COHOMOLOGICAL HALL ALGEBRAS FOR HIGGS TORSION SHEAVES,
MODULI OF TRIPLES AND SHEAVES ON SURFACES

ALEXANDRE MINETS

ABsTRACT. For any free oriented Borel-Moore homology theory A, we construct an associative
product on the A-theory of the stack of Higgs torsion sheaves over a projective curve C. We
show that the resulting algebra AHa2, admits a natural shuffle presentation, and prove it is
faithful when A is replaced with usual Borel-Moore homology groups. We also introduce moduli
spaces of stable triples, heavily inspired by Nakajima quiver varieties, whose A-theory admits
an AHal-action. These triples can be interpreted as certain sheaves on Pc(we @ O¢). In
particular, we obtain an action of AHa2 on the cohomology of Hilbert schemes of points on
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0. INTRODUCTION

Let C be a hereditary abelian category over finite field Fy, such that all Hom- and Ext-spaces
have finite dimension. We have two important examples of such categories:

e for a finite quiver @), the category of finite dimensional representations Rep @ = Repy, Q;
e for a smooth projective curve C' over [Fy, the category of coherent sheaves Coh C'.

Given a category C satisfying the conditions above, one can associate to it the Hall algebra
H(C), as defined in [Schl2]. Broadly speaking, its basis is given by isomorphism classes of
objects in C, and the product is given by the sum of all non-isomorphic extensions. In the case
C = Rep @, where @ is a quiver of Dynkin type, a famous theorem by Ringel [Rin90| describes
the Hall algebra 7 (Rep @) as the positive half of the quantum group U,(gg), specialized at
v = ¢%/2. Moreover, one can upgrade H(C) to a (twisted, topological) bialgebra, such that the
Drinfeld double D(H(Rep Q)) is isomorphic to the quantum group itself.

By contrast, the Hall algebra H(Coh C') seems to be far less understood. For instance, an
explicit description of (the spherical part of) H(Coh C) by generators and relations is known

only when C' is rational [Kap97] or elliptic [BS12]. Our principal motivation is to get a better
1
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understanding of this algebra. One way to do it is to study its representation theory. Unfor-
tunately, since we do not possess an explicit combinatorial description of H(Coh C) in terms
of generators and relations (see, however, [Sch12l Section 4.11] for partial results), we have to
construct its representations indirectly.

We use an approach close in spirit to the well-known construction of Nakajima [Nak94], which
realizes irreducible representations of the universal enveloping algebra U (g) of a simple Lie algebra
g as homology groups of certain varieties. Let us summarize a variant of this construction,
following the point of view from [YZI§|. Namely, for a finite type quiver Q = (I, E) and a
projective CQ-module P with top of graded dimension w € Z., one considers the algebraic
stack T* Rep{ T Q, where Repét @ parametrizes pairs (V, ) with V € Rep @, dimV = v, and
¢ € Homcg (P, V). The C-points of this stack can be identified with representations of a quiver

QQ, satisfying certain conditions [Ginl2, Section 5|. For every dimension vector v € 7L . one
introduces a stability condition on these representations, such that subrepresentations of stable
representations are stable, and the moduli stack of stable representations forms a smooth variety
M(v,w). Inside these varieties, one has Lagrangian subvarieties £(v,w) := 7 1(0), where 7y :
M(v,w) — SpecT'(Opry(v,w)) is the affinization map. Finally, one considers a correspondence
Zy C (T*Repy, QXM (vi,w))xM(v+vy, w), which parametrizes triples (V, Vi, Va) with V5 /V) ~
V. Denoting the projections on the first and second factor by ®,, and V¥ correspondingly, we
have the following operators in Borel-Moore homology:

ein = (e)u(®e,)"(IT* Rep,, QB -) : H(M(v,w)) = M(v + &1, w),
Fiw = (@) (W) (=), [T Rep,, Q1) 2 H(M(v,w)) = M(v — &, w),

where ¢; is the dimension vector of the simple representation at vertex ¢ € I. Then e; := ) € v,
fi == >, fiv give rise to an action of U(gg) on My, = @, H(M(v,w)), and moreover its
restriction to @, H(L(v,w)) is the irreducible highest module of weight w.

In fact, this action can be extended to a much bigger algebra, so-called Yangian. This can
be achieved by realizing it inside the cohomological Hall algebra [SV13al, [YZ18], isomorphic to
@D, H(T* Rep, Q) as a vector space (see [MOI19] for another perspective on Yangians). The
latter algebra then acts on M, by correspondences similar to the ones described above. The
purpose of this paper is to begin investigation of analogous algebras and their representations in
the context of curves.

In order to apply the same set of ideas to our situation, we have to introduce several modifica-
tions to our context. First, we have to consider T* Coh C instead of Coh C; note that the former
stack is isomorphic to the stack of Higgs sheaves Higgs C. Secondly, we will study a homological
version of Hall algebra. It will be modeled on the vector space A(HiggsC), where A is either
Borel-Moore homology or an arbitrary free oriented Borel-Moore homology theory (see [LMOT,
Chapter 5] for the definition of the latter).

