐶 [𝑥1, … , 𝑥𝑛].

Similarly, we can identify the subalgebra of RI
𝑛 generated by colour changes and all 𝐻 ∗(T𝝀),

𝝀 ∈ I𝑛 with (𝑍𝑒𝐶)⊗𝑛[𝑥1, … , 𝑥𝑛]. Consider the elements

𝑠𝑖 ∶= 𝑅
(𝜏,𝜏)
(𝜏,𝜏) + 𝑅

(𝜀,𝜀)
(𝜀,𝜀) + 𝑅

(𝜏,𝜀)
(𝜀,𝜏) + 𝑅

(𝜀,𝜏)
(𝜏,𝜀) − 1.

Let 𝑛 = 2, 𝑖 = 1 for simplicity. By Propositions 6.17 and 6.19, the action of 𝑠 on the polynomial

representation (𝑉𝐶)⊗𝑛[𝑥1, … , 𝑥𝑛] is as follows:

𝑃 ∈ 𝐻 ∗(T(𝜏,𝜏)) ∶𝑠(𝑃) = 𝑠(𝑃) + Δ𝐶𝜕(𝑃),
𝑃 ∈ 𝐻 ∗(T(𝜀,𝜏)) ∶𝑠(𝑃) = 𝑠(𝑃) + 𝑐1𝜕(𝑃)|1⊗𝐻>0(𝐶)=0 = 𝑠(𝑃) + (𝑧 ⊗ 𝑦)𝜕(𝑃),
𝑃 ∈ 𝐻 ∗(T(𝜏,𝜀)) ∶𝑠(𝑃) = 𝑠(𝑃) + (𝑦 ⊗ 𝑧)𝜕(𝑃),
𝑃 ∈ 𝐻 ∗(T(𝜀,𝜀)) ∶𝑠(𝑃) = 𝑠(𝑃).

Collecting these formulas together, we see that 𝑠(𝑃) = 𝑠(𝑃) + (𝜕Δ′𝑃), where 𝜕Δ′
is the Δ′

-twisted

Demazure operator:

𝜕Δ
′
(𝑃) =

Δ′𝑃 − 𝑃 𝑠Δ′

𝑥1 − 𝑥2
.

It is easy to check it satisfies Leibniz rule: 𝜕Δ′(𝑃𝑄) = 𝑃 𝑠𝜕Δ′(𝑄) + 𝜕Δ′(𝑃)𝑄. In particular:

𝑠(𝑓 𝑃) = 𝑓 𝑠𝑠(𝑃) + 𝑓 𝑠𝜕Δ
′
(𝑃) = 𝑓 𝑠𝑠(𝑃),

𝑠𝑖(𝑥𝑗𝑃) = 𝑥𝑠𝑖(𝑗)𝑠𝑖(𝑃) + 𝜕
Δ′

𝑖 (𝑥𝑗𝑃) = 𝑥𝑠𝑖(𝑗)𝑠𝑖(𝑃) + 𝑥𝑠𝑖(𝑗)𝜕
Δ′

𝑖 (𝑃) + (𝛿𝑖,𝑗 − 𝛿𝑖+1,𝑗 )Δ′
𝑖𝑃.

We leave checking S𝑛-relations to the interested reader (or see [LM25, Sec. 3]); in any case, we

obtain an algebra homomorphism A𝑛(𝑍𝑒𝐶) → RI
𝑛. As the basis of A𝑛(𝑍𝑒𝐶) in [Sav18, Th. 4.6] gets

sent to a basis of RI
𝑛 from Theorem 6.15, this is a bijection. □

Remark 6.23. While Savage requires Δ to be non-degenerate, the proof of [Sav18, Th. 4.6] does

not use this. See [LM25, Sec. 3] for another argument.

Corollary 6.24. Over a field of characteristic 0, the algebra 𝐶(𝑛𝛿) is Morita-equivalent to RI
𝑛 ≃

A𝑛(𝑍𝑒𝐴1
).

Proof. Follows from Proposition 5.3. □

Appendix A. Integral cohomology of T𝑛

One of the technical results we needed in [MM23] was the computation of integral coho-

mology groups 𝐻 ∗(T𝑛,Z), T𝑛 = T𝑛(P1). We approached it from three angles. First, writing

T𝑛 = [𝑋𝑛/𝐺𝐿𝑛] as in Section 6.1, restriction to torus fixed points 𝑖 ∶ 𝐶𝑛 ↪ 𝑋𝑛 induces a map

𝑖∗ ∶ 𝐻 ∗(T𝑛,Z) → Sym𝑛 (𝐻 ∗(P1,Z)[𝑥]) = (Z[𝑥1, … , 𝑥𝑛, 𝑐1, … , 𝑐𝑛]/(𝑐2𝑖 ))
S𝑛 .

Second, let 𝜋∗ ∶ T𝑛 × P1 → T𝑛 be the projection, and consider the universal sheaf E on T𝑛 × P1
.

