STRATIFYING QUIVER SCHUR ALGEBRAS VIA ERSATZ PARITY SHEAVES

RUSLAN MAKSIMAU AND ALEXANDRE MINETS

ABSTRACT. We propose an extension of the theory of parity sheaves, which allows for non-locally
constant sheaves along strata. Our definition is tailored for proving the existence of (proper, quasi-
hereditary, etc) stratifications of Ext-algebras. We use this to study quiver Schur algebra A(«) for
the cyclic quiver of length 2. We find a polynomial quasihereditary structure on A(a) compatible
with the categorified PBW basis of McNamara and Kleshchev-Muth, and sharpen their results to
arbitrary characteristic. We also prove that semicuspidal algebras of A(nd) are polynomial quasi-
hereditary covers of semicuspidal algebras of the corresponding KLR algebra R(nd), and compute
them diagrammatically.
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INTRODUCTION

Let T = (I, H) be a quiver of affine type, and U,(gr) the corresponding affine quantum group.
The categorification of its negative half U,(gr) is provided by (graded, projective) modules over
the quiver Hecke (KLR) algebras R(a), a € Z%, [KLog]. As U,(g;) admits several important
bases (PBW, canonical, their dual versions), one is naturally lead to ask what these bases are
categorified by.

The answer is given by the notion of (%-)properly stratified algebras [Kle15]. It is known that
the algebras R(«) are properly stratified in characteristic 0 or p > 0 big enough [McN17b, KM17].
Their building blocks are the so-called semicuspidal algebras C(ka’), where a’ runs over the
positive roots of gr. The strata are parameterised by Kostant partitions of @, and induction from
simples in C(ka’)’s gives rise to proper standard modules. These modules categorify the dual
PBW basis [McN17b]. Taking their projective covers in R(a), one obtains a categorification of
the canonical basis.

While standard objects should be independent of the characteristic of the ground field, in-
decomposable projectives are typically not. In particular, their decategorification recovers the
p-canonical basis of U,(gr) [Grogg, JW17], which should capture subtle modular information. It
is therefore desirable to extend the stratification result above to small characteristic.
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At the same time, not all stratifications are born equal. Ideally, we want to have as few simples
in each stratum as possible. For instance, when all strata of a properly stratified algebra A are
graded polynomial algebras, we say that A is polyhereditary.' It is known that imaginary semi-
cuspidal algebras C(kd§), where ¢ is the indecomposable imaginary root of gr, are not polynomial,
or even polyhereditary [KM19], so one is tempted to look for their polyhereditary covers.

Ersatz parity sheaves. Recall that KLR algebras can be realized as convolution algebras. In
characteristic 0, Kato [Kat17] considered varieties X with finitely many G-orbits O, and proved
polyheredity for G-equivariant convolution algebras Ext*(L, L), L = @, IC(O,). This result was
extended in [McN17a] to ?p—coefﬁcients, by replacing IC-sheaves with parity sheaves [JMW14].
This immediately implies polyheredity for KLR algebras of Dynkin quivers. However, the quivers
of affine type have infinitely many isomorphism classes of representations, so these results do
not apply.

We circumvent this by generalizing the theory of parity sheaves. Let X = | |; X be an al-
gebraic stratification. The axiomatics of [[MW14] are set up so that parity sheaves are locally
constant on each stratum; we drop this condition. Instead, on each X, we pick a collection of
sheaves with no extensions between them, which we call an evenness theory. This bears almost
no influence on basic constructions; in particular, there exists at most one parity extension P(F)
of an indecomposable sheaf F € Ev(X)) to X. When such extension exists, we call it ersatz parity
sheaf. It follows from our axioms that the collection of ersatz parity sheaves is itself an evenness
theory Ev(X) on X; we say it is ersatz-complete if all ersatz parity sheaves P(F) exist.

Given an evenness theory Ev on X, take the direct sum £ of all indecomposable sheaves in Ev
and consider the Ext-algebra A; = Ext*(L, £). We define a notion of polyheredity of evenness
theories, which ensures that A is polyhereditary (Proposition 3.17). Our main technical result
allows us to glue polyhereditary theories, and thus polyhereditary algebras:

Theorem A (Theorem 3.18). Let X = | |; X), equipped with a polyhereditary evenness theory
Ev(X};) on each X,. IfEv(X) is ersatz-complete, then it is also polyhereditary.

Quiver Schur for Kronecker quiver. LetI' = « =% « be the Kronecker quiver. The imaginary
semicuspidal algebras for KLR algebras of T’ were computed in [MMz23] in arbitrary character-
istic. Here, we study imaginary semicuspidal algebras of the quiver Schur algebras of I'. Since
quiver Hecke and Schur algebras only differ for quivers with cycles, we consider a “seminilpo-
tent” variant A*(«) of quiver Schur algebra; see Section 2.5 for definitions.

We define a Harder-Narasimhan-type stratification of Rep, I', and show that the associated
evenness theory is precisely the Karoubi envelope of the additive category of flag sheaves (Corol-
lary 4.19). This quickly implies

Theorem B (Theorem 4.21). The quiver Schur algebra Aj(«) is polyhereditary.

Finally, similarly to [MM23] we provide the imaginary semicuspidal algebra with an explicit
diagrammatic description by considering torsion sheaves on IP!.

Theorem C (Theorem 5.5 and Corollary 6.9). The imaginary semicuspidal algebra of A{(né) is
Morita-equivalent to the extended curve Schur algebra of P! (Section 6). It provides a polyhereditary
cover of the imaginary semicuspidal algebra of R(né), as computed in [MM23].

As a byproduct, we obtain a simpler polyhereditary cover of the semicuspidal algebra of R(nd)
in characteristic 0 (Section 6.7), and extend the stratification result of [McN17b, KM17] to arbi-
trary characteristic (Section 5.3). We also compute integral cohomology of the moduli stack of
torsion sheaves on IP!, thus correcting some mistakes in [MM?23] (Appendix A).

'This name is non-standard; one usually calls such algebras polynomial quasihereditary. We opted for a contraction
to save ink; see Section 3.4 for definitions
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Modular representation theory. Semicuspidal quotients feature prominently in the study of
blocks of IF,[ & 4], or more generally of Ariki-Koike algebras at roots of unity (higher level). The
typical strategy is to use derived equivalences to reduce a given question from arbitrary blocks
to RoCK blocks; see [CKoz, CRo8] for IF,[&4], and [Lyl22, Web24] for higher level. Thanks to
the foundational result of Brundan-Kleshchev [BKog], blocks of Ariki-Koike algebras (at roots of
unity) are equivalent to blocks of cyclotomic KLR algebras for cyclic quivers.

For the symmetric groups, RoCK blocks were realized inside the category of semicuspidal
modules of KLR algebra of a cyclic quiver [EK18], thus proving a non-abelian version of Broué
conjecture (for symmetric groups). In the higher level case, C(nd) only captures a certain piece
of RoCK blocks of Ariki-Koike [MNSS24]. A presentation of higher RoCK blocks as modules over
quotients of KLRW algebras was recently established in [MW25]. We hope that our methods can
be used to study these quotients geometrically in positive characteristic, and for example realize
them as Ext-algebras of ersatz parity sheaves in some suitable evenness theory.

Organisation. In Section 1, we recall Schur diagrammatics and convolution algebras in Borel-
Moore homology. In Section 2, we fix our notations for quiver Schur algebras, and introduce the
seminilpotent version for the Kronecker quiver. We define and study evenness theories Section 3,
culminating in the proof of Theorem A. We construct a special evenness theory for representa-
tions of the Kronecker quiver using Mackey filtration on flag sheaves, and deduce Theorem B in
Section 4. Section 5 relates our results back to semicuspidal quotients, and the imaginary semi-
cuspidal algebra is computed in Section 6. Finally, Appendix A discusses integral cohomology of
stacks of torsion sheaves on curves, and provides erratum for [MM23].

Acknowledgements. This project took its current shape after A.M. tried to explain the results
of [MM23] to D. Juteau at Colloque tournant in Luminy, and was met with confusion at how the
mismatch of Z-lattices therein could ever occur. We are grateful to him for the patient ear. The
authors are also grateful to Max Planck Institute for Mathematics in Bonn and CY Cergy Paris
Université for their hospitality and financial support.

1. PREREQUISITES

Let k be a field. All varieties we consider are over C; the field k plays the role of the coefficient
ring for (co)homology and sheaves.

1.1. Coloured compositions. Let us fix a finite set I; we refer to its elements as colours.

Definition 1.1. (1) Let n € Zxo. A quasi-composition of n of length k is a k-tuple of non-
negative integers A = (A1, 22, ...,)Lk) which sum up to n. We further say that 1 is a
composition if all A7’s are positive, and a partitionif \' > A% > ... > Ak > 0.

(2) Let a = (m); € ZL,. An I-composition of « is a k-tuple § = (B, 2,..., B¥) of nonzero
elements of Z., which sum up to a. We call £() := k the length of . For eachi € I, we
have B; = (B}, ..., B¥) a quasi-composition of n;.

(3) An I-coloured composition of n of length k is a word A = (A'i', ..., A%i¥), where i/ € I and
Zj A = n. Equivalently, it is a pair A = (4, ();), where 1 = (A1, ..., A¥) is a composition
of n,and (i%, ...,i") is a k-tuple of colours.

Denote the set of (I-)compositions of @ by Comp(«), and the set of I-coloured compositions
on n by I™; our convention is that for n = 0 both sets consist of one (trivial) composition of
length 0. I-coloured compositions can be seen as I-compositions, where each f/ is supported in
one single colour, and so we have [ ) ¢ Comp(a).

Let |- | : ZL, — Zs, be the map sending (n;); to Y,; n;. Then each I-composition f =
(B',..., B5) of a yields a composition || = (|f1, ..., || of |a|.
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Each quasi-composition A yields a parabolic subgroup G, := Hj;l G, of G,. Let us denote
Sy = [lic; Sn; then each I-composition f yields a parabolic subgroup &4 = [];c; &5, of &,.
For I-coloured compositions, we set &, := &, viewed as a subgroup of &,. When talking about
double cosets of the form &;\&,/6,, we will always implicitly identify them with the shortest
length representatives.

For two compositions A, 4 € Comp(n), we say that yis a refinement of 1if &, C &,, and denote
it by p F A. We have the same definition for I-compositions. For two I-coloured compositions
A, 1 we say that p is a refinement of A if it is a refinement as I-compositions.

1.2. Schur diagrammatics. Let us recall the widely used diagrammatic language for permuta-
tions and compositions.

Definition 1.2. Let n be a positive integer. A Schur diagram of weight n is a planar diagram,
which around every point looks in one of the following ways:

a a b a+b b a
a a+b a b a b
strand split merge crossing

We label each strand with a positive integer, called thickness; we say a strand is thin if it has
thickness 1. Thicknesses add up on splits and merges, and are required to sum up to n on each
horizontal slice. Strands go from bottom to top, caps or cups are not allowed.

We will always impose the following associativity relations on splits and merges:

a+b+c a+b+c

S R P e NN

a+b+c a+b+c

This allows us to make sense of more general splits and merges:

a, a ak-1 Ak Zjaj

2.4 a, a ar_q Ak

In particular, for any A,z € Comp(n) with g F A we can draw the corresponding split
and merge diagrams, with thicknesses given by components of A and p. Furthermore, if A =
(A'...,A%) € Comp(n) and o € &y, then for any reduced decomposition of ¢ we can draw the
corresponding diagram which only has crossings, and the thicknesses of strands are given by
A’s.

Let A, 4 € Comp(n), {(A) = k, (u) = I, and w € 6,\&,,/S,.. Define the compositions A" F A,
§ E pby

X=X, 2T = (A L w1 ),

,U — (’u/ll ...,/Jllk,...,,u/lk), ‘u/ij — #([’ui—l + 1,’ui] n W_I[Aj_l + l,ﬂ.j]).

We have S = S; n wS,w!, &, = &, n w'S;w. Denoting the length of A’ by k’, the
permutation w € &, induces a permutation o € &/, which transforms A’ into ’. Fix a reduced
decomposition of ¢.

Definition 1.3. Denote by D,, the Schur diagram characterized by the following properties:

» D,, is a concatenation of there parts: top, middle and bottom;
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+ The bottom part is the split corresponding to A’ E A, the top part is the merge corre-
sponding to p/ E p;
+ The middle part is the crossing diagram corresponding to o.

Example 1.4. Let A = (2,2,1), p = (3,2), and take w = s3s4. Then A’ = (2,2,1), ¢/ = (2, 1,2), and
D,, is as follows:

2 2 1
3 2

Remark 1.5. We do not impose &,-relations on crossings. However, in situations of our interest
they hold “up to lower terms”, see e.g. proof of [MM23, Th. 4.10].

Given a set of colours I, we can define Schur diagrams with thicknesses valued in leo ina
straightforward way. All the considerations above extend accordingly after replacing composi-
tions by I-compositions; for example, for any f, y € Comp(a) and w € G5\&,/6,, we get a
Schur diagram D,,. More precisely, in this case for the definition of D,, we should take ’ and y’
defined by

Bl= B B B, BT = 4B LB wily T Ly D,

(1.2) _ [ pr—
Yi/ — (}/,'/11>--- i )/illk,---, }/i/lk)’ Yi/tr — #([Yit 1 +1, ylt] N w; 1[ lr 1 + 1aﬁ1r])

In some cases, we will only want to consider I-coloured compositions; this corresponds to only
allowing strands, splits and merges of pure colour.

1.3. Symmetric polynomials. We will work with various polynomial rings. Define Pol, =
k[ X1, ..., X,], and for any quasi-composition A set Pol) = Pol®*. More generally, for an I-

composition f of & = (n;); we define Pol, = Q);c; Pol,,, and Polg = PolSﬁ . Note that we have
obvious identifications

k
Pol) = ®Pol§”, Poly = ®Poln€;ﬁi.
j=1 iel
For r € [1,n — 1], denote by 9, the Demazure operator
P —s.(P)
Xr - Xr+1 '

For any w € &, we define 9, := dy, ... dk,, where w = s, ... sk, is a reduced expression. Since

d, : Pol, — Pol,, P

Demazure operators satisfy braid relations, d,, is independent of choices.
For positive integers a, b with a + b = n consider the shuffle permutation
o livp ifi1<i<a
(1.3) Wap (i) = [

i—a ifa<i<n

We abbreviate 9, := d,,,,. Forany P € Pol®St we have 9, P € Pol".

1.4. Convolution algebras. Let us briefly recall the geometric setup of [CG1o]. Let7 : ¥ — X

be a proper map of algebraic varieties with smooth source. We define Z := Y xx Y, and consider

its Borel-Moore homology A = H.(Z) = H.(Z, k) with coefficients in k. Consider the following
5



Correspondence:
X
Zxz &EPE oy v xy Y Py z

|

IdyxAyxId
Vix Y2y x Y x Y

One equips A with the associative product py3.(p12% pa3)', where (p12% pa3)' is the Gysin pullback
along the diagonal embedding Ay. Note that this product depends not only on Z, but also on the
choice of the map 7. We have a natural action of A on H.(Y) = H?4mY=*(Y) via a similar
correspondence. Both A and H,(Y) are naturally H*(X)-modules; both algebra structure on A
and A-action on H,.(Y) are H*(X)-linear.