Optimistically, our program is as follows:

(1) construct a (bi-)algebra structure AHac on A(Higgs C);

(2) define a suitable stability condition on T*Coh™7 C, where Coh™ C' is the stack of pairs
(€, a) with € € Coh C, a € Hom(F, E);

(3) construct an action of the Drinfeld double D(AHac¢) on the A-theory A(M) of the
moduli of stable objects.

In the present article, we treat a very particular case of the plan above. Namely, we restrict
our attention to the category of torsion sheaves on C. Then, we have the following result:

Theorem 0.1. There exists an associative product on €, A(Higgsg C), which makes it into an
algebra AHag ¢ (Theorem .
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The proof uses the techniques found in [SV13bl [YZ18|. Because of our restrictions on the
rank of sheaves, all stacks we consider can be explicitly realized as global quotients, and thus
we can forget their stacky nature and work with equivariant A-theory of their atlases instead.
In positive rank the stack Coh, ;4 is only locally a quotient stack, so that one has to check that
separate constructions in each patch can be glued together. This was done in [SSI§].

Note that we do not construct a coproduct on AHaOC. However, if we denote by AHaOC:T the
version of AHa% equivariant with respect to the scaling action of G,, on the cotangent fibers,
one can define a certain algebra ASh¢ with explicit formulas for multiplication and construct a
map p : AHa%T — ASh¢. Roughly speaking, AShe looks like the space of formal series with
coefficients in A(C), and the product is given by twisted symmetrization (see Definition [3.3)).
We expect p to be injective (Conjecture . This prediction is supported by the following
theorem:

Theorem 0.2. If A = H are the usual Borel-Moore homology groups, the map p : HHag’g —
HSh¢ becomes injective after tensoring by Frac(Ar(pt)) (Corollary .

If the conjecture is true, this map can be used to find relations in AHang via direct compu-
tations, and also to transport a natural coproduct from ASh¢.
Next, let us pick a locally free sheaf F as framing.

Definition. A stable Higgs triple of rank 0, degree d and frame F is a triple (£, a,0) with
£ € Cohy 4 C, a € Hom(F, &), 0 € Ext'(&,(F % £) ® w), such that the image of a generates &
under ¢ (Definition [5.3).

Theorem 0.3. Let C be a smooth projective curve, and d, n positive integers.

(1) The moduli of stable Higgs triples of degree d and frame F is represented by a smooth
quasi-projective variety B(d, F) (Theorem @);

(2) Let F = k" ® O. Then for any n, the space Att, = @, A(B(d, k" @ O)) is equipped
with a structure of an AHa%-module (Corollary .

The second part of this theorem is proved by the same methods as Theorem [0.2] We strongly
expect that the same result holds for any locally free F. As for the first part, it is done by
realizing stable Higgs triples as sheaves on a compactification of T*C'. Namely, we have the
following theorem:

Theorem 0.4. The variety B(d, F) is isomorphic to the moduli space of f-semisimple torsion-
free sheaves on Po(w @ O), equipped with framing at infinity and satisfying certain numerical
conditions. In particular, #(d, O) is isomorphic to the Hilbert scheme of points Hilby T*C' (Sec-

tion @)

This isomorphism can be understood as a relative version of classical derived equivalence
between the category of sheaves on P! and of representations of the Kronecker quiver [Bei7§).
We refer the reader to Section [7] for definitions and precise statement.

Unfortunately, it is not entirely clear how to extend a AHaOCLT—module structure on A.Z! to a

Yetter-Drinfeld module [RT93| with respect to some coproduct on AHa%T. Still, the isomorphism
#(d,0) ~ Hilby(T*C) suggests that A.#! should admit an action of the Drinfeld double of
AHa[()j’T, similar to [Nak99, Chapter §|.

In higher rank, we expect the moduli of stable Higgs triples to retain a close relation to the
moduli of sheaves on Pc(w @ O) framed at infinity. This is evidenced by the fact that similar
objects appear in the works of Negut, [Negl9, [Negl7], where for any smooth projective surface
S he defines an action of a certain W-algebra on the K-theory of moduli of stable sheaves on S.
We expect that for S = T*C, these algebras get embedded into a suitable completion of K HaOC.
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In general, since Higgs sheaves on C' can be thought of as coherent sheaves with proper support
on T*C via BNR~correspondence [BNR&9|, one can imagine a much more general picture:

Guiding principle. Let S be a smooth projective surface together with a smooth divisor D C S.
Denote by Coh(S, D) the stack of Og-modules with support disjoint from D, and by Cohy(S, D)
its substack of Og-modules of finite length. Then AHag = A(Coh(S, D)) should admit a Hall-like
structure of an associative algebra, such that AHaY = A(Cohy(S, D)) is a subalgebra containing
A-theoretic W-algebra. Furthermore, the Drinfeld double D(AHag) should act on the A-theory
of stable sheaves on S framed at D, for a certain stability condition.

For this principle to hold true, one will certainly need additional technical assumptions, such
as transversality of the divisor defining stability condition with D. However, this discussion
reaches far beyond the scope of this article.