Consider the subring generated by Künneth-Chern classes 𝑐𝑖,0 = 𝜋∗(𝑐𝑖(E) ∪ [pt]), 𝑐𝑖,1 = 𝜋∗(𝑐𝑖(E)):

𝚥 ∶ 𝑇𝐻 ∗(T𝑛,Z) = ⟨𝑐𝑖,0, 𝑐𝑖,1 ∶ 𝑖 ≥ 0⟩ ↪ 𝐻 ∗(T𝑛,Z).

Finally, let Γ = 1⇒ 0. Then pullback along the open embedding T𝑛 ≃ Repreg𝑛𝛿 Γ ⊂ Rep𝑛𝛿 Γ induces
a map

𝜑 ∶ 𝐻 ∗(Rep𝑛𝛿 ,Z) = Z[𝑢1, … , 𝑢𝑛, 𝑣1, … , 𝑣𝑛]S𝑛×S𝑛 → 𝐻 ∗(T𝑛,Z).
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Let Λ ⊂ 𝐻 ∗(T𝑛,Z) be the subring generated by classes 𝑐𝑖(𝜋∗E), 𝑖 ≥ 0. It easily follows from

definitions that under the identification T𝑛 = [𝑋𝑛/𝐺𝐿𝑛] it corresponds precisely to the pullback

of 𝐻 ∗
𝐺𝐿𝑛(pt). We claimed in [MM23] that 𝑖∗ is an isomorphism (Prop. 6.2), 𝚥 is not onto (Ex. 6.7),

and the image of 𝜑 isΛ⋅𝑇𝐻 ∗(T𝑛) (Prop. 8.37). Unfortunately, the first claim is incorrect. However,

the proofs of the other two claims were algebraic in nature, and as such relied solely on 𝑖∗ being
injective.

Lemma A.1. The equivariant Borel-Moore homology 𝐻BM
∗ ([Ngl𝑛/𝐺𝐿𝑛],Z) has no torsion as a

𝐻 ∗
𝐺𝐿𝑛(pt)-module.

Proof. We write 𝐇𝑅 = 𝐻BM
∗ ([Ngl𝑛/𝐺𝐿𝑛], 𝑅) for a ring 𝑅. Decompose [Ngl𝑛/𝐺𝐿𝑛] into the union

of nilpotent orbits ⨆𝜆⊢𝑛[O𝜆/𝐺𝐿𝑛]. It is known that

𝐻BM
∗ ([O𝜆/𝐺𝐿𝑛],Z) = 𝐻 ∗

𝐺𝐿𝑛(O𝜆,Z) ≃ 𝐻 ∗
𝐺𝜆(pt,Z),

where 𝐺𝜆 is a product of general linear groups. In particular, 𝐻BM
∗ ([O𝜆/𝐺𝐿𝑛]) is even and free

over Z for all 𝜆. Long exact sequence in Borel-Moore homology implies that the same holds for

𝐇Z.

Assume that we have a torsion 𝐻 ∗
𝐺𝐿𝑛(pt,Z)-submodule 𝑀 ⊂ 𝐇Z. By universal coefficients,

𝑀⊗Z Q is a torsion 𝐻 ∗
𝐺𝐿𝑛(pt,Q)-submodule of𝐇Q. ButNgl𝑛 is rationally smooth [BM83], so that

𝐇Q ≃ 𝐻 ∗
𝐺𝐿𝑛(Ngl𝑛 ,Q) ≃ 𝐻 ∗

𝐺𝐿𝑛(pt,Q) is a free module. Hence necessarily 𝑀 = 0. □

Proposition A.2. 𝑖∗ is injective.

Proof. Let 𝑇𝑛 ⊂ 𝐺𝐿𝑛 be amaximal torus. Themap 𝑖∗ is induced by restriction to 𝑇𝑛-fixed points. In
order to apply equivariant localization theorem, we need to show that no element of𝐻 ∗(T𝑛,Z) ⊂
𝐻 ∗
𝑇𝑛(𝑋𝑛,Z) is annihilated by the Euler class 𝑒 = 𝑐top(𝑁𝐶𝑛(𝑋𝑛)). We know by [MM23, Eq. (8)] that

the leading term of 𝑒 is the symmetric polynomial ∏𝑖<𝑗 (𝑥𝑖 − 𝑥𝑗 )2; therefore it suffices to check

that 𝐻 ∗(T𝑛,Z) has no Λ = 𝐻 ∗
𝐺𝐿𝑛(pt)-torsion.

WriteT𝑘∞𝑛 = Repreg𝑘𝛿∙ ×Rep
reg
(𝑛−𝑘)𝛿◦ ; we haveT𝑛 = ⨆𝑛

𝑘=0 T
𝑘∞
𝑛 as in Section 2.6. AsT𝑛 is smooth and

both Repreg𝑘𝛿∙ and Rep
reg
𝑘𝛿◦ have even Borel-Moore homology, by long exact sequence it is enough to

show that both𝐻BM
∗ ([gl𝑘/𝐺𝐿𝑘]) and𝐻BM

∗ ([Ngl𝑘/𝐺𝐿𝑘]) have no𝐻
∗
𝐺𝐿𝑘 (pt)-torsion. This is obvious

for the former, and follows from Lemma A.1 for the latter. □

Example A.3. Let 𝑛 = 2, and consider the class of T2∞
2 in 𝐻 ∗(T2,Z). We can deform T2∞

2 to a

smooth substack [𝑁/𝐺𝐿2] ⊂ [gl2/𝐺𝐿2] = T0∞
2 , where

𝑁 = {( 𝑎 𝑏
𝑐 −𝑎 ) ∶ 𝑎

2 + 𝑏𝑐 = 1}.