In the case when Y = Ly;Y; has several connected components, we have an obvious decompo-
sition A = A;j := H.(Z;)), Zij = Y; xx Y;. We equip A with a grading by setting

A= @ A Ag 1= @ Haim yy+dim v;-k(Zi).
k Lj

Let us consider the constructible sheaf ICy := P, ky,[dim Y;]. The following statement is proved
in [CG1o, § 8.6]:

Proposition 1.6. We have an isomorphism of graded algebras A = Ext*(r, ICy, 7. ICy).

When X, Y are G-varieties for a linear algebraic group G, and 7 is G-equivariant, we can
replace Borel-Moore homology by G-equivariant Borel-Moore homology. Everything we listed
above remains true.

2. QUIVER SCHUR ALGEBRAS

2.1. Quivers and flags. Let I' = (I, H) be a quiver, where I denotes the set of vertices and H
the set of edges. We denote by s, ¢ : H — I the maps associating to an edge its source and target
respectively. Write Q; = ZI, Qf = leo§ note that Qr has an obvious basis {«;, i € I} over Z.
For a = ), ma; € Qy, we write |a| := ) ; n;. Given an [-graded vector space V = P, V;, its
dimension vector dim;(V) = Y; dim(V;)e; is naturally an element of Qf .

Definition 2.1. Let V be a finite-dimensional C-vector space. A quasi-flag of length kin V is a
sequence of vector spaces

Vi=({o}=V'cVvic-.cvk=v)
we write £(V*) := k. For a quasi-flag V* we say that it is
« aflag,if V7' # V/forall1 < j<k,
« a full flag, if dim V" /V"™ ! = 1forall1 < j < k.

When V is an I-graded vector space, we say that a flag V" is I-homogeneous if V" = @,; V{ for
all1 <r <k where V' =V"'nV,.

We denote the variety of all (not necessarily full) I-homogeneous flags in V by F,. Note that
({0} = V? c V! c ... ¢ VF = V) is a quasi-flag in V;, but not always a flag.

Given an I-homogeneous flag V°, denote " := dim; V"/dim; V""! for 1 < r < #B) and
call the composition g = (B, ..., f5) € Comp(a) the type of V'. Denoting by Fp the variety of
I-homogeneous flags of type f, we have F, = HﬂeComp(zx) Fp.

2.2. Quiver Schur algebras. Let V = P, V; be an I-graded vector space of dimension «. Set
Ey = @pe Hom(Vyy, Viny). The group G, = ;e GL(V;) acts on E,, as well as on Fy for all

S € Comp(a), in a natural way.
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Denote by Ff; the closed subvariety of pairs (x, V") € E, x Fg such that x preserves the flag

V*, in other words for each arrow h € H and 1 < j < #f) we have xh(Vsj(h)) C th(h)' This
subvariety is preserved by the action of G,, and is known to be smooth. We will also write

Fﬂa = HﬂeComp(a) Fz
For 5, y € Comp(«), we define the quiver Steinberg varieties

Z, =B F, z-RwFe 1] 2,
B,yeComp(a)

As explained in Section 1.4, we have a convolution algebra structure on Hf a (fo, k).
Definition 2.2. The (standard) quiver Schur algebra of T is the algebra A*(a) := Ho*(Z!,, k).

Remark 2.3. We often find it convenient to use the language of stacks, instead of varieties with
group actions. Namely, consider the quotient stacks

Rep, :=[Eq/Gq]. Fljy :=[F}/Gal.
In this notation, we have H*G“(Zg)y) = H.(Flg Xgep, Fly).
It is also customary (see [SW14]) to consider smaller Steinberg varieties. Namely, denote by

F; C f“ﬁ the variety of pairs (x, V") C E, x Fg such that x strictly preserves the flag V", that is for
each arrow h € H and 1 < j < #(f) we have x,(V{;,) C Vt’(;)l. When f is the type of a full flag,

we have F}} = F}} but in general the inclusion is strict.
Anologously to the above, for any f, y € Comp(«) we define

zZp, =Fpe, B Zo=FouFo= ] 7,
B,yeComp(a)

and the convolution algebra H' (Z;,%).
Definition 2.4. The nilpotent quiver Schur algebra of T is the algebra A"(«) := HE*(Z",, k).

Let x € {#,b}. For each € Comp(a) we define an idempotent 15 € A*(«) as the fundamental
class of the diagonal subvariety F}*; CZj s Wehave 1= 3 pecomp(a) 1p in A™().

Let y & . We have amap f : F, — Fz obtained by forgetting subspaces of the flag. Consider
the subvariety F; pC l?;‘, of pairs (x, V*) € E, xF, such that x (strictly, if x = b) preserves f(V").
We have a map F;,ﬁ - F,’,JZ induced by f, and so a closed embedding of F;;ﬁ into both Z;,ﬁ and
Zl*iy‘ We denote the corresponding fundamental classes by S;) p and M/’){y respectively.

Definition 2.5. We call the element S)*,ﬁ € 1,A*(a)1p a split, and the element ME,Y € 1A (o)1,
a merge.

Remark 2.6. Note that F‘;) 5= F‘;,, but F’)’,) 5 C F; is typically a strict inclusion.

Let n F y F B. It is clear from the definitions that splits, merges and idempotents satisfy the
following relations:

LySyp=Syplp = Spp 1gMg, = Mg 1, = Mg,
SnySyp = Sup My My = Mg
In particular, this means that we can represent them using Schur diagrammatics:

1 p2 k 1 1

Y g Jid
5= Y. e NAN
yl e }/l




Recall that A*(«) acts by convolution on
H, F.lk)= P H;,Fpk= P Poly
peComp(a) peComp(a)

we denote this module by APol’,, and call it the polynomial representation. We will write out the
action of A*(«) on APol’, more explicitly in Section 2.5. For now, note that the diagonal inclusion

~

F[*; C Zl*i 8 induces an algebra homomorphism
Poly > 15A*(a)lg, P> [FjluP.

Diagrammatically, we will draw elements of these polynomial subalgebras as coupons:

‘Blﬁzmﬁk

Remark 2.7. Let Comp,(e) C Comp(e) be the subset of all compositions § = (B, ..., B) sat-
isfying |f'| = 1 for all i; in other words, Comp,() is the set of types of full flags. Denote

IKIR = X peCompy(a) 15> and consider

Ao(a) = 1xrA" (@) 1kir = @ HS*(Zg,, k).
B,yeComp,(a)
This is the quiver Hecke algebra of " as defined in [KLog]. If " has no edge loops, we clearly have
F; = F} for any f € Comp,(«). In particular, in this case 1k rA*(@)1xir = 1kirRA’ (@) 1KiR-

2.3. Basis of A(«). Let us recall a basis of A(a). Since this construction works for both A*(«)
and A’ (), we will temporarily drop the superscripts. We describe a basis of 15A(a)1, for fixed
p.y € Comp(a). Given w € G4\&,/&,, recall the split-merge diagram D,, from Section 1.2. We
can interpret it inside A(a) by sending splits to splits, merges to merges, and crossings to “naive”
crossings, given by a composition of a merge with a split:

B B! B B!
(2.1) =
B! B B! B

Recall the intermediate composition #’ from (1.2). For every P € Polg/, we consider the element
Y% € 13A(a)1,, which corresponds to the diagram obtained from D,, by placing a coupon with
label P on the horizontal line separating the splits and the crossings.

For each f/, fix a basis Bg of Polg . The following statement is proved in [SW14, Th. 3.11], [Prz19,
Th. 3.25].

Proposition 2.8. The set
{lﬁa, w € Gﬁ\Ga/gy,P € Bﬁ’}
is a basis of 15A(a)1,.

2.4. Fourier transform. Let us briefly explain what happens to the quiver Schur algebra when
we change the orientation of T
Let G be an algebraic group, X a G-variety, and E a G-equivariant vector bundle on X. We say
that a complex of sheaves is monodromic if it is locally constant along the orbits of the scaling G,,-
action on the fibers of E, and denote by D2 (E/G) = Dg’mon(E, k) the G-equivariant derived
category of monodromic complexes of k-vector spaces on E. The Fourier-Sato transform is an
8



equivalence of categories

O : Dyon(E/G) = Dppon(E"/G);
see [AHJR14, 2.7] for the precise definition. The following proposition summarizes some prop-
erties of O, found in loc.cit.:

Proposition 2.9. (1) Identifying X with the zero section in E, we have ©Op(kx) = kgv[dim E];
(2) IfE =E,; ® E,, then O = O, X Of,;
(3) Let ID be Verdier duality functor. We have

Deg = 0ID(-1), OO = (-1),

where (—1) is the auto-equivalence of D (E/G) induced by multiplication by (—1) along
the fibers of E — X.

Fix amap ¢ : H — {#,b}. We can generalize the considerations in Section 2.2 and define a
quiver Schur algebra A°(a) starting with flag varieties F;,, where we impose strict condition on
h if o(h) = b, and the non-strict one otherwise. Considering the constant functions # : h — #
and b : h — b, we recover our previous notations.

The convolution algebra HE*(Z2,) can be alternatively seen as Ext*(p. ICg., p+ 1G5 ), see Propo-
sition 1.6. Given a collection of arrows H’ C H, consider the quiver I, obtained from I' by
inverting the arrows in H’. Note that El, and Eg/ are dual vector bundles over the base B =
DBy Hom(Vipy, Vi), so that we have Fourier-Sato equivalences O, : D: (EL/G,) —

/
D! (B /Go).

Lemma 2.10. Denote by ©(o) the function obtained from ¢ by inverting the values on H’. We have
an isomorphism of algebras Ap(a) = Al(?,(o)(a).

Proof. To ease the notational burden, we will only consider ¢ = #, the general proof being com-
pletely analogous. Let Eg =[], Epi, and Eg C Eg is the subspace of all representations where the
components corresponding to the edges in H” vanish. Observe that we have a G,-equivariant
map q : F,Z’ — Fp ng which remembers the flag V* and takes a representation x to its associated

graded with respect to V*. The preimage of F4 x Eg under this map is precisely f?(”). Consider
the following commutative diagram:

ro, P mer) 1 Fe) = P
By +—— F)Y ——TF F E,

lq/ lqo Jq
Fpx Ejj «—— Fpx Ej —— FyxEj
and denote d; = dim Fz, de(x) = dim FZ)@. We have
O(p+kl[d:]) = ©(p.q k[d.])
= pi(q)Okld:]) = pi(q) . kldow] = pligokldow)] = piklde)].
where the isomorphism between two lines is due to Lusztig [Lusos, § 10.2]. Recalling the Ext-

algebra description of A°(«), we may conclude. O

Corollary 2.11. Fourier-Sato transform ©,, induces an isomorphism of algebras Aj.(a) = Apop ().
Up to signs, this isomorphism sends 15 to 1, S;,ﬁ to S}",’ﬁ, ME’Y to M[*;,y and coupons to coupons.

Proof. Coupons are sent to coupons by equivariance. The rest of the second statement is left as
an exercise to the reader; the correction signs might appear because of Proposition 2.9(3). g
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2.5. Seminilpotent version for Kronecker quiver. From now on, let ' = 1 = 0 be the
Kronecker quiver, where we denote the two edges by h; and h,. Let @ = noay + nyay. Consider
the function & : H — {#,b} given by 4(h,) = #, 4(h,) = b, and the corresponding convolution
algebra A" (a). More explicitly, it is the convolution algebra HE*(Z;,, k), where
Zyy =By, B, 2o =Fou Fo= [T 7,
B.yeComp(a)

and F% C FZ is the variety of pairs (x, V") C E, x Fg such that hg(Vlj) C Voj and hb(Vlj) C Voj_1 for
1 < j < #p). As in Remark 2.3, we will sometimes write FI;; = [F“ﬁ/Ga]

Definition 2.12. We call A*(a) the seminilpotent quiver Schur algebra.

By reversing various arrows and using Lemma 2.10, we get isomorphisms
Aiﬁo(“) = Aiﬁo(“) = Ai:o(“)-
We define the idempotents, split, merge, and polynomial elements in A"(«) analogously to Sec-

tion 2.2, and they are preserved under the isomorphisms above (up to signs). However, recall the
polynomial representation

APol}, = Z Poly = Z ]k[ul,...,uno,vl,...,vnl]gﬁ.
peComp(a) peComp(a)
While it does not depend on the choice of » as a vector space, the action of the generators of
A*(a) will vary.
Proposition 2.13. Let f = (B!, f?) € Comp(a), and p* = aay + bay, f? = cay + day. Denote

a b+d atc b

Ky = H H (wi—vj), Ky= H H(Uj - ).

i=1 j=b+1 i=a+1 j=1

The action of the split-merge operators Sg , : Pol, — Polg, M, g : Polg — Pol, on APol, is given

by the following table:
A PP P (—1)%*beql 5y (KiKyP)
A’ P (KiP) P (-1)Po% 0 J(K,P)
14b P (K1K2P) P 63’68’,’1,dP

Proof. The formulas for A* and A" can be found in [Prz19, Th. 4.7] and [SW 14, Prop. 3.4] respec-
tively. For A®, one obtains them completely analogously via equivariant localization. O

From this point on, we will only be interested in the Kronecker quiver and the seminilpotent
version of Schur algebra. We thus drop the superscripts and write A(a), Fg and so on, and use the
corresponding conventions for the diagrammatic calculus and the polynomial representation.

2.6. Representations of the Kronecker quiver. Let us recall some basic facts about repre-
sentations of the Kronecker quiver; see e.g. [MM23, App. A]. Let ®* C Z;O be the set of positive

roots for sl. There exists an indecomposable representation of T of dimension « iff & € ®*.
Denote § := qy + a;. The set ®* breaks into real and imaginary roots:

o =@ L] O ={a;+kS:i€lLk>0}, @ ={ké:k>1}

m?

When a € &}

re’

it by M,. When a = nd is an imaginary root, we consider the open substack Repiﬁsg C Rep,5 of

there exists a unique indecomposable representation of dimension «; we denote

all representations which do not contain any M,, « € ®/, as a summand. It is well known that
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Rep;%g is isomorphic to the moduli stack T,(IP!) of torsion coherent sheaves on IP! of length n,
and the isomorphism is given by

(2.2) T,(P1) 5 Rep™®T, &> < HY(E) == H'(E 8 Op (1) > .

Let o € P! be the point corresponding to the representation in Repg =~ T;(IP') with vanishing
h,. Using the description above, define Rep;i;’ri C Repie(sg to be the closed substack consisting of
sheaves supported at oo, and Repzeﬁ C Repffég the open substack of sheaves supported away from
oo, It is clear that

Rep,s: = [Ngi,/GLal.  Rep,3 = [gl,/GLul.
and we have a stratification

n
reg _ reg reg
(2.3) Rep,s = H Rep,s. xRep,,” 5. -

3. ERSATZ PARITY SHEAVES

In this section we introduce a geometric framework, which allows us to easily prove poly-
heredity of convolution algebras. Our construction takes inspiration from [JMW 14, McN17a].

3.1. Evenness theories. Let Y be a quotient stack, that is [ Y’ /G], where G is an algebraic group,
and Y’ a G-variety; we only require an existence of such presentation, and do not fix one. Let
Db(Y) denote the bounded constructible derived category of k-sheaves on Y; see [BLo6] for its
definition and properties.