Since the first draft of the present paper has appeared, some additional progress has been made
in generalizing its results. As mentioned above, the definition of algebra AHa% was extended to
positive rank Higgs sheaves in [SS18]. In K-theory, the rank 0 algebra KHaQ was defined for
any smooth surface S in [Zhal9]. In homology, the full algebra HHag was defined in [KV19].
Moreover, it was shown there that HHag acts on the Borel-Moore homology groups of rank
1 semi-stable sheaves on S. Finally, a certain categorified version of HHag was introduced
in [PS19].

Let us finish the introduction with a brief outline of the structure of the paper. In Section [I] we
choose explicit presentations of Col, ; and Higgso s global quotient stacks, given by certain

Quot-schemes. We also recollect basic facts about these schemes. In Section B we recall a
construction introduced in works of Schiffmann and Vasserot, which permits us to define an
associative product on €, A(Higgso d). In Section |3| we introduce global shuffle algebras AShyg,
prove that these algebras satisfy some quadratic relations, and obtain a shuffle presentation p of
AHa%T for a certain choice of g. The map p is obtained by localizing our product diagrams to
the fixed point sets of a certain torus T. In passing, we also propose a geometric interpretation
of the difference between two types of shuffle product, appearing in literature in similar context
(Corollary [3.10). In Section [4] we prove that for A = H the shuffle presentation p is faithful.
The proof uses the scaling torus action and weight filtration in a crucial way, so that it cannot be
easily translated to other homology theories. However, we conjecture that p is faithful for general
A. In Section |5| we introduce the moduli stack of Higgs triples, construct an action of AHa% on
@D, A(#(d,n)), and discuss how it can be related to the classical action of Heisenberg algebra
on cohomology groups of Hilbert schemes of points on T*C [Nak99]. In Section [6] we collect
some technical facts about quiver sheaves for later use. In Section [7], we provide an alternative
description of %B(d,n) as a moduli of sheaves on a compactification of T*C. We also briefly
describe the relation between our work and the W-algebras of Negut. Finally, in Appendix [A]we
recall the notion of oriented Borel-Moore homology functor, following the monograph by Levine
and Morel [LMOQ7|, and gather the statements necessary for our proofs. In particular, we adapt
the localization theorem of Borel-Atiyah-Segal to this framework.

Acknowledgements: This paper constitutes a part of author’s Ph.D. thesis, written under
direction of Olivier Schiffmann. The author would like to thank him for his perpetual support
and constant encouragement. I would also like to thank Quoc Ho, Sergei Mozgovoy, Andrei
Negut, Francesco Sala and Gufang Zhao for their help and illuminating discussions, and the
anonymous referee for their valuable suggestions.

Conventions: We denote by Sch/k the category of k-schemes of finite type over k; pt stands for
the terminal object Speck € Sch/k. For any X € Sch/k, the category of coherent Ox-sheaves is
denoted by Coh X. We will usually denote coherent sheaves by calligraphic letters, and implicitly
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identify locally free sheaves with corresponding vector bundles. For any £, F € Coh X, we write
Ext! (€, F) for Ext-functors, Hom := Ext", and £xt*(&, F) for Ext-sheaves, Hom := Ext°. More
generally, for any two complexes of sheaves £°, F* we denote by Hom(E®, F*) the space of
morphisms in the derived category D?(Coh X), and Ext?(£®, F*) := Hom(E*, F*[i]). Finally, we
will liberally use the language of stacks; see [LMBO00| or [Ols16] for background.

1. COHERENT SHEAVES AND Quot-SCHEMES

Let k be an algebraically closed base field of characteristic 0. Let C' be a smooth projective
curve defined over k, and O its structure sheaf. Then one can define the following algebraic
stacks (over Sch/k in étale topology):

e Cohy 4, the stack of torsion sheaves on C' of degree d [LMB00, Théoréme 4.6.2.1];
e for any F € Coh C, the stack @Ef of pairs (£ € CohgqC,a € Hom(F,&)) [GPHS14|

Section 4.1];
e the cotangent stack Higgs, , := T*Cohy 4. It is defined as the relative Spec of the

symmetric algebra of the taﬁgent sheaf; see [LMBO00, Chapitre 14, 17| for the relevant
definitions.

Remark 1.1. Note that the tangent sheaf of a stack is not the same as the tangent complex, but
is rather its zeroth cohomology.

All of the stacks above can be realized as global quotient stacks. Below we will make an
explicit choice of such presentation for computational purposes.

Definition 1.2. Let Quot, , be the following functor:
Quot,, , Sch/k — Set?,

T — {‘P:]kd®OTxc—»5T Ep € Coh(T x C), p flat over T, }7

for any t € T,rk& = 0 and deg & = d.

(T L T) s (o fr0).

Moreover, let us consider its open subfunctor Quot; , C Quot, ,, consisting of quotients

¢ : k?'® Orxo — €r,
such that the map H(p;) : k — HO(&) is an isomorphism for all ¢ € T.

Let G4 := GLqg(k). Note that G4 acts on Quotg , via linear transformations of k.