𝑁 intersects (P1)2 inside 𝑋2 transversally in two points. Therefore 𝑖∗[T2∞
2 ] = 2𝑐1𝑐2, and by the

proof of Proposition A.2 𝑐1𝑐2 cannot lie in the image of 𝑖∗.

Recall the merge operator 𝑀𝑛
1𝑛 from [MM23, Thm. 4.15] and F1𝑛 from Section 6.1. We write 𝑢

instead of 𝑢1, … , 𝑢𝑛 for brevity.

Corollary A.4. We have 𝐻 ∗(T𝑛,Z) = Λ ⋅ 𝑇𝐻 ∗(T𝑛,Z), that is the integral cohomology of T𝑛 is
generated by tautological classes. The following diagram commutes:

Z[𝑢, 𝑣]S𝑛×S𝑛 𝐻 ∗(T𝑛,Z) 𝐻 ∗(F1𝑛 ,Z)

Z[𝑢, 𝑣] Z[𝑥, 𝑐]/(𝑐2𝑖 ) Z[𝑥, 𝑐]/(𝑐2𝑖 )

𝜑

𝑖∗

𝜑 𝑀𝑛
1𝑛

where 𝜑 is given by 𝑢𝑖 ↦ 𝑥𝑖, 𝑣𝑖 ↦ 𝑥𝑖 + 𝑐𝑖. Moreover, Λ ⋅ Im(𝑀𝑛
1𝑛) = Im(𝑖∗).

Proof. The left square commutes by Corollary 5.12 and [MM23, Prop. 8.37]. The rest follows from

[MM23, Thm. 4.15, Lm. 8.31]. □
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Since 𝐻 ∗(T𝑛,Z) is manifestly free over Z, we deduce a description of 𝐻 ∗(T𝑛, 𝑅) for any ring

𝑅 by universal coefficients. For a general smooth curve 𝐶, we do not have an analogue of the

map 𝜑, so our argument does not apply.

Conjecture A.5. Let 𝐶 be a smooth complex curve, and consider the subring 𝑇𝐻 ∗(T𝑛(𝐶),Z) ⊂
𝐻 ∗(T𝑛(𝐶),Z) generated by classes 𝜋∗(𝑐𝑖(E) ∪ 𝛾), 𝑖 ≥ 0, 𝛾 ∈ 𝐻 ∗(𝐶,Z). Then

(1) 𝐻 ∗(T𝑛(𝐶),Z) is generated by 𝑇𝐻 ∗(T𝑛(𝐶),Z) over Λ;
(2) The image of the pushforward map

𝐻 ∗(F𝑛(𝐶),Z) → 𝐻 ∗(T𝑛(𝐶),Z)

from full flags is precisely 𝑇𝐻 ∗(T𝑛(𝐶),Z).

In particular, the conjecture would imply an explicit description of 𝐻 ∗(T𝑛(𝐶),Z), as the Λ-
submodule of 𝐻 ∗(𝐶𝑛,Z)[𝑥1, … , 𝑥𝑛] generated by the image of 𝑀𝑛

1𝑛 .

A.1. Erratum for [MM23]. Because of Proposition A.2, the mistake in [MM23, Prop 6.2] does

not propagate into the rest of our computations, which are formal manipulations with polyno-

mials. However, we need to slightly tweak our conclusions.

∙ Every time we mentioned the polynomial representation of SP1
𝑛 , we need to replace

Z[𝑥, 𝑐]/(𝑐2𝑖 ) with 𝐻 ∗(T𝑛,Z);
∙ We distinguished between two diagrammatic algebras S(1), resp. S(2), where thick strands

could support coupons valued in𝐻 ∗(T𝑛,Z), resp. Z[𝑥, 𝑐]/(𝑐2𝑖 ). The algebra S(2) described
the semicuspidal algebra, and S(1) was isomorphic to the curve Schur algebra. Corol-

lary A.4 tells us that both roles are played by S(2), and S(1) is a formal algebraic gadget;

∙ As a consequence, the homomorphism Φ𝑛 from [MM23, Prop 8.35] is actually bijective

over any field or Z;

∙ [MM23, Conj 8.40] becomes trivially true.

Finally, let us pay special attention to [MM23, Prop A.5]. It is wrong as stated; indeed, the

stratification (4.2), refined by further stratifying nilpotent cones into orbits, satisfies the require-

ments of [JMW14]. This means that one could in principle consider the usual parity theory Evpc.
However, it does not contain every flag sheafL𝛽 , because they are not constructible with respect

to this stratification. On the other hand, our “ersatz” theory Evmkp
does contain every L𝛽 as per

Proposition 4.7.
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