Definition 3.1. An evenness theory on Y is a full subcategory Ev = Ev(Y) ¢ D?(Y) such that

+ Ev(Y) is stable by even shifts, direct sums, taking direct summands and Verdier duality;
» Forany F, § € Ev(Y) the k-module Hom(&, §) is finite-dimensional, and Ext°dd(F, G) = 0.

Given an evenness theory, we denote by Par = Par(Y) the full subcategory of D?(Y) whose
objects are direct sums of elements in Ev(Y) and Ev(Y)[1]. We call elements of Ev(Y) even,
elements of Ev(Y)[1] odd, and elements of Par(Y) parity complexes.

Remark 3.2. Hom-finiteness in the second assumption of Definition 3.1 implies that the category
Par(Y) is Krull-Schmidt [LCo7].

Remark 3.3. Let X, Y be two stacks, equipped with evenness theories Ev(X), Ev(Y). Then
Ev(X x Y) :={ direct sums and summands of F X G,F € Ev(X), G € Ev(Y) }
is an evenness theory on X x Y.

Let X = [];ep X be a stratification into a finite number of locally closed substacks, such that

(3-1)

Denote by iy : X; — X the inclusion maps, and fix an evenness theory on each stratum X.

There exists a partial order on A, such that
X<y = Uuca Xy is closed in X forall 4 € A.

Definition 3.4. Let 7 € DY(X). We say that T is *-even if 3T € Ev(X)) forall A € A, and J is
!-even if i’lff € Ev(X)) forall A € A.

Lemma 3.5. Let F,G € DY(X). Assume that F is «-even and § is !-even. Then we have a (non-
canonical) isomorphism of k-vector spaces

Ext*(F,9) = €P Ext*(i3F.159).
AEA
In particular, ExtOdd(ff, g)=o.

11



Proof. The proof is by induction on the number k of strata with i5F # 0. If k = 1, we have
F = iyi}J for some stratum A € A and so by adjunction

Ext*(F,9) = Ext*((i))i T, §) = Ext*(i3F,15,9).

Now, assume that k > 1. By (3.1), we can find an open union of strata j : U — X such that
J*F # 0. We get a long exact sequence

. = Ext"(i,i*F, 9) » Ext™(F, 9) —» Ext"(ij'F, G) — ...

The complexes i.i*F and jij'T are clearly *-even. By induction assumption, all terms of the long
exact sequence with odd n vanish. Moreover, we have
Ext'(i.i"F,9) = P Ext'(i55.159).  Ext*(ij'T.9) = € Ext'(i7.159).
XcUu X cxX\U

This proves the statement. 0

Corollary 3.6. The full subcategory Evy(X) € D(X) of complexes which are both %-even and
l-even is an evenness theory on X.

Lemma 3.7. Let F, G € Parp(X). For any open union of strata j : U = X, the map Ext*(F,3G) —
Ext*(j*F, j*9) is surjective. In particular, if & € Pary(X) is indecomposable, then j*F € Pary(U) is
indecomposable (or zero).

Proof. Tt is enough to assume F, G € Evp(X). Recall that j* = j!. Consider a piece of long exact
sequence:
.= Ext*(F,9) » Ext*(jij'F, §) - Ext*1(1,i*F, G) — ...
Since i,i*F € Evp(X), the last term vanishes, which proves the first claim.
For the second claim, let F be indecomposable. The ring End(¥) is local by the Krull-Schmidt
property, and surjects on End(j*F). Therefore End(j*F) is also local (or zero), hence j*F is
indecomposable. g

Lemma 3.8. Assume that F € Parp(X) is indecomposable. Then there exists a unique A € A such
that i5F # 0 and the support of F is in X¢,.

Proof. Let X’ be the smallest closed union of strata in X containing the support of F; such X’
exists by (3.1). We claim that X’ = X, for some A € A. Indeed, assume X’ contains two open
strata X, X,,. Then the restriction of F to X, U X, should be indecomposable by Lemma 3.7,
and so either i, F or i, F is zero. g

Lemma 3.9. Let A € A, and F,G € Parp(X) two indecomposable complexes supported on X<,
withi5F = i5G. ThenF = G.

Proof. By Lemma 3.7, the complex i}J = i} is indecomposable; denote it by P. The ring End(P)
is local by Remark 3.2. Denote its residue field by FF, and the open inclusion X; < X<, by ji.
Again by Lemma 3.7, we have surjections

Hom(&,G) — Hom(j*%, j*G) = End(P) - F.

Thus we can lift 1 € F to a morphism ¢ : § — G. Exchanging the roles of " and G, we get a
morphism ¢ : § — F. Then ¢ o ¢ is invertible in End(F) and ¢ o ¢ is invertible in End(9), so ¢
is an isomorphism. g

Definition 3.10. We say that an evenness theory Ev(Y) on Y is finitary if the indecomposables
in Par(Y) up to shift are labelled by a finite set M. A finitary evenness theory is balanced if each
class 1 € M contains a Verdier self-dual representative P(p).

12



Let X = [,er X as before, and assume that the evenness theory on each X is finitary.
Denote by M, the labelling set of isomorphism classes (up to a shift) of indecomposable objects
in Par(X;). For u € My, let P,(i) be the corresponding indecomposable parity sheaf with an
arbitrary shift; our convention is that for a balanced evenness theory we pick the Verdier self-
dual one.

Definition 3.11. Let A € A, p € M;. We call an indecomposable sheaf F € Par,(X) satisfying
i3 = Py(p) an ersatz parity sheaf, and denote it by P(A, ) = PX(A, p).

Lemma 3.9 shows that if an ersatz parity sheaf P(A, y) exists, it is unique. Note that each
P(A, ) can be either even or odd.

Definition 3.12. We say that the evenness theory Evy, is ersatz-complete if all ersatz parity
sheaves P(A, i) exist.

By Lemma 3.8, every indecomposable in Par,(X) must be of the form P(A, ) up to a shift.
Moreover, if Ev(X)) is balanced, the complex P(A, p) is automatically Verdier self-dual. We obtain

Proposition 3.13. Let X = | |,co X) be a stratification satisfying (3.1) with a finitary evenness
theory on each stratum. Assume that Eva(X) is ersatz-complete. Then Eva(X) is finitary with
labelling set Ay = {(A, ) : A € A, u € My} If each Ev(X,) is balanced, then Eva(X) is balanced
as well.

3.2. Proper stratifications. Let Y be a stack with a finitary evenness theory, whose labelling
set we denote by M. Fix a finite totally ordered set (=, <), together with a map o : M — E. The
map ¢ induces a preorder on M with v < p if and only if o(v) < o(p).

Given ¢ € E, we denote P(&) := P ,(,)=¢ P(1). For each F, G € Par(Y), consider the following
subspaces of Ext*(F, 9):

EXLL(F,9) = ), EXC(F, D) - EX(P(0), 9) € ExC(. 9),

Exty(F,9) = ), Ext"(F,P({) « Ext"(P(). §) € Ext’(F. 9).

We further denote Ext?(ff, 9 = Ext;ér(ff, 9)/ ExtZ (5, 9).
Let & be a class of Noetherian Laurentian k-algebras. It is known [Kle15, Lem. 2.6] that all
such algebras are semiperfect.

Definition 3.14. Let Ev(Y) be a finitary evenness theory on Y. Amap ¢ : M — = is #-properly
stratifying if the following conditions are satisfied for all ¢ € =:

(1) By := Ext;i(i]’(f), P(&))°P belongs to H;

(2) For each J € Par(Y), the right Bs-module Ext;é(ff, P(&)) is finitely generated and flat;

(3) For each F, G € Par(Y), the canonical map

(3-2) Extz(F, P(&)) ®p, Extz(P(£), 9) — Extz(F, 9)
is an isomorphism of vector spaces.

We say that Ev(Y) is Z-properly stratified if it admits a Z-properly stratifying order.

Example 3.15. If|Z| = 1, the only non-trivial condition in Definition 3.14 is that Ext*(P, P)°P € 4,
where P = @,,em P(1)-

Let us recall a parallel notion of Z-properly stratified algebras.

Definition 3.16 ([Kle15]). Let A be a Noetherian Laurentian graded unital k-algebra. A two-
sided homogeneous ideal J C A is Z-properly stratifying if it satisfies the following conditions:
(i) Homu(J, A/J) = 0;
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(ii) Jis projective as a left A-module, and End4(J)°P is Morita-equivalent to an algebra in %;
(iii) J is finitely generated and flat as a right End 4(J)°P-module.

The algebra A is Z-properly stratified if there exists a finite chain of two-sided ideals {0} =
Jn C Jn-1 C ... C 1 C Jo = A such that J./J,+1 is B-properly stratifying in A/J,1; for all
0L r<m.

We say that £ € Par(Y) is full if it contains all indecomposables P(u), 1 € M as direct factors
up to a shift.

Proposition 3.17. Let Ev(Y) be a Z-properly stratified evenness theory. The algebra A; :=
Ext*(L, £)°P is B-properly stratified for any full sheaf £ € Par(Y).

Proof. Let us first check that Ay is Noetherian Laurentian. Laurentian condition follows from
finite-dimensionality of Hom-spaces in Ev(Y). Recall that Y is assumed to be a quotient stack
[Y’/G]. Denote Ext-functors in the non-equivariant category D?(Y”) by Ext?,. By Serre spectral
sequence

H(pt) ®k Ext}/ (L, L) = Ext*(L, L),
the algebra Ext*(£, £) is finitely generated over a quotient of Hj(pt). Since H((pt) is Noetherian,
sois Ag.

Fix a properly stratifying ¢ : M — E. For each ¢ € E, consider the ideal J¢; = ExtZ,(£, £). It
suffices to show that J<¢/J<¢ is Z-properly stratifying in A/J¢ for all &.

Let us write A = Az, J = J<o, A = A/J<¢. Given a graded A-module N, denote the corre-
sponding graded A’-module N/J.zN by N’; in particular, ] = J<¢/J<¢. Let e € A be an idempo-
tent projecting to a direct summand of £ isomorphic to a shift of P(¢). By abuse of notation, we
denote the image of e in A’ by e as well. We have ] = AeA+ ]/, and so J' = A’eA’.

It is a standard fact (see e.g. [Mak1s, Th. 2.14] for the proof of a similar statement) that the
functor E = Ext*(£, —) induces an equivalence between Par(Y) and the category of finitely gen-
erated projective (left) A-modules. In particular, for any F, G € Par(Y) we have an isomorphism
of graded k-modules

EX'(F, 3) = Hom’, (B(F), E(9)),

where Hom!,(—, =) := Homa(—, —[i]). By the definition of J/, we also have
(33) Hom 4 (E(F), E(G)) = Ext"(J, §)/ ExtZ, (T, 9).

Consider Py := E(P(£)). We have Py = Ae, P, = A’e and EndA/(Pé) =~ eA’e. Applying (3)
to F = G = L and using (3.3), we see that A’e ® 4/, eA” = A’eA’. This shows that ]’ = A’eA’
is a direct sum of (shifted) copies of P, = A’e. In particular, J’ is projective, and End 4 (J)P is
Morita-equivalent to

EndA/(Pgi)Op = Extz(P(£))® = By.
Since By € 4 by (1), we verified (ii).
Let us write J” = P/ ® V, with V graded vector space. Then
Homy(J', A"/]") = Homuy(P;, A'/]) ® V = Homy (Ae, A /A'eA) ® V
=e(A' /A eA)®V =0,
which proves (i).

Finally, since the right End A/(Pg)OP—module Pg is the same thing as the right Bs-module Extz(L, P(E)),

it is flat and finitely generated over End A/(Pg)OP by (2). Since these properties are preserved by

Morita-equivalence, this proves (iii); and so we may conclude. g
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3.3. Gluing stratifications. Let us consider X = [];c, X; with a finitary evenness theory
Ev(X)) for each X;. Denote the labelling set of Ev(X,) by M,. Assume that we have a %-
properly stratifying map o, : M; — =, for each A. Consider an arbitrary refinement of the
order from (3.1) to a total order on A, and equip

2i=| = =100 Eesy
A

with the lexicographic order. Let My = | |} M;, and denote the disjoint union of maps g, by
0 : M — E. The following is our main technical result.

Theorem 3.18. If the induced evenness theory Eva(X) on X is ersatz-complete, then it is also -
properly stratifying with respect to p.

We will need some preparation before proceeding with the proof. Denote by A, the minimal
element of A, and by §, the maximal element of =),. Consider the open embedding j : U =
X\X;, = X and its closed complement i : X;, < X.

Lemma 3.19. For F, G € Pary(X), there is a short exact sequence
0— Ext*ggo(ﬂ', 9) - Ext*(F,9) —» Ext*(j*F, j"G) — 0.
Proof. Analogously to the proof of Lemma 3.7, we have a short exact sequence
0 — Ext*(F,i.i'G) —» Ext*(F,5) - Ext*(F, j.j*G) — o.
We need to show that the image of Ext*(F, i1i'G) in Ext*(F, §) is ExtZy (5, 9). Since i'G € Par(X},),

this image clearly belongs to Ext*g 50(3'“ ,9). On the other hand, each element of Ext*< 50(3" ,9) van-
ishes under the map Ext*(F, G) — Ext*(j*J, j*G), so it has to be in the image of Ext*(F,i,i'G). [

Lemma3.20. Let A = A9, and & € E). ForanyJ, G € Pary(X), we have Extg(fr", 9) = Extg(j*fr", J9).

Proof. By the lemma above, we have Ext*(j*F, j*G) = Ext*(&, §)/ ExtZ (5, 9). For any (A, /) €
Ay with A = Ao, consider the ersatz parity sheaf PX(1’, /), resp. PU(X, /') on X, resp. U. By
Lemma 3.7 we have j*PX(X/, /) = PY(X, ). This implies that for any £ € E;, 1 # Ao, the
subspace Extzg(j*ff, J°9) C Ext*(j*F, j*9) is the image of Ext’;g(fﬂ 9) C Ext"(%,9). The claim
follows. ]

Lemma 3.21. Let F, G € Parp(X).
(1) If G € i Par(X),), the natural map Ext*(i.i*F, G) — Ext*(F, G) is an isomorphism;
(2) IfF € i, Par(X,), the natural map Ext*(F,G) — Ext*(F,ii'G) is an isomorphism;
(3) The isomorphisms in (1) and (z) restrict to isomorphisms on Ext*gér forany & € 2. In
particular, we get Extz;(&", 9) = Extg(i*i*?, G) in (1) and Eth;(&", 9) = Eth;(fT", ii'G) in (2).

Proof. The first two statements follow from long exact sequences as in Lemma 3.5 together with
Jj¥ix = 0. Let us prove the last statement for the isomorphism in (1), for (2) the proofis analogous.
The inclusion ExtZ g(i*i*fﬂ 9) C ExtL 5(3'“, 9) is immediate. For the opposite direction, note that
any extension in Ext*(F, P(£)) must come from Ext*(i,.i*F, P(£)) by (1). O

Lemma 3.22. Let F,§ € Parpy(X). The canonical map Ext*(i.i*F,i,i'G) — Ext*(F, G) induces an
isomorphism Extgf(i*i*fﬂ ii'G) = Ext’ég(ﬂf, §G) for every & € E,,. In particular, Extg(i*i*?, ii'G) =
Extz(ff, 9).