Proposition 1.3. Let d > 0 be an integer.
uo and Quo are representable by smooth schemes Quotyy and Quo respec-
1) Quot, , and Quot; , table b th sch Quoty, d Quoty ,
twely, and Quoty 4 is a projective variety of dimension d?;
(2) we have an isomorphism [Quotg ;/Ga] = Cohy 4;
et F ~ VRO for some finite dimensional vector space V.. Then we have an isomorphism
(3) let F ~V®O f finite di jonal vect V. Th h ‘ hi
[(Hom(V, k) x Quot; ;)/Ga] ~ Coh -

Proof. For (1), see |[LP97]. The claim (2) follows from the observation that any torsion sheaf
of degree d is generated by its global sections, and every isomorphism of torsion sheaves is
completely determined by its action on global sections. Finally, for (3) let us consider the
natural map CLh(TCY@O — Cohy 4. This is a vector bundle, which is trivialized in the atlas given
by Quot& da 7

Coh§ [ ©° X Cohyy , Quotg 4 = Hom(V, k%) x Quot§ .

The statement of (2) then implies the desired isomorphism. O
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Remark 1.4. Note that (3) fails for other sheaves F 2 V ® O. In general, we would have to pick
a certain closed subvariety out of Hom(F, k¢ ® O) x Quoty ;; see [HLI5| for more details.

Recall that for any algebraic group G and any smooth G-variety X the cotangent bundle T X
is naturally equipped with a Hamiltonian G-action. Let p : T*X — g* be the corresponding
moment map, where g is the Lie algebra of G, and put T5,.X := 1~ 1(0). Note that the infinitesimal

G-action provides a morphism g ® Ox — Tx, where T is the tangent sheaf of X.

Lemma 1.5. Let X be a smooth variety equipped with an action of G. Then we have a natural
isomorphism of stacks T*[ X /G| ~ [T X/G.

Proof. 1t follows from the definition of the moment map that the composition

T*X = Spec Sym(Tx) ", SpecSym(g® Ox) = g* x X X% g*
coincides with p. Therefore Spec Sym(Coker pi*) ~ p~1(0) = T X, and we obtain the desired
isomorphism after descending to [X/G]. O

The lemma above implies that

Higgs, , = T"Cohg 4 =~ [Tg;Quotg 4/ Gl.

Ezample 1.6. Let d = 1. As a set, Quoty (k) = {O % £ | € € Cohg 1, # 0}. Note that since
the G1 = Gy,-action is trivial here and Hom(O, &) = k by Riemann-Roch, we actually have
Quotp,1 >~ Quotgy ~ C, and Cohy; ~ C X BGy,. The corresponding universal family is given
by Oa € Coh(C x ('), where Ox is the structure sheaf of the diagonal A C C' x C. Moreover,
T Quoty ~ T*Quoty ~ T*C, and thus Higgsoyd ~ T*C x BGy,.

Let us also define the following filtered version of Quoty ,.

Definition 1.7. For any de = {0 = dy < d; < ... < d}, = d}, fix a filtration k% c ... ¢ k%
Denote by Quotg g4, the subset of Quotg 4 consisting of quotients k@O % € such that the map
HO ()| yti o : k% — HO(Im |14, ) is an isomorphism for any .

We introduce the following notations for later use:

k k k
Gao = [[Ga—a,rs  Quotoa, = [[ Quoto—a,,, Quotfq, =[] Quots a,_a, ,-
i=1 i=1 i=1
We also fix isomorphisms k% /k%-1 ~ k%~di-1 for each i € [I,k], so that Gg,_g._, gets
identified with invertible maps in Hom(k®%~%-1, k% /k%-1), and quotients of (k% /k%-1)® O are
parametrized by the variety Quoty 4,—q, ,-

Proposition 1.8. éi/oto’d. is a smooth closed subvariety in Quoty ;.

Proof. In order to prove that é?a/oto,d. is a closed subvariety of Quot&d, let us recall the con-
struction of Quot-schemes in [LP97, Chapter 4]. Namely, fix n > 0 and an ample line bundle
O(1) on C. Denote by H = H°(O(n)) the space of global sections of O(n), h = dim H. Let
Grass?(k? ® H) be the Grassmanian of subspaces of codimension d in k% ® H, and consider the
following map:

Quoty g — Grassd(lkd@)H),
(O—>K—>E{d®(9ﬁ>5—>0) — (HO(IC®(’)(n))C]kd®H).
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It is a closed embedding for n big enough. Now, for each quotient k¢ @ O 2, & and for each
i € [1, k] we have the restricted short exact sequence

(1) 0K —-kioo &0

with K; := KN (k% ®0), ;i = ¢lyiigo. and & = Im ;. Since H(¢p) is an isomorphism, H(¢;)
is injective for all 4, and thus h%(&;) > d; for all 4; moreover, ¢ belongs to él\t_&fo’d. precisely

when all the previous inequalities turn into equalities. Tensoring by O(n) and taking global
sections, we get an exact sequence

0— HKi(n)) = k% @ H — H°(&(n)) =0
for n big enough and all K;. Since &; is torsion sheaf, there exists an isomorphism &;(n) ~ &,
and the exact sequence above implies that
dim H°(K;(n)) = dim H(K(n)) N (k% @ H) < d;(h — 1),
where the equality holds if and only if ¢ belongs to %O,d.~ Therefore

dimV = d(h — 1),

—_ . o d
Quoty 4, = QUOtO,d n {V cki® H’ dimV N (]kdi ®H)>di(h—1)

} C Grass?(k? @ H).

The second set is closed in Grass(k? ® H), and thus é_t\t/oto’d. is closed in Quot ; as well.

In order to prove that é[ﬁotad, is smooth, consider the following diagram:

é_l\t/oto,d. X Gd.

T

Qu0t07d. x Gq, QUOtO,d.

where we identify Gg,_q, , with invertible maps in Hom(kdi_di—l,lkdi/ Ikdi—l), the map p sends

(¢, (g))F_) to ((gf(cp|lkdi/]kdi,l NE, (gi)f:1>, and ¢ is the projection on the first coordinate. Note

that we have the following map between short exact sequences for any point in Quotg 4, :

0 — k% k% k% /k%-1 ——— 0

= E |HO A g )

0 —— HY& 1) —— HOE) —— HY&/)E1) —— O

It follows that the map ¢ 4, Jidio1 (k% /k%-1)® O — & /€1 induces an isomorphism on global
sections, and thus the image of p belongs to Quot& 4. X Ga,. Moreover, the diagram above also
implies that p is an affine fibration over Quotg ; with fiber

k k
P Hom(k% 41 © 0,€_1) = P k%4 @ HO(E; 1)
i=1 i=1
of dimension (d; — d;—1)d;—1. Since Quota 4, 1s smooth and ¢ is a trivial Gg4,-torsor, this obser-
vation implies the smoothness of @/oto,d.. O

Remark 1.9. In the proof above we chose an n big enough so that all ’s and IC;’s cease to have
higher cohomology groups and become generated by global sections after tensoring by O(n). It
is possible because all our sheaves are parametrized by a finite union of Quot-schemes, and thus
form bounded families (see Lemma 4.4.4 in [LP97]).
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Notation. Throughout the paper, for any quotient k¢ @ O 2 Ein Quotg g we will denote Ker ¢
by K, and the inclusion K — k¢ ® O by «. We will also decorate I, £, ¢ and ¢ with appropriate
indices and markings.

Next, we recall the description of tangent spaces of Quot-schemes.
Proposition 1.10. Let k4@ O %5 & be a point in Quotg g, and let K = Ker . Then the tangent
space T,,Quotg 4 at ¢ is naturally isomorphic to Hom(KC,E). Moreover, if ¢ € Quoty q, we have
Twévj/otoyd. ={v € Hom(K, &) : v(K;) C & Vi}.

Proof. The proof of the first claim can be found in [LP97, Chapter 8|. The second claim can be
proved in a similar fashion, keeping track of the condition of admitting a sub-quotient throughout
the proof of the first claim. O

Because of this proposition, we will usually regard 7™ Quotj , as a variety, whose k-points are
identified with pairs

T" Quotj 4 = {(¢,B) ] ¢ € Quotg 4, B € Hom(K,&)*}.
Additionally, let us define for later purposes the nilpotent part (T, é’:t/ot(),d.)m‘lp of Ty, @mﬁo’d.:
(2) (T,,Quot 4,)""" := {v € Hom(K, &) : v(K;) C &1 Vi}.

Note that
Hom(k? ® O, ) ~ Hom(k?, H*(£)) ~ Hom(k?, k%) =: gg4,

with the second isomorphism being induced by H%(p) : k% = H(E). In these terms the moment
map for the Gg-action on T*Quotj ; can be written as follows:

p: T Quotg 4 — ga,
(¢, B8) — "3 € Hom(k? ® 0, €)* ~ g5.

Since £ is a torsion sheaf, we have Ext!(k?® O, ) = 0, and thus over each ¢ € Quoty , the

restriction p, of the map u to 777 Quot‘o’v 4 can be embedded in a long exact sequence:
0 — Ext'(£,€)* = Hom(K, £)* X% Hom(k? ® O, £)* — Hom(E, E)* — 0.
This implies that p'(0) ~ Ext!(&£,£)*, and we get an identification on the level of k-points
(3) T, Quots 4 = {(p,8) : ¢ € Quoty 4, B € Ext'(€,6)*} C T Quoty 4.
Example 1.11. Let C = A'. Even though this curve is not projective, we can fix an isomorphism
Al = P!\ {o0}, and define
Quoto,d(Al) = {Ikd Q@ Opr = & :supp€ C Al} C Quotoyd(IP’l).
Then the open subvariety
Quot&d(Al) = Quotg 4(A') N Quot&d(]P’l)
parametrizes quotients k%[t] < V, where V is a torsion k[t]-module of length d, and « induces
an isomorphism of k-vector spaces k%° ~ V. Equivalently, Quotg 4(A1) parametrizes linear
operators on k%, that is
Quot&d(Al) ~ g4,

where the Gg-action on the left gets identified with the adjoint action on the right. Thus
T* Quot&d(Al) ~ (gq)?, and 1¢,, Quotg 4(A1) is isomorphic to the commuting variety ¢(gq) =

{(u,v) € (g0)* : [u,v] = 0}.
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In light of the example above, we will refer to T¢;, Quotg ; as the commuting variety of C, and
denote it by €y = 64(C). We will also write €y, = ¢4, (C) 1= T¢,, Quoty 4. -

Ezample 1.12. Let us fix a geometric point z € C(k), and consider the punctual Quot-scheme
Quot 4(z) = ('©0 % € supp€ =z} C Quot 4.