Proof. First, note that we have Ext*gg(i*i*ff, g) = Ext*gg(i*i*ff, ii'G) by Lemma 3.21. It remains to
prove Ext*gf(i*i*ff, 9) = Ext;f(ff, 9). Since F, G,i.i"F € Parp(X), we have a short exact sequence

0 — Ext*(i,i*F, §) - Ext*(F,9) — Ext*(jij'F, G) — 0.
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This implies the inclusion Extgg(i*i*ff, 9)c Ext*«(?, 9). The surjectivy follows from Lemma 3.21(1)
applied to G = P(¢). 0

Proof of Theorem 3.18. We reason by induction on the number of elements in A. The case of
one element is trivial. By the induction assumption, the evenness theory on U induced by the
stratification U = | _|jea\q2,3 X2 is #-properly stratified. If A # Ay, all conditions in Definition 3.14
follow immediately from Lemma 3.20. From now on, assume A = A, and £ € E,,. Let us write

j)/lo(g) = @ ?/10(,11) € Par(X/lo)-
pee™ (&)

For condition (1), we have

By = Ext;(P(£), P()P = Extg (P, (), Py, (N,

and so By € % by proper stratification on X, . For condition (2), let ' € Para(X). Then by
Lemma 3.21 we have

EXt{(P(), F) = EXA(P(E), id'F) = Exti(P,, (£),1F),

and so Extz(?(g ), F) is a flat Bs-module by proper stratification on X . Finally, let us consider
the map

Extz(F, P(&)) ®p, Extz(P(£), 9) — Extz(F, 9)
for F, G € Parp(X). By Lemma 3.21 we have

Extz(F, P(&)) = Extz(i.i"F, P(E)) = Extz(i"F, Py, (&),
Ext;(P(£), 9) = Exti(P(E),ni'G) = Exti(P1,(£),1'9).
Moreover, by Lemma 3.22 we have
Ext;(F, ) = Ext;(i.i"F,iii'G) = Ext;(i*F,i'G).
Therefore (3) follows from the proper stratification on X, . g

Remark 3.23. Ersatz-completeness was used exactly once, in the proof of Lemma 3.20, which is
our crucial inductive step.

Remark 3.24. Definition 3.1 makes sense for any triangulated category C. Most of our statements
are essentially properties of recollements. We only use C = D?(Y) for Krull-Schmidt property
in Remark 3.2, and Noetherianity in Proposition 3.17. This suggests that one can use analogous
arguments to deduce Z-properly stratified structure of Ext-algebras in more exotic categories of
sheaves.

3.4. Polyheredity. Let us specialize our discussion to the particular case when % = & is the
class of (finitely generated positively graded) polynomial algebras, and p is the identity map. In
the literature, one says polynomial quasihereditary instead of &-properly stratified, but we will
use the term polyhereditary for brevity.

Definition 3.25. Let Ev(Y) be a finitary evenness theory on Y with labelling set M. A total order
on M is polyhereditary if the following conditions are satisfied for all ; € M:

(1) By := Ext;(P(p), P(w))P is a polynomial algebra;

(2) For each J € Par(Y), Ext,(F, P(u)) is free of finite rank over By;

(3) For each F,G € Par(Y), the map (3.2) is an isomorphism.

Ev(Y) is polyhereditary if it admits a polyhereditary order.
Definition 3.26. Let A be a Noetherian Laurentian graded unital k-algebra. A two-sided homo-

geneous ideal J C A is polyheredity if:
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(i) Homu(J, A/J) = 0;
(ii) J is a direct sum of (shifted) copies of an indecomposable projective P as a left A-module,
and End4(P)°P is a polynomial algebra;
(iii) P is free finite rank over End(P)°P.

The algebra A is polyhereditary if it admits a chain of polyheredity ideals.
The following is an immediate consequence of Proposition 3.17 and Theorem 3.18.

Corollary 3.27. (1) Let Ev(Y) be a polyhereditary evenness theory. The algebra Ext*(L, L) is
polyhereditary for any full sheaf £ € Par(Y).
(2) Let X = [ ep Xi with a polyhereditary evenness theory Ev(X}) for each X). If Eva(X) is
ersatz-complete, then it is polyhereditary.

3.5. Comparison with usual parity sheaves. Let Y be a smooth stack with H°4(y k) = o.
Consider the full subcategory Eve(Y) ¢ D?(Y) of direct sums of even shifts of the constant sheaf
ky. One easily checks that this is an evenness theory.

Next, let X = | |;c, X be a stratification satisfying (3.1), such that H°%(X;,k) = 0 for all A.
By Corollary 3.6, we can glue the evenness theories Ev(X}) to an evenness theory EVRC on X; we
call it the piecewise constant evenness theory. If ;(X;) = 0 for all 1 € A, then EVY' is precisely
the category of even complexes of zero pariversity in the terminology of [[MW 14, Def. 2.4], and
ersatz parity sheaves are parity sheaves.

Let G be an algebraic group, and Y a G-variety with finitely many orbits Y;. Consider

x=[y/6l=||xn X =[%/Gl
AeA

Assume that for any point y € Y the stabilizer G, is connected, and Hg‘jd(pt) = 0. This is

equivalent to requiring that 7,(X;) = 0 and H°%(X)) = 0. If all parity sheaves on X exist, and
Hgy (pt) is a polynomial algebra for all y € Y, Corollary 3.27 recovers a result of McNamara.

Corollary 3.28 ([McN17a, Th. 4.7]). Under the assumptions above, the graded algebra Ext*(L, L)
is polyhereditary for any full sheaf £ € Par} (X).

When G is trivial, the existence of parity sheaves is known [JMW 14, Cor. 2.28]. In general,
the main method of constructing parity sheaves requires finding equivariant even resolutions of
closures of the strata, see [[MW 14, Cor. 2.35].

Example 3.29. For each a,b € Z, consider the action of T = C* on C? = Spec C[x, y], which
scales coordinate x, resp. y with weight a, resp. b, and denote by [C?/(, ) T] the corresponding
quotient stack. The constant sheaves

ko = Kiopqop  kx =kexqop Ky =kppe, kyy =ke

are T-equivariant for any values of a, b.
Consider Y, = {(x,y) : xy = 0} c [C?/_;nT] and Y, = [C?/HT], together with the
following stratifications:

Y, = {0} x{oh u (C xfophu(fop=xC), Y. = ({0} x {0 u(C* x {0} u(CxC).
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Consider evenness theory EVR" associated to each stratification. In both cases all ersatz parity
sheaves exist; namely, {ko, ky, k} for Y, and {ko, ky, kyy} for Y.. Moreover, Fourier-Sato trans-
form © along the first coordinate of C? exchanges the two sets (up to shifts):

ko © ky, k, © ko, ky © kyy.

Let £ = ko @ ky @ ky, € EVR'(Y.), and consider the algebra A = Ext*(£, £). It acquires two
polyhereditary structures; one by Proposition 3.17 applied to £, and another by Corollary 3.28
applied to £/ = k, & ko & ky, € EVRC(Y,,), and then transported via ©. In the first case, the
polyheredity order is 0 < x < xy; denote it by Q.. In the second case, we can take any total order
refining the partial order 0 < x,0 < y in terms of £’, which translates to x < 0,x < xy for £;
denote the latter partial order by Q,.

The algebra A is linear over H7(pt) = k[u], and can be presented as a quiver with relations:

s S1Mmy = Ueqp, S2Mmy = U€p1, M1S1 = M2 Sy = Ueg,
m > rory = uleig, riry = ulegy,
o™ SiMy = g, S5My =1
€10 rﬁ €01 112 2> 9211 1-
2
It follows that the first quotient in order Q, is A/AesA = k[u]e;o ® k[u]ey;, whereas the first

quotient in Q. is A/AejgA = Z§ [u]; here Zj is the extended zigzag algebra of type A;, see (6.5)
for the definition.

The example above essentially compares the stratifications of A°(§) and A*(§), up to killing off
one equivariant parameter for simplicity. The upshot is that the polyheredity structure arising
from cyclic orientation 1 < 0 does not have the semicuspidal algebra C(8) as the top piece, while
the one arising from Kronecker orientation 1 = 0 does.

Remark 3.30. We could fit the stratification of Y, above in the framework of [McN17a] by adding
a one-dimensional unipotent group acting on C? by a(x, y) = (x + ay, y). However, this trick
does not work when studying A*(kd), k > 1.

4. STRATIFICATION OF SEMINILPOTENT QUIVER SCHUR

In this section, we construct an ersatz-complete evenness theory on Rep,,, and deduce that the
seminilpotent Schur algebra is polyhereditary.

4.1. Stratification. Let ®* C Z. | be the set of positive roots for sl;, and ®}, C ®* the subset
of positive real roots. For every non-zero a = nygog + njoq, set

0(a) = ny/(ng + ny) €0,1].
We write a < o if 0(a) < 6(a’), and a < o if the inequality is strict. This induces a preorder
< on ®*. It is uniquely determined by the following conditions:
« The preorder is convex (i.e. a < a+a’ < &’ fora,a¢’,a+a’ € ®*, a < a’),and ap < ay;
+ The restriction of < to ®, U {5} is a total order;
+ The multiples of § are equivalent with respect to <.

Explicitly, this preorder is as follows:
g < ay+0<ay+26<..<8~20~..<..<q+26<a;+d6<a.
Definition 4.1. Let o € Z;O. A Kostant partition § of  is a composition of  of the form
p=GpLEp,. 1B,
where i € Z., and ' > f? > ... > B’ are elements of ®}, U {5}. We denote the set of Kostant

partitions of a by kp(a) € Comp(«).
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We will need a slight variant of this notion. Let ® := &, U {5", 6°} be the totally ordered set
obtained from ®;, U {&} by replacing § with §° > §°. We regard §°, §° as two copies of the same
element § € ZL,,.

Definition 4.2. Let o € Z;O. A marked Kostant partition  of a is a composition of a of the
form

ﬁ’ — (ilﬁl, iZﬁZ’ o, irﬁr)’
where i* € Z.y and ' > f? > ... > B" are elements of ®7. We denote the set of marked Kostant
partitions of a by mkp(a).

The data of a marked Kostant partition f§ is equivalent to (§, k*), where § € kp(a), and k" is a
non-negative integer not exceeding the coefficient of § in . The bijection is given by

(4.1) f=GpY . K8 kS, iTB) o (B =B, (k+ KO, i BT, K.

Recall the stacky notations of Remark 2.3 and Section 2.6. For every a € ®,, we have the

unique indecomposable representation M, € Rep,. The following lemma is well known, see
e.g. [Schiz2, Ex. 3.34].

Lemma 4.3. Let M, N be two indecomposable representations of T' with dim(M) < dim(N). Then
Ext!(M,N) = Hom(N, M) = 0. Ifdim(M) € ®, then Ext'(M, M) = 0. O

re’

+
re>

Repf{f = {M,?k} = [pt/GLi] C Repy,, -

In particular, for any a € @, k € Z-, we have an open substack

Recall that we have already defined the substacks Repff, Repfgg., Repfﬁ C Rep,s in Section 2.6.
Definition 4.4. For any f§ = (i',i?f%,...,i" ") € mkp(«), define

reg

Repﬁ- = H Rep:jegj C Repy, Repg 1= Rep;;g XRep; Fl%.
=1
Define Rep}eg, Repé for § € kp(a) analogously.

By Lemma 4.3, the natural map q : Repg - Rep;;'g is bijective on C-points. Note that for
V=(W,..,V,)€ Repr;g, we have a short exact sequence
0— Idy + Q? Homzr (V. Vi) = Aut, s(V) > AutRep;;g(V) -0,
i<j

where the first group is unipotent. On the other hand, the forgetful map Repé — Rep, isalocally
closed embedding. By classification of indecomposable representations of the Kronecker quiver,
we have

(4-2) Rep, = |_| Repgz |_| Repg.
pekp(a) pemkp(a)

The stratification into Re pg satisfies the conditions (3.1) by [Reio3, Prop. 3.7]. The same condition
holds for each stratification Rep? = Li; Repff’k), since it holds for (2.3).

4.2. Evenness theory on Rep,. We begin by defining an evenness theory on each Repr;g, pe
mkp(a). Let k°, resp. k° be the multiplicity of §°, resp. §° in f. Then by definition, we have
Rep;® = [Ngy./GLie] x (gl /GLie ] x [pt/G'] = [(Nyy,. x 8l)/ G,

where G’ is a product of general linear groups, and G := G’ x GLj- x GLj-.
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It is known that Ny;,. x Ny has finitely many GLi- x GL- orbits, with stabilizers satisfying
the conditions of Section 3.5. In particular, we obtain piecewise constant evenness theory EvP®
on [(Ng[k, X Ng[k)/G]

Let us consider the maps

i+ [(Nay x Nyi. )/ Gl = [(Ngy,. x gli)/ Gl
p ¢ [Ngi x gle)/G] = [Ng,. /G-

The first map i is a closed embedding, and p is a vector bundle, self-dual via trace form on glj..
reg
i

Remark 4.5. Alternatively, we can define an evenness theory on Repr'geg by appealing to Re-

Consider the Fourier-Sato transform ©,; then ©,  i.(EVF®) is an evenness theory on Rep

mark 3.3, and check that the result is the same.
Pulling back ©,, « i.(EvP®) along Repé - Rep;jeg, we get an evenness theory Evy C Db(Repé).

Finally, Corollary 3.6 gives rise to an evenness theory on Rep,, which we will denote Evgﬁlkp .

Example 4.6. Let a = kd, and restrict EVE® to the open regular stratum Rep;;g. This is an even-
ness theory, with at most p,(k) ersatz parity sheaves, where p,(k) is the number of bipartitions
of k.

4.3. Evenness of flag sheaves. The main source of sheaves in Evglkp is flag sheaves.
Proposition 4.7. Let € Comp(a), pg : FI; — Rep,, the projection, and
Lp = (pp):Lk.
Then Lp € Evglkp.
Before proceeding with the proof, we need some intermediary results.

Definition 4.8. Let M € Rep,, and f € Comp(«a). The variety FI;;(M) = Fl“ﬁ XRep,{M} is called
a (seminilpotent) Lusztig fiber.

We can analogously define FI3(M) for any quiver I = (I, H) and any function ¢ : H — {#, b}
as in Section 2.4.

Proposition 4.9. All seminilpotent Lusztig fibers for the Kronecker quiver have even cohomology.

Proof. For flags of KLR type (when Fl; = FIZ) this is proved in [MMz23, App. A]. The vanishing
of odd cohomology is proven for Lusztig fibers FI;;(M ) FIZJ(M ) for all Dynkin and affine quivers
in [Zho25]. The proof replaces the original quiver I' = (I, H) with its extended quiver on vertices
I x [1,d], and Lusztig fibers with (extended) quiver Grassmannians. Two flavors of extended
quiver are considered, depending on whether one works with FI* or FI’; for the former, the
copies of arrows of the original quiver preserve the second coordinate, while for the latter they
decrease it by 1. More generally, for any function o : H — {#, b} one may consider the “mixed”
extended quiver, where the behaviour of second coordinate depends on the value of o. The proof
in [Zho25] then extends verbatim to show the evenness of H *(FI}}(M ). O

Lemma 4.10. Let & € ®f, k > 0, and y € Comp(ka). Then r*L, is even, wherer : Rep],rfoig -
Rep,, is the inclusion.