Such quotient is completely determined by its localization at z. More explicitly, since C' is
smooth, the completion O, is (non-canonically) isomorphic to k[¢]. The stalk of o at a is thus
of the form k%[t] <% &, where € is a k[t]-module, and o induces an isomorphism of k-vector
spaces k%Y ~ £. Such quotient is in its turn uniquely determined by a nilpotent operator T' on
k?, the correspondence given by

T € End(k?) — (0 = k[t] &= kI[t] = € = 0), (vt}) = (T.0)t" — vt

Thus we see that Quota 4(x) is isomorphic to the nilpotent cone .45 C gq together with the adjoint
action of Gg. Moreover, under this identification the cotangent space Hom(K, £)* in Quot& g of
a point « gets identified with g4, and the restriction of the moment map p : T* Quot&d — gq to
Ag X gq is the commutator. In particular,

Ca N T*Quot&dlguot&d(x) ~ ¢ = {(u,v) € (4)* : [u,v] = 0,u nilpotent}.

2. THE PRODUCT

Let us once and for all fix a free oriented Borel-Moore homology theory (OBM) A; for the
definition and basic facts about this notion, see Appendix [A] As explained there, we abuse the
notation somewhat and consider the usual Borel-Moore homology H, as if it were a free OBM.
We also equip the cotangent bundle T*C' with an action of G,,, given by dilations along the
fibers; let us denote this torus by T

We begin by recalling a general construction from [SV12]. Let G be an algebraic group with
fixed Levi and parabolic subgroups H C P. Assume we are given smooth quasi-projective
varieties X', Y, V, equipped with actions of G, H, P respectively, and H-equivariant morphisms

|4
N
Y X'

such that p is an affine fibration and ¢ is a closed embedding. Set W =G xpV, X =G xp Y,
where the P-action on Y is induced by the natural projection P — H, and consider the following
maps of G-varieties:

w
N
X X
The map (f,g) : W — X x X’ is a closed embedding, so from now on we will identify the

smooth variety W with its image in X x X'. Let Z = Tjj,(X x X’) be the conormal bundle.
Projections on factors define two maps:

f:(g,v)mod P+ (g,p.v) mod P,
g:(g,v)mod P — g.q(v).

/
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We denote Zg = Z N (T X x TEX'). Then @ 1(T3X) = V1(TEX') = Zg [SVI3D, Lemma
7.3(b)], and we have the following induced diagram:

TN

(4) T X T X!
1 > \T}X,

Now, ¥ and V¢ are projective, ® is an lci map, so that we get the following morphisms in
A-groups:

(Ue)s : A%(Zg) — AY(TEX)),
' AY(TEX) — A% (Zg).
By composing these two maps and using the induction isomorphism A (T5Y) = A%(T:X)
(see Proposition |A.6)), we obtain a map
(5) T = (Ug), 0@ oindf : AH(THY) — AC(TLX).

Let us apply this general construction to a particular case of Quot-schemes of rank 0. Namely,
let dg = {0 =dy < di < ... < dp =d}, denote G = Gy, H = Gg,, and let P = P,, be
the parabolic group preserving the flag k™ < ... ¢ k% We use Gothic letters g, p, b for
corresponding Lie algebras, and p_ for the parabolic algebra opposite to p. Next, put

Y = Quot&d., V = @/oto,d., X' = Quot&d.

By Proposition [1.8| we have a closed embedding g : V' < X’ and an affine fibration f = gr: V —
Y.
The following lemma will help us to identify all the terms in diagram ({4)).

Lemma 2.1. Let G,P,H, X', X, V.Y be as above.
(1) There exist natural isomorphisms of G-varieties
T*X' = T*Quot§ 4, Z=Gxp {(90, B) € T Quoty d|Quot0 W ﬁ|(T¢éEo/to,d.)nﬂp = O} ,
T°X =G xp (pZ xp= T Quotg 4,) = G X p {(x, (P, Be)) € pZ X T Quoty 4, @ |y = p1(Pe, Be) }
where (T, @/otoyd.)m'lp is defined as in (@ For each (¢, ) € T* %0@. we have

@((97 @, 6) mOdP) = (ga:u((pa B)’gr«O?ﬁ))mOdP:
Y((g, %, f) mod P) = g.(p, B)-

(2) There are isomorphisms of G-varieties
TEX = 6y, T6X =G xXp Gy, .
Proof. (1) The first isomorphism is obvious, so we start with 7% X:
T*X =T*(G xp Quotg 4,) = TH(G x Quotg 4.)/ P

={(9, 7, (pe, Ba)) € G x g" x T"Quot( g, : g-z|p — fi(pe, Be) =0 € p"}/P

=G xp{(z,(pe; Be)) € pZ X T*Quotg g, : xly = p(pe, Bo) }-
Let us also note that the moment map p : 7% X — g* is given by