Proof. Let a € @}, and M, € Rep,, the indecomposable representation. Since Repief = {M®F} =

re’
[pt/GLy], the sheaf r* £ is nothing else than the H;, (pt)-module Hng(FI;(Mffk)). As Fl;,(Mffk)
has even cohomology, this module is a direct sum of even shifts of the constant sheaf on [pt/GLg]
by degeneration of Leray spectral sequence. Therefore r*L, is even by the definition of Evkp,
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Let a = é.. In this case Repze(sg. = [Ng1, / GLi] has finitely many points, and the evenness theory
is the locally constant one. In particular, the evenness of r*L, follows from Proposition 4.9 as
before.

Finally, let « = §.. Since all representations in Rep;f(;gu = [gl,/GLg] are regular, we have

r*£, = 0 unless ylh < Yo- for all 1 < j < #y). Note that the arrow h, provides a canonical
1som0rph1sm V1 = V, for any representation (V; =t V;) € Rep), (Sg Let us denote by I C T the
subquiver 1 = 0. We have the following fiber square:

[60/GLe] == Rep}E(I) L Repy; ()
(4-3) l lp = lp
[pt/GLi] == Rep 5 (I") —— Rep;s (I")

where Rep; ¥ $(I") parameterizes the unique representation of IV with h, isomorphism. For any
flag type y, we need to check that ®, - j*£, is even. Since Fourier-Sato transform is local in the
target, we have

©p o ' (Ly) = ()" 2 ©p(Ly) = ()L},
where L;, is the flag sheaf of type y on Rep,;s(1 < 0) with nilpotent conditions, and
: Rep;£(1 5 0) & Repy5(1 5 0)

is the open inclusion of representations where the bottom arrow is an isomorphism. Analogously
to (4.3), we have a fiber diagram

[ g[k/GLk] — Repml(l = 0)
| - |
[pt/GLk] = Reps (I")

Thus, we are again reduced to showing that the Lusztig fibers Fl;’,(N ) are even, for any N €
Repml(l £ 0). This is known by [Mak15, Lem. 3.40]. O

Consider Lusztig’s restriction functor:

. ‘Iﬁ pp
Ap = (gp)(pp)” : Db(Repa) - Db(Repﬁ), Repg «— FIE —> Rep,, .
Recall (see Section 1.2) that any w € G5\&, /6, yields a Schur diagram D,,. In particular, we
obtain compositions f{(w) € Comp(), 1 < i < #f).

Lemma 4.11. Let f§, y € Comp(a), and M = |G\S,/S,|. We have a sequence of exact triangles
(F-1 = F, > C[-2kj] ») in Db(Repﬂ), such that Fy = 0, Fyy = Ap(L ), ki € Z, and

{C:1<is<M}= {Lﬂl(w) X..X Lgety = we Gﬂ\Ga/GY} .
We call this filtration of Ag(Ly) the Mackey filtration.

Proof. The statement is essentially due to Lusztig [Lus93, (9.2.11)]. Namely, the proof of Lem. 9.2.4
in loc.cit. constructs a stratification FI; XRep,, FI;; = | |,, X, into vector bundles X,, — Flzl( w) XX
FI;,(W), w € 65\6,/6,. Restricting from FI';, to FI;,, we obtain a stratification Fl;, XRep, FI% =
||, Xw into vector bundles X, — FI;I(W) X ... X Fl;y(w). Consider the locally closed inclusions

i Xy, = FI xpep, Fl.
By recollement, we have a sequence of exact triangles

(4.4) Giy = G; = Di[-2m;] 5
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in Db(FI;‘, XRep, Fl;), such that Gy = 0, Gy = k, m; € Z, and {D;}; = {(iw)ikx: },. On the other
hand, let us denote the natural projections from Fl;, XRep,, Flz to Fl%, resp. Fl;, by pi, resp. p,. We

have
BB(E)) = () (o) (er) = (gp)(p)(po) )
=(p1° Qﬂ)!(]kﬂ; XRepy FI;,)'
Pushing the sequence (4.4) down to Repy, we arrive at the desired statement. g

Proposition 4.12. Mackey filtration splits, that is we have
ML= P Lpy B B Lgq—2ky]
weGp\6, /6,
for any B,y € Comp(a).

Remark 4.13. Note that the splitting argument in [Lus93, § 9.2] relies on the theory of weights
for perverse sheaves, and therefore does not apply when char k > 0.

We prove Propositions 4.7 and 4.12 simultaneously.

Proof of Propositions 4.7 and 4.12. We proceed by induction on |«|. Assume we know both Propo-
sition 4.7 and Proposition 4.12 for all &’ with |a¢’| < N, and let |a| = N. All sheaves occuring in
Mackey filtration of Ag(£,) are even by induction, which implies Proposition 4.12 for . Next,
consider the following commutative diagram:

Reprﬁeg 2 Repg — Repg
li J" J’f
95 Pj
Repj; FI% Rep,

The sheaf £ € Db(Repa) is Verdier self-dual up to an even shift. Therefore £, is even if and
only if g i;LY is even for any f € mkp(«). By base change, we have

QYiz'Ly = q!i*pELY = i*(qﬁ)gp;,-ﬁy = i*A/‘;(Ly).
Therefore it suffices to check that i*Az Ly is even for all B € mkp(a). Applying Proposition 4.12,

we are reduced to checking the evenness of i* £ i for f’ € Comp(a’), &’ € Z~o®}, which follows
from Lemma 4.10. ]

4.4. Orders on Kostant partitions. The set mkp(«) of marked Kostant partitions admits two
natural orders. First, each f € mkp(a) gives rise to a locally closed stratum Repg C Rep, by (4.2).
The closure order < on mkp(«) is defined by

f<cy o Repg C Rep!.
Given f = (i'f1, ..., i" B7), let us define a closed substack Rep}; C Repj. Write Rep% =11 Repgkﬁk,
where Rep:kﬂk = Repjpr if ¥ # &°, and Rep}y. is the image of the map FI5s. s = Rep;s.. Define
i 4
Flﬁ» 1= RepB XRep; FIZ,-.

It is clear from Definition 4.4 that Repr}geg C Rep};, and so the inclusion Repé C FI% factors through

FI%. We will say that a representation V € Rep,, supports a flag of type p if V lies in the image of
the proper map Fl% — Rep,.
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Lemma 4.14. We have f <c j if and only if every representation V € Repg supports a flag of
type y.

Proof. The argument is contained in the proof of [Reio3, Prop. 3.4]. To summarize, Flj-,- — Rep,,
is a proper map with irreducible source, which restricts to an isomorphism over the open dense

Rep?. This implies that the closure Rep} is precisely the image of FI;;. g

Second, we have total reverse lexicographic order. Recall that the set ®] is totally ordered.
Then given f, j € mkp(a), f = ('f',....i" "), ¥ = (G'yL, ..., j°y®), we say that § < 7 if there
exists ¢t < min(r, s) such that i'! = j'y! for all I < ¢, and either B > y*, or f = y* and i* > j*.

Proposition 4.15. Reverse lexicographic order refines closure order, i.e. b <c j implies f <y j.

Proof. Let y > f. By Lemma .14, it suffices to show that a representation V € Repg does not
support a flag of type j. We reason by contradiction. Assume V; C V, C ... C Visaflag of type 7,
and denote by ¢ the smallest index such that j* > f%. Recall that by definition (and Lemma 4.3),
V supports the unique flag V{ C ... C V of type f; in particular, we have V; = V/ for all i < t.
Passing from V to V/V,_;, we can assume that t = 1. If y! > B!, then any map V; — V has to
vanish by Lemma 4.3. If y! = ! and j! > i', then for the same reason the map V; — V factors
through V/. However, the dimension of V7 is strictly smaller than that of Vj, so that V; — V
cannot be an injection. Thus V cannot support a flag of type j. O

Corollary 4.16. Let f € mkp(a), and pick an arbitrary composition f € Comp(a) refining f5.
Then the support of the flag sheaf Lz belongs to Rep?.

Proof. The closure Repg is precisely the image of the projection p : FI;; — Rep, by Lemma 4.14.

The flag sheaf Lg is the pushforward of the constant sheaf along Fl;; — Rep,,. Since the latter
map factors through p, we may conclude. g

Remark 4.17. One can write down an intermediate partial order between <¢ and < similarly
to [Reios, Prop. 3.7]. We do not need this.

4.5. Ersatz-completeness.
Proposition 4.18. The evenness theory EVRP s ersatz-complete.

Proof. In view of Proposition 4.7 and Corollary 4.16, for each f € mkp(a) and indecomposable
F € Evj it suffices to find a composition f € Comp(a) refining f, such that L‘B|Rep‘g = F. Let us

write f = (i'f,...,i" "), and f is a concatenation of compositions y; € Comp(i*¥). Recall the
map q : Repg - Reprﬁ-eg. Since any representation V € Repg supports a unique flag of type B,
we have

L5|Repg =q (L, X..KL,).

By Remark 4.5 we are therefore reduced to the length 1 case § = (ka’), k > 0, a’ € ®}.
Assume o’ € @, then V = M. Explicitly, M,/ are as follows:

re’

id i
L a0 )
Mg s = CH! %; ct, Myyis = C ———= C"*' .
0 idgi 0
‘ (idn.)
One checks directly that Mi’ii s has the unique flag of type

(45) ﬁk(a1+i5) ‘= (kas k5’ cees k5> kal)’
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and M®* - has the unique flag of type

0(()+i5
(4.6) ,Bk(a0+i§) = (kay, kb, k6, ..., k6).

Therefore Ly, |Rep/; = k for any o’ € .
ko’

Let o’ = §°; then Replza, = [Ny, /GLi], and the evenness theory is piecewise constant on the
nilpotent orbits. For a partition A - k, A = (A! > ... > A"), consider the flag type

(4.7) By = (A'5,...,A"8)

and the nilpotent orbit O, with sizes of Jordan blocks given by A. By Proposition 6.10, the re-
striction of FI;i to Repfa/ is simply the partial Springer resolution T*(@c /P,). It is known that
the image of projection p : T*(GLy/P,) — Ny, lies in the closure Oy, and p restricts to an
isomorphism over O;:. Therefore L. contains the ersatz parity sheaf corresponding to A asa

direct summand. i
Finally, let o’ = §°, so that Rep/,za, = [glx/GL]. For a partition y I k, consider the flag type

(3.8) B, = (e, p ey, ..., o, p ).

It follows from [MM23, Lem. 8.7] that the restriction of FI;L to Repﬁ o 18 the partial Grothendieck-
Springer alternation GLi xp, p,. Under Fourier-Sato transform on [gl /GLx], the flag sheaves L,
go to the flag sheaves L. on the nilpotent cone, so we may conclude by the previous case. [

Corollary 4.19. The category of ersatz parity sheaves on Rep, with respect to EVI™P coincides with
category of direct sums of shifted direct summands of flag sheaves Lz, f € Comp(a).

Remark 4.20. We can replace the idempotents in (4.5, 4.6) by
ﬂZ(a1+i5) = (ikao, (l + l)kal), ﬁ]/c(ao_'_m) = ((l + l)ka(), ikal).

4.6. Polyheredity structure on A"(«). By Proposition 4.18, we can apply Theorem 3.18 to the
evenness theory Evglkp on Rep,. Since the evenness theory Evj on each stratum is equivalent

to piecewise constant evenness theory, it is polyhereditary by Section 3.5. Hence Evglkp is poly-
hereditary as well. By Corollary 4.19, the direct sum of all flag sheaves Ly = ¥’ gecomp(a) £5 1s @

full sheaf in Pary . Therefore the algebra Ext*(L,, £4) is polyhereditary by Corollary 3.27. We
obtain:

Theorem 4.21. LetT' = 1 =2 0 be the Kronecker quiver, and a € Q. The seminilpotent quiver
Schur algebra A} («) is polyhereditary. O

Let us be more explicit about the sequence of idempotents in Aj.(«) yielding the polyhereditary
structure. Recall the notations in (4.1), and consider the set

(4.9) A, = {(ﬁ Ap) ,B e mkp(a), A k', u k°} )

We equip the triples in A, with the lexicographic order, where each coordinate is arranged by
reverse lexicographic order. In other words,

) ) Pr>1 fo;
(Pr, A, 1) < (Po, Ao, 2) & [_3.1 = ﬁz,/h > Ay;
B1 = P, Av = Aoy i1 > pao.

To each element (f, A, 1) € A4, we associate a composition y(f, A, ) € Comp(a), defined via the
following procedure:

(1) Write f as (k'al, ...,k o’ k'8, k°8°, kK a™, .. k*a®), o; € DF;
(2) To each &' € ®}, associate the composition By, as defined in (4.5, 4.6);
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(3) For & resp. &°, take the composition f3;;, resp. ﬁu‘ as defined in (4.7, 4.8);
(4) Concatenate compositions in (2), (3) in the order given by (1). Denote the result by
y(B. 2, ) € Comp(a).

Combining Theorem 3.18 and Propositions 4.15 and 4.18, we obtain

Theorem 4.22. The polyhereditary structure on Aj(«) is given by the sequence of idempotents
L 2 (B, A, 11) € A, in reverse lexicographic order. 0

4.7. Another poyhereditary structure. Note that we have the following simple corollary of
the discussion in Section 3.5.

Proposition 4.23. Let I be a cyclic quiver, and a € Q;. The nilpotent Schur algebra Ap(«) is
polyhereditary.

nil
a
sentations. It is well known that the cyclic quiver has finitely many nilpotent representations of

Proof. All nilpotent flag sheaves are supported on the locus Rep)" C Rep, of nilpotent repre-
fixed dimension vector «, and the stabilizer of each such representation is homotopic to a prod-
uct of general linear groups. Every flag sheaf has even fibers by [Mak15, Zho25]. Moreover, for
each nilpotent representation V there exists f € Comp(«) such that V admits exactly one flag of
type f [SW 14, Prop. 2.7].

Summarizing, the piecewise constant evenness theory EvP® on Rep’oltil is ersatz-complete, there-
fore polyhereditary, and the sum of flag sheaves is full. We conclude by Corollary 3.28. 0

In particular, we get another polyhereditary structure on A] () = A]_ (). Note, however,
that the two polyheredity orders are not compatible already for @ = § by Example 3.29. Only
the polyheredity order of Theorem 4.22 is compatible with the categorification of Beck-Damiani
basis of Uy (;[2) in [McN17b].

5. SEMICUSPIDAL QUOTIENTS

In this section, we unwind Theorem 4.22 and relate our results to some existing constructions.
In order to do so, we consider a coarser properly stratified structure on A"(¢), £ € Q5.

5.1. Semicuspidal quotients. Let us regroup the idempotents in Theorem 4.22. For any ﬂ €
kp(&), consider

L = 20 Lmam
k,Au

On the sheaf side, let ﬂ’ﬁ be the direct sum of all ersatz parity sheaves in Ev(Rep?). Proposi-
tion 3.17 implies that the (reverse) lexicographic order on idempotents L induces a ¢ -properly
stratified structure on A*(«), where % is the collection of algebras Ext*(fPﬁv, T/;) for all ¢ and

f € mkp(&). Since the evenness theory on Rep? is a product of evenness theories, in order to
understand ¥ it suffices to consider £ = na, f = (na) for some a € ®*, n > 0.

Let us denote the sum of all (seminilpotent) flag sheaves on Rep,, by £, and the sum of all
ersatz parity sheaves supported away from Reps? by P’. By Lemma 3.7, we have

Ext*(f]’ﬁv, ?ﬂv) = Ext*(Lne, Lna)/ Ext*(Lng, P7) o Ext* (P, La)

.1
(5.1) = EXC (L L)) EXC (L L) 0 EXE (L, L),

where £’ is the direct sum of all flag sheaves on Rep,, supported away from Rep!f. Note that
the second equality holds by ersatz-completeness.
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Definition 5.1. A composition § = (B, ..., %) € Comp(¢) is called noncuspidal if we have
OX_, B > 60Xk, B! for some 1 < r < k. We say that the idempotent 1g € A(é) is
noncuspidal if f is, and denote the sum of all noncuspidal idempotents by 1.

reg

By Lemma 4.14 a flag sheaf L, f € Comp(&) is supported away from Rep}s for f noncuspidal.
Moreover, by construction in Proposition 4.18 the collection of such flag sheaves contains all

o8 as direct summands. Thus

Ext*(Lna» Lna)/ Ext*(Lng, L) o Ext* (L7, L) = A(na)/A(na) 1 A(na).
Definition 5.2. We call C(na) := A(na)/A(na)ly,A(na) the semicuspidal algebra.

ersatz parity sheaves supported away from Rep

When a € ®f,, the evenness theory on Rep%"’f) is the constant one, so that C(na) is Morita-

re’

equivalent to a polynomial algebra. When @ = &, the algebra is more complicated, but the
results of Section 4 supply us with a projective generator. Namely, let J = {r, ¢}, and recall
the set of J-coloured compositions J™ from Definition 1.1. For each n > 0, consider the map
J™ — Comp(nd), A — f; uniquely determined by:

* (ne) > (nd), (n7) » (nag, nay),

« The map [[; I 1] ; Comp(n;6) commutes with concatenation.
Note that for a composition of pure colour ¢, resp. 7 we have ; = f8;, resp. S, = f3;, as defined
in (4.7, 4.8). We abbreviate ey := 15, € A(né).

e=ZeA, e0:ZeA.

Aeg(m) A€dn
The algebra C(nd) is Morita-equivalent to eC(nd)e. Moreover, if k is of characteristic zero, then
C(nd) is Morita-equivalent to egC(nd)e,.

Proposition 5.3. Let

Proof. By the proof of Proposition 4.18, every ersatz parity sheaf on Repi%g can be obtained from
a flag sheaf of type 1, where

(5.2) A=, .. AR AR AR,

This proves the first claim.

Recall the stratification Rep;%g = lizo Rep;;g. x Repzzg_ s We know by Springer theory that
when k is of characteristic zero, pushforwards of partial Springer resolutions have the same
direct summands as the Springer sheaf p.k, p : T*(GLi/B) — Ny,. This means that we only
need the flag sheaves of type f; where all A”’s are equal to 1. This proves the second claim. [

Remark 5.4. Denote restriction of flag sheaf of type 8, to Rep;e(sg by L;eg, and L8 := (D, Lfg.
Then by the discussion above that C(nd) = Ext*(L"8, L 8).

The proof of Proposition 5.3 shows that e is somewhat redundant. While we could choose
a smaller idempotent, this one produces more convenient diagrammatics. On the other hand,
we can use the smaller set of idempotents to describe the polyhereditary structure on C(nd)
inherited from Theorem 4.22. Denote A s := {(A, )} C Ans, where (A, 1) := ((k'8°,k°5°), A, p1)
in the notations of (4.9). This is precisely the subset of images of A’s appearing in (5.2).

Restricting polyhereditary evenness theory from Rep,, 5 to Rep;‘}g, Theorem 4.22 implies

Theorem 5.5. The semicuspidal algebra C(nd) is polyhereditary. The polyhereditary structure is
given by the sequence of idempotents 1, ,, (A, ) € A5 in the lexicographic order. n

Example 5.6. Let ¢ = 28. Theorem 4.22 yields the following sequence of idempotents:

Lea,2a0) < Na,8,00) < Lanapaa) < Lan,a0.8) < 1(8,a1,0)

<25 < 1(5.6) < Ls,a0,m) < 1@ag201) < L(ag,ar,a0,01)5
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where the second line consists of idempotents in A}, and can be equivalently rewritten as

€2e) < €e,e) < €e,7) < epn < €(z,7)-

5.2. Diagrammatics of eC(nd)e. In view of Proposition 5.3, let us introduce new Schur dia-
grammatics for images of certain elements of eA(nd)e in eC(nd)e. First, denote

nt  nay, na ne né

For A = (Adicq,..., Avcy) € I we draw the idempotent e, as r parallel vertical lines with labels
Aict, ... s Arcr. We allow our strands to change colour via splits and merges:

ae ad ar aa, aoy
ar aa, aoy as ad

For strands of colour 7, we write

ar bt  aay any bay by (a+b)r (a+b)ay (a+ b))y
(a+b)r (a+b)ay (a+ b))y ar bt  aay any bay by

For strands of colour ¢, splits and merges are defined as images of S5 46),(a+b)s> M(a+b)5.(a5.,b5)
from Definition 2.5 respectively.

Lemma 5.7. For each c € J splits and merges of colour c are associative, i.e. (1.1) holds.

Proof. In this proof, we will use black for thick strands of colour ¢ and red for a; to remove
the labels. For ¢ = ¢, the claim follows directly from associativity of splits/merges in A(nd). For
¢ = 7, consider the following equations in A(nd):

Y VNN

together with their reflections with respect to vertical and horizontal axes. It is straightforward
to check these relations on the polynomial representation of A(nd). Namely, the formulae in
Proposition 2.13 show that the crossings act by multiplication with a symmetric polynomial,
which commutes past single-colour splits and merges. Thus we can check the associativity rela-
tions already in eA(nd)e:

AT

In particular, the same relations hold in eC(nd)e. O

For two strands of the same colour, we define the crossing as merge followed by split, as in (2.1).
However, since we do not allow idempotents of mixed colour in J-coloured diagrammatics, we
have to define the crossing of two different colours separately:

be ar b awy am ar be aay aa; bd
ar be aay aa; bd be ar bd aay aoy
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Finally, we define coupons labelled by polynomials P € POIS(;XG“. For strands of colour ¢, we
define them simply as images of coupons in eA(nd)e. For colour 7, given a polynomial of the

, q]%, R e Kk[vs, ...,0,]%4, we set

| L
|1|3|==|§|2||1i%|

form P = OR, Q € k[ug,...

ar aqy aa,

For other polynomials, we extend this definition by linearity.

Let A, u € I, with underlying uncoloured partitions A, p € Comp(n). Consider the basis

{y"} in Proposition 2.8 for ey A(a)e,. We have an obvious bijection

S5, \6,6/6p, = 6;\6,/6,x6,\6,/6,,
P

. lﬁP
wo,w1 T Y we

here w; corresponds to the colour ; € I. Let us denote ¢

Proposition 5.8. Let A, yu € I, and define E,,/ as in Section 6.5. Then the set
{1%:)( :x€6)\6,/6,,P¢ By/}
is a basis of the k-module e C(nd)ey.

We postpone the proof of this claim until Section 6.5.

Example 5.9. Assume A = (27,2¢,27), p = (37,3¢), and let x = (% 23439

P is drawn in quiver Schur diagrammatics and the new diagrammatics:

26 2¢e 21

A

26(0 26{1

2@1

3y 3 3¢

w = (wo, wi);

€ S¢. Here is how

5.3. Restriction to KLR algebra. Let « = nyay + nja;, and consider the KLR algebra Aq(a)
as in Remark 2.7. A stratification of this algebra was obtained in [KM17] under the assumption
char k > min(ng, n;). The theory we developed in Section 4 allows us to remove this condition.

Let us define a evenness sub-theory of EVI;kp. Since Evglkp is ersatz-complete, this amounts

to choosing a subset of ersatz parity sheaves. For any f € mkp(a) and an indecomposable
F € Ev(Rep?), we denote the corresponding ersatz parity sheaf by P(f, F). Recalling the identi-

fication (4.1), we write

Evlo‘(p = {fP((ﬁ, 0),F) : [; € kp(a),F € Ev(Repg{5’°))},

Proposition 5.10. The category EVP is the category of all direct summands of flag sheaves Lp,

B € Comp,(a).
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Proof. Consider the natural action of GL, on Rep I by linear combinations of arrows. For any
y € Comp(a), the flag variety Fl;, has an induced GL;-action, and so £ acquires a natural GL;-
equivariant structure if and only if y € Comp,(«). On the other hand, the support of an ersatz
parity sheaf (P((/;, k), F) is not preserved by GL, for k > 0. Therefore, £, must belong to EviP.
For the opposite inclusion, the proof of Proposition 4.18, Remark 4.20 and the usual nilHecke
argument to replace sequences ka; with («, ..., a;) show that every ersatz parity sheaf (P((B ,0),F)
occurs as a direct summand of a KLR flag sheaf. g

In particular, we see that Evl;p can be seen as an induced evenness theory from Corollary 3.6,
for the decomposition Rep,, = | | ekp(a) Repg. It is also ersatz-complete.

Analogously to Definition 5.2, we can define the semicuspidal quotient Co(nd) of A¢(nd).
Consider the class of algebras % containing polynomial algebras &, the algebras Cy(nd) for all
n > 0, as well as their tensor products. Let

Ay ={Bw : fekp(@.p- K},

where k9 is the coefficient of § in ﬁ To each element (ﬂv 1) € A% we associate a composition
y(B, 1) € Comp,(a) by concatenating compositions from Remark 4.20 for real roots, and (4.8)
for 6. Applying Theorem 3.18, we obtain an analogue of Theorem 4.22, which removes the
characteristic assumption of [KM17, Th. 3] for the Kronecker quiver.

Corollary 5.11. The KLR algebra Ay(a) admits a 6y-properly stratified structure, given by the
sequence of idempotents Uiy (B, 1) € AY in the lexicographic order. g

Since convolution algebras are local in the base, the open embedding T,(IP') C Rep, 5 gives
rise to a restriction map Ag(nd) — Ag(nd)/A¢(nd)1n.A¢(nd). By Lemma 3.7, this is a surjection.
In particular, after idempotent truncation with respect to 1(,5) we obtain:

Corollary 5.12. The restriction map H*(Rep,s) — H*(T,) is surjective. O

This is in sharp contradiction with [MM23]; see Appendix A for discussion and erratum.

6. SCHUR ALGEBRAS ON “DOTTED” CURVES

In this section, we express the (truncated) semicuspidal algebra eC(nd)e in terms of another
convolution algebra, and in doing so prove Proposition 5.8.

6.1. Curve Schur algebras. Let us quickly recall the geometric setup of [MM23], and refer the
reader to op.cit. for more details.

Let C be a smooth projective curve, and k a field. For any n > 0, let T, = T,(C) be the
moduli stack of torsion sheaves on C of length n. For any composition A € Comp(n) consider
the associated moduli of flags of torsion sheaves:

Fa={0=EC&C..Clqy: &/eaeTyt,  Fuoi= || T
AeComp(n)

There are two natural maps out of J;:
p: F, - Ty, p(((:lC...C((:k)=8k,
q: St)t—>(.T,1, Q(Sl C...Cgk)=(81,...,8k/8k,1),

where T stands for the product Hle T,;. Both T, and ) are smooth stacks. Using the maps p,
we can form curve Steinberg stacks:

Zo= || Zaw  Zau=Taxg, T
ApeComp(n)
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As explained in [MMz23, Sec. 2], all of the stacks above are global quotients by GL,,:
Tn = [Xn/GLn]’ Iy = [YA/GLn]s Z'/L,u = [ZA,,u/GLn];
X, ={s: C"®0O — & : H(s) is an iso},
Y, :={(V",s) : H(s|y:) is an iso for all i} € Fj x X, Zyy =Yy xx, Y,
In particular H.(Z,) = HE"(Z,), so the formalism of Section 1.4 applies and we get a convolution
product on 8, := H.(Z,). We call 8, the curve Schur algebra.

The algebra 8, acts naturally on H*(F),); we call this §,,-module the polynomial representation.
We have the following isomorphisms of cohomology rings:

H'F 0= Q) H'(Tp. k), H'(T) = H(C.K)[x].
LetA=1"=(1,1,...,1). If Q C k, pullback along Fy» — T, induces an isomorphism
(6.1) H*(Tp, k) = (H*(C" W) [x1, ... x4 ]) "

If C = P}, the map (6.1) is a monomorphism over Z, and its image can be explicitly computed;
see Appendix A for details. As a consequence, H*(T,, k) is a free k-module for any k by universal
coefficients. In view of this, from now on we always assume the following:

(6.2) Either C = P! or Q c k.

The reader is invited to assume C = P!, since this is the case that bears relevance to the preceding
sections.

As with quiver Schur algebras, given I’ F A we can define split and merge operators s, resp.
M/’%, as the fundamental class of Yy, = Y)/xy, ) inside Z, = Y)/xx, Y, resp. inside Z, /. Further,
let A = (A',..., %), and let A = (A, ""’121)’%2)’ LA = (A, ...,Aéz), %1) ..., Ak) be obtained
from A by splitting A' = /121) + Aéz) into Aél), Aéz) in two different ways. We define the elementary
crossing as

Ry =5V Mj,.
Together, these operators give rise to the elements /. defined via the same diagrammatics as
in Section 2.3. The following statement was proved in [MM23, Sec. 4] using equivariant localiza-
tion.

Proposition 6.1. Forany A, fix ak-basis By of H*(F), k). Theset{y’f : w € S,\&6,/6,,P € By}
is a basis of S, ..

6.2. Extended Schur algebra and diagrammatics. Let us slighty enlarge the algebra 8,. Fix
a point ¢ € C; by abuse of notation we denote the class [c] € H%(C, k) by c too. Consider the
closed substack T, = {0, ® C"} C T,; we have T, = [pt/GL,]. Let us further denote T, = T,.

Recall the set J = {r, e}. For any J-coloured partition A € I with underlying uncoloured
partition A, consider the following flag stacks:

Fa={0=8celc..cek:¢&i/eiteT,h

We will sometimes identify uncoloured partitions (i, ..., u*) with the partitions (u'7, ..., ¥ 7)
coloured purely with 7. Denoting T} = [; 7, we have an obvious isomorphism F = F;x7, T3.
We have explicit presentations as quotient stacks:

Fy=[Ya/GL,], Yy :={(V",s): H(s|y)is an iso, s(V)/s(V 1) e Ty Vi} C Fy x X,
Lemma 6.2. Y) is a smooth variety for any A; in particular, ) is a smooth stack.