1 (9,2, e, fo) mod P) = g.x.
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By the same reasoning,
T*(X x X') = T*(G xp (Quotg 4, x Quotg 4)) = TH(G x Quotg 4, x Quoty 4)/ P
= G xp {(2, (pe; Bo), (¢, ) € 87 X T*Quoty 4, x T*Quoty g : |y = p(pe; Be) + (0, B)lp}-
Next, let us compute Z = Ty}, (X x X'). We have W = G xp él\L/OifO’d., and therefore
T*W = Tp(G x Quotoa,)/P
= {(g.2,0.8) € G x g" x T*Quotya, : g.ly — plp, f) = 0}/P
=G xp{(z,¢,0) € g" x T"Quoto, : zly = (g, B},
so that
(X x X = G xp { (2,0, Bo, B) € g x Quoto, x Tfy ,Quotd ;. x TQuots, }
such that x|, = (e, Be) + (0, B)lp

But the conormal bundle T}, (X x X’) can be expressed as the kernel of the following map of
vector bundles:

T (X x X)|w — T*W,
(97%90,5.7/3) mOdP — (971;7()07 ﬂ. - BITW

) mod P.

Quoto’d.

Therefore, we finally obtain

Ty (X x X') = G xp {(g, Be, B) € Quotg,q, x Ty, Quotg 4, x T3 Quoty 4 : ﬂ‘Tw%Od = Be}

ZGXP{(QO,B)E %(ML x Ty Quotg 4 Bl .. 5= :0}.

(T<p QUOtO,d. )nilp
Note that the desired formula for ® follows from the first equality, and the formula for ¥

is evident. The claim (2) follows from the explicit descriptions of moment maps T*X’ — g*,
T™X — g*. O

The general construction thus produces a map
T AR (6,,) — AC(%,).
For instance, if k = 2, then H = Gg x Ggr, d = d' + d”, and we get a bilinear map
T : AHal[d| ® AHaY[d"] - AHad[d],  AHal[d] := A(Higgs, ,) = AY4(%y).
We denote AHa2, = @ >0 AHaY [d], where AHa2,[0] := A(pt).
Theorem 2.2. (AHaY, Y) is an associative algebra.

Proof. We begin by introducing some notations. Let d; < dy < d, do = (d1,d2,d), d, = (di,d),
dy = (dy —dy,d —dy), G = Gq, P = Py,, P = Py,. Define the following varieties:

Xl :GXP Quotad.; W]_ :GXP/ éz\jJ/Oth’.;
Xy =G xpr Quotg 4 Wa = G x p Quoto 4, ;
X3 = QUOt&d; Wy =G xp (Quot&dl X QUOtO,d’.’)-

These varieties are Quot- and @/ot—bundles over certain partial flag varieties, so we may identify
their k-points as pairs (flag, quotient). Adopting “mod 3"-notation for indices, we have obvious
inclusions W; — X;_1 X X;41.

Lemma 2.3. Using the notations above,
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(1) we have an isomorphism Wo — W1 X x, W3;
(2) the intersection (W1 x X1) N (X3 x W3) in X3 x X9 x X is transversal.

Proof. First of all, we introduce a small abuse of notation. Namely, for any morphism of sheaves

&Ly Fand for any subsheaf & < £, the codomain of HO(f)|¢s is assumed to be HO(f(E')).
With that in mind, we have

S X - {(D.,«oi):?l)

{(D}, (gi)?_y) | dim D), = d,, ; : D;/D;—1 @ O — &, H%(p;) is an iso,i € {1,2}};
3={p|k?®0 = & Hp) is an iso};
{(DL, o) | dim D, =d,, o :k?® O — & H(¢)|p,e0 is an iso,i € {1,2}};
{(De, ) | dim Dy = da, 0 : k@ O — &, H(p)|p,00 is an iso,i € {1,2,3}};
_ dim Dy = de, 01 : D1 @O = &1, 09 : k/ Dy @ O — &,
Ws = {<D"¢1’“"2) HO(g2), i € {1,2}, H(92) i, 00 e iso }
Next, consider a commutative diagram

)

dim Dg = de, p; : D;i/Di—1 @ O — &,
H(;) is an iso,i € {1,2,3}

P31 P32 p12 1 (Dy, 0) = (Dg, g1’ p);

X1 Ws r X P13 1 (De, ) = ¢;
;\ Tazs Tpm P21 - (DMQO) = (D.,gr SO);

“ P23 (Do, ) = ¢

21
W2 * Wi pi (Dey o1, 92) — (D, (01,81 02))

ps ps2: (D1 0a) = (fet(D), (1, 92));
m )é Qo1 EDoMP) — (fgt(Da), ©);

Q23 : D.,(,O) = (Dhgr/ @)7

where gr = gry, : @/oto,d. — Quot& du is the natural affine fibration, and
fgt : (D1 C Dy C E) — (D1 C E),
g’ = grd,; g’ = &ray -
(1). We have the following equalities on the level of k-points:
Wi xx, Wz = {((Ds, ¢), (De;, 1,2)) | fgt De = Dy, (01, 2) = g’ ¢}

= {((fgt D, ), (D.,gr’(p))} C W1 x Ws.
The natural map

p = (pa3, p21) : Wa — W1 x x, W3,

(Ds, @) = ((fgt Da, ), (D, gt’ ¢))

can be thus seen to be a bijection. The fiber product Wj x x, W3 is normal by [Gro67, Proposition
6.14.1], W5 is connected, therefore Zariski’s main theorem implies that p is an isomorphism.
(2). To prove that our intersection is transversal, we need to show that for any z € (W; x X7)N
(X3 x W3) ~ Wy there is an equality