Proof. Letv; = A! + ... + Al Tt is clear that Yj is a fibration over F; with fiber isomorphic to
Q3 ={s : H%(s|cw) is an iso, s(C")/s(C") € T, for all i} C X,,.
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In [MMz23, Lem. 3.3] we showed that Q, is an affine bundle over X. The restriction of this bundle
to X is precisely Oy, and thus the latter is smooth. g

As before, define the Steinberg varieties

J _ J J
zi=| | Zh. 2 =T x3, T
A, uedm

Definition 6.3. The extended Schur algebra of C is the convolution algebra 8?1 = H*(Z‘Zl, k).

As before, 8) naturally acts on the polynomial representation

(63) P, i= (D H'(1. k).
AeJm
Let A’ F A, and consider the underlying uncoloured compositions A’ F A. We have natural
proper maps F), — F), Fy = F,, and so we can define 3"}1/ = F) xg, Fy. This is a closed
subvariety of JF)/; moreover, it is fully contained in F), C J),. In particular, we have closed
embeddings : : EFf{ — Z’gt,)t“ Jo 3’% — Zj,’/l.
Definition 6.4. We call Sjlv = ti[&"ﬁl] € Si,)l a split, and Mi‘, = t*[?f{l] € ‘Si,l’ a merge.

Remark 6.5. When A is entirely of colour z, this definition coincides with splits and merges in
Syu- In general, the map Sr"f{' — T is a closed embedding, and not an isomorphism.

One can check analogously to [MMz23, Lem. 4.6] that for A7 E A E A, we have Sﬁ:/S A/ =

4 ’
S/\. 5 M%/M;’// = M/%H-

diagrammatics. Recalling the notations of Section 6.1, consider A, A/, A” € J™ with underlying

This allows us to denote S/){/ and Ml’ll, by split and merge in J-coloured

compositions A, A’, 1”/, where 1, )Lél), )LE2) are all of colour ¢. Then we can again define elementary
crossing of colour ¢ as
14 . 14 )’
Ry =83 My
Since we do not consider splits and merges of mixed colour, the crossings of strands of different
colours have to be defined separately. Let

A=, ..., ar, be,...,/lkck), u= (Alel, ..., be, ar,...,)tkck).
Definition 6.6. The multicoloured elementary crossing is given by Rﬁ = [Zyul € SLI.

Let A1, Ay be two J-compositions with the same underlying composition 1 = (1',..., A¥).
Define Ay, = (Al ..., Akik), where i/ = 7 if j-th colour in both A; and A, is 7, and ¢ otherwise.
Closed embeddings T, C Ty, yield a closed embedding 1 : F,, C F), x5, F, = qu,az-

Definition 6.7. We call C)tl = 1,[T,] € 8211,12 the colour change.

Diagrammatically, we draw strands of colour 7 in black, strands of colour ¢ in cyan, and
colour change as a horizontal dash. Finally, for any A € I and P € H*(F) we have the element
P e 81, ; corresponding to the image of P under the diagonal map ¥, — Zfl, 2= Faxg, T In
particular, for A = nt we have P € H*(T,), and for A = ne we have P € H"(Ty.) = Hg (pt) =
k[x1,...,x,]®". Diagrammatically, we draw these operators as coupons.

6.3. Comparison with the semicuspidal algebra. In this subsection, let us fix C = P!, and
¢ = o € P'. By the argument in Section 5.1, the semicuspidal algebra C(nd) is precisely the
restriction of A*(né) to Rep;e(sg = T,(IP?). Since 8’ is also a convolution algebra over T,(IP?), it
makes sense to compare them.
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Proposition 6.8. Let A € 3, and f; € Comp(nd) the corresponding composition. Denote Fl;‘eg =
Flg, X RepiE Rep,s. Then we have an isomorphism FI;;Lg = F). In particular, restriction to Rep:l%g

induces an isomorphism eC(nd)e = 87 .

Proof. When A = A is fully of colour 7, this is the content of [MMz23, Lem. 8.19]. In general,
FI;»eg is closed in Flﬂeg; the defining condition is that for each fragment of the flag ... ¢ V™!
Vic Vit ¢ . with dim V!/V'™! = kay, dim V™! /V! = kay, the restriction of h, to Vi*!/Vi~1
vanishes. Under the equivalence (2.2), this translates into the requirement that each graded piece
of colour ¢ has to be isomorphic to O%F. This is precisely the defining condition of F in J;, hence
the first claim. The second claim follows from Remark 5.4. ]

Corollary 6.9. The semicuspidal algebra C(né) is Morita-equivalent to 8)(IP') over an arbitrary
fleld k. O

Denote the isomorphism of Proposition 6.8 by ® : eCA(nd)e — 8. Let us study what ® does
to the diagrammatic generators of eCA(nd)e.

Proposition 6.10. Under ®, splits go to splits, merges go to merges, elementary crossings to ele-
mentary crossings, and colour changes to colour changes.

Proof. For splits and merges of colour 7, this follows from [MMz23, Lem. 8.7]. For splits and
merges of colour ¢, the claim follows immediately from Proposition 6.8. The proof of Proposi-
tion 6.8 also shows that colour changes restrict to colour changes. Since the elementary crossing
of one colour is defined as composition of split and merge, the claim holds for them as well.

It remains to show that multicoloured crossings are preserved under ®. Let us compute the
restriction of their defining correspondence to the regular representations. To save space, we
will only consider the crossing from (ar, be) to (be,ar), n = a + b, the swapped case being
completely analogous. Recall the convolution diagram for quiver Schur algebra:

ZK,/l X Zﬁ,p ZK,/L;J ZK,/J

| | !

Fo xF) xFy xF, «— F, xF; xF, —— F,xF,

where we denote k = (aay, aay, bd), A = (aay, b, aay), p = (bd, aay, acr;). Write Repfzsg =
[E;e(sg / Srms], and l?;eg = E N (E;e(sg xF,). We want to show that after restricting to the regular locus
Fi® x F,/®, the following equality holds:

[ZK,/I] * [Z)L,,u] = [ZK,,u]-

We will denote this restriction by a circle in superscript. First of all, one checks from the defini-
tions that

hs
Z;’M:{ V c Cetb — C** > W |dimV = b,dim W = a,h,(V) C W},

and 2y = Zey = Zygy = {x(vV) = 0} c Z,. Furthermore, F;eg = Z, ,. Putting all of this
together, the product [Z} ;] * [Z] ] is obtained by Gysin pullback of fundamental class along
the following diagram:

=reg o 8 o
F,ox 25, Ziu

| |

’Faeg % 'F’;eg A Fieg
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where g is the graph of inclusion Z; < F;eg. However, it is known that Gysin pullback along

graph morphism sends [F“;eg] ® x to x, so we may conclude. O
6.4. Diagrammatic relations. Let us compute some relations in 8.

Proposition 6.11. Let A = (A',...,1X) € Comp(n). The following local diagrammatic relations
hold in 8}, together with their upside down versions:

Here, P € k[xy, ..., xn]G" is a polynomial, and Q; := H(i,j)GN;l(xi —xj) is the GL)-equivariant Euler
class of n) = Lie(Rad(GL, - B)).

Proof. Upside down versions of the relations are obtained by inverting the order of indexes. Lo-
cality follows by base change along the natural forgetful maps ¥, — JF,, where A F p. The
first relation holds because the product in 8?1 is linear over Hg; (pt) = Kk[x1, ..., x,]%". For the
second relation, a computation analogous to [MMz23, Lem. 4.6] shows that the Lh.s. is given by
[F)] € 82”’ 2 and the rhis. by Q; - [V3] € S,j”’ 1~ The difference between the two fundamental
classes is the Euler class of the embedding F; C Y} = T*F,, which is precisely Q;.

The third relation is slightly more subtle. While the r.h.s. is similarly given by Q; - [F,], the
same argument computes the Lh.s. to be 1'[ Xy, x Y;], where /' is Gysin pullback with respect to
the following fiber square:

Xpe x Yy +—— F

| |

X, x X, —— X,
This pullback differs from [F, | by an excess intersection class
e(TXulr, /Np, (YD) = eNe, (Xl = [ (5 — ) = (DMQy,
(i.))EN;

so we may conclude. U

nr ne _ n 2 ne "Nt _
Lemma 6.12. We have C;ICpe = [1iL; i [ [1<ivjen(xi — x)°, and Cps Chf = 0.

Proof. Both products are obtained by pushing and pulling along the closed embedding pt — X,
thus amount to multiplication by the Euler class of this embedding. This class is equal to

e(NptC")e(NCan) = H C; H (xi —Xj+ Aij) = H C; H (xi - XJ').
1 1

i=1  1<i#j<n i=1  1<i#j<n

It remains to note that ¢;’s vanish in the cohomology of T;,,. ]

Diagrammatically, we draw multiplication by []; ¢; [ [;..;(xi — x;)* as a cross on a strand.

In order to compute relations between colour changes and crossings, we need some prepa-
ration. Given A, u € Comp(n), consider the natural projection Z; , — F, x F,. The GL,-orbits
Q,, C Fj x F, are parameterized by double cosets w € &,;\&,/&,. This stratification into or-
bits induces a stratification Z; , = | |,es,\s, /6, 21, Fixing a total order on 6;\&,/6, which
refines the closure order in F, x F,, we obtain a filtration HEW(Z,M,) on H.(Z,,) by [MM23,
Sec. 3.3]. Moreover, we have isomorphisms HEM(Z )t”u) = H.(Ty), where y is determined by
S =6, nw 'S w. All of this works just as well for the J-coloured version:
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Proposition 6.13. The stratification F) xF, = | |, Q,, induces a filtration on H.(Z},,). The w-th
graded component is isomorphic to H.(T,y), where y’ is as in Section 1.2.

Proof. Analogously to the proof of Lemma 6.2, Z), 1s an affine fibration over Q,, x X,/. In par-
ticular, we have H*(Z,/‘{””) = H,(T,v). Since each piece H.(T,/) is either pure or even by (6.2), the
long exact sequences associated to each successive step of stratification split. This gives rise to a
filtration with desired graded components. 0

Now let A, g be as in Definition 6.6. We denote
A=Al .. ar, br,...,)tkck), Ao =(Aleh, ..., ae, be, ...,Akck),
=l .., b, af,...,)tkck), u, = (Ate, .. be, as,...,)tkck).

Lemma 6.14. Up to lower terms with respect to the length filtration, we have C/’llfRﬁ = Rﬁ” Ch',
C,’,‘EREE = RﬁCi_. Diagrammatically, colour change slides past crossings:

at bt ar bt be ar be ar
be ar be ar ae  be ae be
Proof. We only prove the first equality, the second one being analogous. By base change, we can
further restrict our attention to the case A = (ar, be), p = (be,ar),n=a+b.
Since we only consider the equality up to lower terms, we can restrict everything to the open

stratum Q,,, w = w,p asin (1.3). In terms of sheaves, we require our pairs of subsheaves £;, &, C
€ to have trivial intersection. Consider the following diagram with fiber square:

Y,,xZW A

”T’A‘T
\[[ \

(Y xx, Yu) % (Y, xXYA)éYxXY xx, Ya, —— Yuxx, Ya,

The product R** Clj* is equal to p..q't.([Y,]®[ZY , ]) by definition. Using base change for Gysin
p u Cn q p«q 7 u. A1) By g g y
pullback, this equals to /,A'([Y,] ® [Z;T 2.1 By the proof of Proposition 6.13 both Z}; ~and

Z;‘:},Jf are smooth, and codimy, <2y Z;j"/1 = dim Y, . Thus A' = A* by [Fulg8, Rem. 6.2.1], and

SO Rl’}: ch = [Z;” 2 1€8) jia.- The same argument shows that CATR)“ is given by the fundamental
class [Z#’A] € S#,AT Note that

Zua \NZpa ={€1,€,C &+ & = 0% €/€, = 0%},

However, these two conditions are contradictory when ;N €, = 0. Thus (2,2, \Z )" is empty,
and we conclude that [Zlf 2 1= [Z/{fll]. O

6.5. Basis theorem. Given A, u € ™, consider the underlying uncoloured compositions A, y €

Comp(n) together with their refinements A’ F A, i £ p as in Section 1.2. These refinements can

be naturally promoted to J-coloured partitions A" £ A, p’ F p. Given w € 6,\&,,/6,,, we define

another J-colouring A’, of A/, where (1’)" is of colour 7 if and only if both (1)’ is of colour 7 in

A’ and (/)" is of colour 7 in p’. For any P € H*(F A k), we consider a diagrammatic element
P defined as follows:

« Take the uncoloured Schur diagram D,,;
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+ Colour each split and merge with their colours in A, p. If some thin strand has different
colours on two ends, put the appropriate colour change on it between the crossings and
the end coloured by ¢;

» Put a coupon with P between splits and crossings, above the possible colour changes.

For an illustration, see the diagram on the right of Example 5.9.

Theorem 6.15. For every A € 3, fix a k-basis By of H*(T,k). Then the set

{yy, : we;\6,/6,,PeBy}
. . i}
is a basis Of‘SA,p
Proof. Tt suffices to prove the claim after passing to the associated graded with respect to the
length filtration. Let us identify the uncoloured partitions with fully 7-coloured partitions as
usual. Consider the map ¥ : 8%’” - 891,;1 = 8, defined by ¥(x) = CﬁxCﬁ“. Thanks to Proposi-
tion 6.11 and Lemmata 6.12 and 6.14, we can remove all colour changes in the diagram of ¥(y/%),

for the price of multiplying P by some polynomials Q, € k[x,...,x,] independent of P and
adding some lower terms. For instance, for the diagram from Example 5.9 we have:

2t 2t 271 2t 2t 21 2t 2t 2t 2T

PT U@ VR

3T 3T 3T 3T

We see that Gr ¥(¢/¥) is of length w. The polynomials Q, are non-zero divisors and monic, and P
does not contain any nilpotents arising from colour changes by our choice of A/, so the elements
Gr¥(yr), PeB ), are linearly independent by Proposition 6.1. Since the graded dimensions of
H *(TA’W ,k) and Gr" S:/]Lu coincide by Proposition 6.13, we conclude that {/*} is a basis of Si’u
over any field k. g

Corollary 6.16. The polynomial representation @,y H*(Fa, k) of 8 is faithful.

Proof. Consider a non-trivial linear combination of the basis elements of 81’” that acts trivially
the polynomial representation. Then its image under ¥ acts trivially as well. However, we
showed that ¥ is injective, so that it suffices to check that the restriction of polynomial rep-
resentation to 8, is faithful. This holds by [MMz23, Th. 4.15]. O

By Corollary 5.12, we have a surjection
POlﬁA = ]k[u15 cee s un, Ul, ceey Un]Gﬁl —> H*((‘TA);

see Corollary A4 for a precise description of this map. In particular, let the collection of elements
By C Polg, be an arbitrary lift of By ¢ H*(T). Then Proposition 5.8 trivially follows from
Theorem 6.15.

6.6. Polynomial representation. Recall the polynomial representation P, of §) defined by (6.3).
Let A = (Anlcl, ..., Akck), and let Hy ¢ H*(C,k)®" be the tensor product ®f:1 H;, where H; =
H*(C,k)®* if ¢! = 7 and k otherwise. By (6.1), we have an embedding
H*(Fa, k) C Py = (Hy[xi, ..., x0])®2.
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We will use it to describe the polynomial representation explicitly. Let A € H(C x C, k) be the
class of the diagonal. For any 1 < i < j < n we have an embedding H*(C,k)®* c H*(C, k)®"
sending x x y to 1% @ x ® 1%/ @ y ® 1®"7/; we denote by A;; € H*(C, k)®" the image of A.
Proposition 6.17. We have the following (local) formulas for the action of 8 on the polynomial
representation:

« Coupons act by multiplication;

y ngarf’bf)(P) =P, and 551?’[78)(13) = PHi:lSiStKan(xi - xj);
M&g&bg)(P) = 9qp(P), and M(naff’bf)(P) = dapb (P [Ticicicacjen(xi — xj = Aij));
« CM o K[xq, ..., x,]%" — Py, acts by multiplication by [T, ¢; [ G = xp);
« CM Py — k[xy,..., x,]%" acts by setting all classes in H>°(C™) to zero.

Proof. The formulas in colour 7 were proven in [MMz23, Th. 4.15]. C;} is defined as the push-
forward along the closed embedding pt = X, — X,,, and so is given by the Euler class of this
embedding:
e(Npt X)) = e(Npt C")e(Nen X)) = H Ci H(Xi —xj+A) = H Ci H(Xi - xj).
Y i i

For C)¢,
classes in H>°(C™), since HéLn(pt) has no nilpotent elements. The rest of the formulas follow
from the relations in Proposition 6.11. O

this does nothing on polynomials in x;’s by linearity, and kills anything containing

Let D, = x" 1x/72 ... x,_;. Using the identity dw,(Dy) = 1,itis easy to check in the polynomial
representations that

(6.4) Chni = M*D,C:S;., Cpi =+M;"D,C;S:,; t=(1,...,7), €=(¢..,¢).

Tont? € ne?

In words, thick colour changes are expressed in terms of thin colour changes.

Corollary 6.18. The algebra eC(nd)e is generated by (single-coloured) splits and merges, multi-
coloured crossings, thin colour changes, symmetric polynomials k[uy, ..., ux]%* on strands of thick-
ness k, and polynomial (v — u) on thin strands of colour .

Proof. Follows from Proposition 5.8 and Corollary A .4 and (6.4). 0

The computation of the action of multicoloured crossings is somewhat more involved.
Proposition 6.19. Let P € H*(T(, ;)) = H*(C)[x1]®k[x;]. Write P = P;+P,, where P € k[x1, x2],

and P, € H°(C)[x1, x2]. Then RE;’;;(P) = s(P) + c,0P;.

Proof. Consider the Steinberg variety Z, = Y, xx, Y,. Z; has two irreducible components, the
diagonal Y, and the closure of its complement; let us call the latter T,. It is well known that T,
is smooth”. Now look at Z” := Z, ;) (rr) = Yer) Xx, Y(r.e) C Zo from Definition 6.6. We have
Z'nY, = Y., s0dimZ’ nY, = 2. On the other hand, T) := Z’ n T, has a 3-dimensional
open, covering the locus X;*¢ C X; of quotients of the form O, ® O, x # p. This shows that
[Z’] = [T}], and T, is smooth®.

Consider the following commutative diagram:

Jj q p
Y(e,r) x Ty «—— Y(s,f) x T2/ TZ/ Y(T,S)

[ T

Y2 X Tz TZ Y2

2One can check this étale-locally, where it becomes a claim about the Grothendieck-Springer alteration for gl,. In
fact, one can show that T, is the blow up of Y, along the subvariety of points with underlying torsion sheaf of the
form sz, x€eC
3Again, étale-locally this boils down to Grothendieck-Springer for sl,
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We want to compute p}(q')'(P ® [T]), for P € H*(Y(.r)). Since j is a closed embedding of
smooth varieties, we have j'(P®[Ty]) = (P®[T;]). Furthermore, since T, and Y(;.-)x T, intersect
transversally, we have base change by [MM23, Prop. 2.2]:

Lp(@) (P ®[T3]) = pute(q)' (P @ [T]) = poq'1(P ® [Z2] — [%2]) = Ra(ci P) = 1 P.
Using Proposition 6.17 and the fact that A(c; ® y) = 0 for all y € H>°(C), we have:

QRI(P) = Ry(c1P) = ¢1P = ¢p5(P) + Ad(erPy + ¢1Pp) = ca(s(P) + ¢ 0(Py)).

We conclude by removing ¢, from both sides. g
We do not give the formulas for the action of thick multicoloured crossings. However, we

expect that a dimension count argument as in the proof of Proposition 6.19 shows that splits
slide past multicoloured crossings. One can then derive explicit formulas by expressing thick

ac bt ac  br

crossings in terms of thin crossings:

6.7. Relation to Savage’s algebras. Let us recall the definition of affine wreath product al-
gebras after [Savi8]. Our setting is slightly different from op.cit., in that we assume that the
Nakayama automorphism is trivial, but do not require the Frobenius element to be non-degenerate.

Definition 6.20. Let F be a unital algebra, and A € F ® F an element satisfying (fi ® f2)A =
A(f ® f1) for all fi, f» € F; we call such A weak Frobenius. For n > 0, the affine wreath product
algebra A,(F) = A,(F,A) is the quotient of the free product F®"[x, ..., x,] * k&, modulo the
following relations:
sif = f¥s; forall f e F®",
SiXj = Xg(j)Si T (8ij = Oiv1, )i 1.
Let C be a smooth projective curve. Denote by M, the one-dimensional ideal H*(C) c H*(C),

and write Vo = H*(C) @ M. Define Z¢ := Endy«()(Ve), where we consider everything with
cohomological grading, e.g. My lives in degree 2. It is clear that

> Hdim ZE[i] = 2 + 2g(O)t + 3%,
i

where g(C) is the genus of C. Observe that 8] = Z§&[x], Py = Ve[x]. Lety = cu— : H*(C) — My,
and z : My, = H*(C) - H*(C) the inclusion. Then A’ := A¢c+y ® z+z®y is a weak Frobenius
element.

Example 6.21. Let C = IP'. In this case Zf, is isomorphic to the extended zigzag algebra of type
A]Z

(65) Zy, =kQ/(yz), Q= rt—¢,
andA' =1, Qzy+zyQ1,+y®z+z®y.

Consider the subalgebra R) = ¥ A g 51, uC 8. Diagrammatically, this means we only allow
thin strands at the ends.

Proposition 6.22. We have an isomorphism R}, = A,(Z¢).
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Proof. Rewrite the polynomial representation of R in the following way:

> HY(T) = Q) HA(T) @ H'(TL) = VE"[x1,.... xa).
1

Aedn i=
Similarly, we can identify the subalgebra of R} generated by colour changes and all H*(T}),
A € J" with (Z&)®"[ x4, ..., x4]. Consider the elements

. p(t.0) (e.8) (r.8) (e,7)
s; = R(r,r) + R(E)g) + R(M) + R(m) -1

Let n = 2, i = 1 for simplicity. By Propositions 6.17 and 6.19, the action of s on the polynomial
representation (V¢)®"[xy, ..., x,] is as follows:

Pe H*(‘J’(T,T)) :§(P) = S(P) + Aca(P),

P e H (T, r)) :s(P) = s(P) + c19(P)ligm>o(c)=0 = S(P) + (z ® y)a(P),
P € H (T(rz) :s(P) = s(P) + (y ® 2)a(P),

Pe H*(‘I(&E)) :§(P) = S(P)

Collecting these formulas together, we see that s(P) = s(P) + (92 P), where 3 is the A’-twisted
Demazure operator:

NP — PSN
X1 — X2 '
It is easy to check it satisfies Leibniz rule: 8A/(PQ) = PsaA/(Q) + 8A/(P)Q. In particular:
s(fP) = f*s(P) + f*a" (P) = f*s(P),
5i(x;P) = x4y si(P) + 0% (;P) = x4y Si(P) + x4y~ (P) + (8;; — 811, )ALP.

o (P) =

We leave checking &, -relations to the interested reader (or see [LM25, Sec. 3]); in any case, we
obtain an algebra homomorphism A,(Z&) — R. As the basis of A,(Z¢) in [Sav18, Th. 4.6] gets
sent to a basis of 922, from Theorem 6.15, this is a bijection. O

Remark 6.23. While Savage requires A to be non-degenerate, the proof of [Sav18, Th. 4.6] does
not use this. See [LM25, Sec. 3] for another argument.

Corollary 6.24. Over a field of characteristic 0, the algebra C(nd) is Morita-equivalent to R, =~
An(Z5).

Proof. Follows from Proposition 5.3. ]

APPENDIX A. INTEGRAL COHOMOLOGY OF T,

One of the technical results we needed in [MM23] was the computation of integral coho-
mology groups H*(T,,Z), T, = T,(P!). We approached it from three angles. First, writing
Tn = [X,/GL,] as in Section 6.1, restriction to torus fixed points i : C" < X, induces a map

i+ H(T,, Z) > Sym" (H*(IPl,Z)[x]) = (Z[xl,...,xn, cl,...,cn]/(c;z))en.

Second, let 7, : T, x P! — T, be the projection, and consider the universal sheaf € on T, x IPL.
Consider the subring generated by Kiinneth-Chern classes c;o = m.(ci(E€) U [pt]), ¢i1 = m(ci(E)):
]t TH(Tp, Z) = (cip, ciq i 2 0) = H*(Ty, Z).

Finally, letT" = 1 =% 0. Then pullback along the open embedding T, = Rep £ I' C Rep,,s I induces

a map

@ : H'(Rep,5, Z) = Z[uy, ..., up, v1, ... ,0,]%7C" > H*(T,, Z).
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Let A ¢ H*(T,,Z) be the subring generated by classes c;(7.€), i > 0. It easily follows from
definitions that under the identification T, = [X,,/GL,] it corresponds precisely to the pullback
of H;, (pt). We claimed in [MM23] that i* is an isomorphism (Prop. 6.2), j is not onto (Ex. 6.7),
and the image of ¢ is A-TH*(7T},) (Prop. 8.37). Unfortunately, the first claim is incorrect. However,
the proofs of the other two claims were algebraic in nature, and as such relied solely on i* being
injective.

Lemma A.1. The equivariant Borel-Moore homology HPM([NG[H/GLH],Z) has no torsion as a
H¢; (pt)-module.

Proof. We write Hg = HfM([Ng[n/GLn],R) for a ring R. Decompose [Ny /GL,] into the union
of nilpotent orbits | |}, ,[O;/GL,]. It is known that

HM([0,/GLal, Z) = H;, (0;,Z) = HE, (pt, Z),

where G, is a product of general linear groups. In particular, H*™([O,/GL,]) is even and free
over Z for all A. Long exact sequence in Borel-Moore homology implies that the same holds for
Hz.

Assume that we have a torsion H(*;Ln(pt, Z)-submodule M C Hz. By universal coeflicients,
M®zQisatorsion Hg; (pt, Q)-submodule of Hg. But Ny, is rationally smooth [BM83], so that
Hq = Hgp (N, Q) = Hg;p (pt, Q) is a free module. Hence necessarily M = 0. O

Proposition A.2. i* is injective.

Proof. Let T,, C GL,, be amaximal torus. The map i* is induced by restriction to T,-fixed points. In
order to apply equivariant localization theorem, we need to show that no element of H*(T,, Z) C
Hf (Xp, Z) is annihilated by the Euler class e = ciop(Ncn(X;)). We know by [MMz23, Eq. (8)] that
the leading term of e is the symmetric polynomial [T, ;(x; — x;)?; therefore it suffices to check
that H*(Ty, Z) has no A = H; (pt)-torsion.

Write Tk = Rep;{ef. X Rep](rjf ps-s wehave Ty, = | [}, 75 asin Section 2.6. As T, is smooth and
both Repi%g. and Repfﬁ have even Borel-Moore homology, by long exact sequence it is enough to
show that both H2M([gl,./GL;]) and HPM([Ng[k/GLk]) have no H(;, (pt)-torsion. This is obvious
for the former, and follows from Lemma A.1 for the latter. O

Example A.3. Let n = 2, and consider the class of T2 in H*(T,,Z). We can deform T2 to a
smooth substack [N/GL,] C [gl,/GL;] = T3, where

N={(22%):a*+bc=1}

c —a
N intersects (IP1)? inside X, transversally in two points. Therefore i*[T2°] = 2¢;c,, and by the

proof of Proposition A.2 ¢;c; cannot lie in the image of i*.

Recall the merge operator Mj, from [MM23, Thm. 4.15] and F;» from Section 6.1. We write u
instead of uy, ..., u, for brevity.

Corollary A.4. We have H*(T,,Z) = A- TH*(T,,Z), that is the integral cohomology of T, is

generated by tautological classes. The following diagram commutes:

Z[u,v]® — " H*(T,,Z) +— H*(Fn,Z)

I

n

Z[u,v] —— Z[x,cl/(¢}) «—— Zlx, cl/(c})
where @ is given by u; — x;, v = x; + ¢;. Moreover, A - Im(M[) = Im(i¥).

Proof. The left square commutes by Corollary 5.12 and [MMz23, Prop. 8.37]. The rest follows from
[MMz23, Thm. 4.15, Lm. 8.31]. O
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Since H*(T,, Z) is manifestly free over Z, we deduce a description of H*(T}, R) for any ring
R by universal coefficients. For a general smooth curve C, we do not have an analogue of the
map ¢, so our argument does not apply.

Conjecture A.5. Let C be a smooth complex curve, and consider the subring TH*(T,(C),Z) C
H*(T,(C),Z) generated by classes m.(c;(E)Uy),i >0,y € H(C,Z). Then

(1) H*(T,(C), Z) is generated by TH*(T,(C), Z) over A;

(2) The image of the pushforward map

H*(Fx(C). Z) - H*(T(C), Z)
from full flags is precisely TH*(T,(C), Z).

In particular, the conjecture would imply an explicit description of H*(7,(C),Z), as the A-
submodule of H*(C", Z)[x1, ..., xn] generated by the image of M.

A.1. Erratum for [MM23]. Because of Proposition A.2, the mistake in [MM23, Prop 6.2] does
not propagate into the rest of our computations, which are formal manipulations with polyno-

mials. However, we need to slightly tweak our conclusions.
11')1

+ Every time we mentioned the polynomial representation of 8, , we need to replace

Zlx, cl/(c?) with H*(T,, Z);

« We distinguished between two diagrammatic algebras 8V, resp. 8%, where thick strands
could support coupons valued in H*(T,, Z), resp. Z[x, c|/(c?). The algebra 8® described
the semicuspidal algebra, and 8(") was isomorphic to the curve Schur algebra. Corol-
lary A 4 tells us that both roles are played by 8@, and 8(!) is a formal algebraic gadget;

+ As a consequence, the homomorphism @, from [MM23, Prop 8.35] is actually bijective
over any field or Z;

« [MM23, Conj 8.40] becomes trivially true.

Finally, let us pay special attention to [MM23, Prop A.5]. It is wrong as stated; indeed, the
stratification (4.2), refined by further stratifying nilpotent cones into orbits, satisfies the require-
ments of [[MW 14]. This means that one could in principle consider the usual parity theory EvPC.
However, it does not contain every flag sheaf £ 4, because they are not constructible with respect
to this stratification. On the other hand, our “ersatz” theory Ev™ P does contain every £ p as per
Proposition 4.7.
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