T,(W1 x X1) NTp(X3 x Ws) =T, W,.
By Proposition [I.10] we have the following isomorphisms:
(6) T, Quoty q = Hom(K, £);
(7) T, Quotg g, = Hom(ICo, &) := @Hom(lCi/lCi_l, Ei/&i—1);

(8) T, Quot a4, = Homg, (K, €) = {8 € Hom(K, E) : BK;) C & for all i}.
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Let us fix a flag D, of dimension d,, and a quotient ¢ € Quotg ¢ such that (De, ) € Ws. Then
the equalities above allow us to compute all the tangent spaces in question:

T(Degr o) X1 = T(Dggr ) W3 = T(p} g ) X2

\ T T T(py0)W1 = g/p" & Homy, (K, £);

(D.’@)WQ E— T( W1 T(Dh‘p)WQ = g/p ) HOInd. (/C,S);

\ i T(D-,gr/ @)W3 =g/p @/H\(_)I/n(lcla &)
@Homd. (’C/Kl, 5/51),
T,X;

where p’,p C g are parabolic subalgebras associated to flags D), D, respectively, and K1 =
Ker ¢|p, g0y . A straightforward computation shows that at a point x = (D, ¢) € Wa we have

T (Wi x X1) N Te(Xs x Wa) = {(8, (€% gx' B), (€, ex B)) | B € Homy, (K, E),£ € g/p},

where £7°¢ denotes the image of ¢ under the quotient map g/p — g/p’. The space above is
isomorphic to T,,Ws by means of the map

T Wy — Tx(Wl X Xl) N Tx(Xg X Wg),
(&,8) = (B, (€%, g’ B), (&, 81 )

This proves the transversality. O

Let us now put Z; = Ty, (Xi—1 x X;41). The lemma above, combined with Theorem 2.7.26
in [CGI7], tells us that the projection T*(X3 x Xo x X1) — T*(X3 x X;) gives rise to an
isomorphism

Z1 X Xo Zg l} ZQ.
Therefore, we obtain the following diagrams with cartesian squares:

T*X, 22 s T* X, THX) <29 Zyo —39, TEX,
\ T o N e
Zy — 7 Zoe —29 Zig
N ST
T* X4 T%Xs

where Z;q := Z;N(TEXi—1 X TEXi41). In view of Lemma|A.12] the second diagram implies that

Yo (id®@Y) = (T16)s 0 D)) o (Tse)s © i) = (16)x © (Ba)x 0 oy 0 Py = (Va)s 0 Diy.

In a similar way we may prove that T o (T ® id) = (V). 0 <I>!2g, so that the associativity of
multiplication in AHa% follows. O

Note that all varieties in the definition of AHaQ, admit a T = G,,-action (by dilation along the
fibers of cotangent and conormal bundles) and all maps we consider are T-equivariant. Therefore,
the construction above also defines an associative product on

AHay' = D AHay" [d] = P A" (Higgs, ,)-
d d

Example 2.4. Let C = A', and equip it with a natural action of weight 1 of another torus 7" =

G- In this case K Ha%TXT and H Ha%TXT’ are precisely the K-theoretic and cohomological
Hall algebras studied in [SV13b] and [SV13a] respectively.
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3. GLOBAL SHUFFLE ALGEBRA

In this section we focus our attention on the algebra AHa%T. In order to study its product,
we will utilize the localization theorem Let de = {0 =dy < dy < ... < dy = d}, and
denote G = Gy, P = P;,, H = G, as before. We will also denote by 7y C H the maximal
torus, which consists of operators diagonal with respect to the standard basis vy, ..., vq of k%
The Weyl group of G is then naturally isomorphic to &4, and the Weyl group of H is isomorphic
to &g, = Hz Sy—d; ;-

Denote T = Ty x T, and write t1,...,ty for the basis of character lattice of T; corresponding
to the standard basis of k% In the same way, let ¢ be the character of T of weight 1. One can
think about characters of T as equivariant line bundles over a point. In this fashion, we identify

AT (pt)10c := Frac(AT(pt)) with A(pt)((e(t1), ..., e(ta), e(t))) (see Example[A.3).

Lemma 3.1. We have (T*Quot&d)T = Quotgyl, where the embedding Quot&l — Quot&d 18
defined by the basis {v1,...,vq} associated to Ty.

Proof. First of all, (T*Quot] ;,)1¢*T = (Quotad)Td. Next, a point (k% ® O % €) € Quotog
is Ty-stable if and only if for any g € Ty we have K, := Kerp = Ker(¢p o (¢ ®id)) = g.K,.
We choose an integer N and an ample line bundle £ such that for any ¢ the sheaf £V ® Ky
is generated by its global sections. Then K, is uniquely determined by the subspace V :=
H(LN @ K,) € k% @ HO(LN) of codimension d, that is by a point in certain Grassmanian. Let
us denote H = H°(LY). Then K, is T-stable if and only if V' is T-stable. But we know that
the only subspaces stable under the torus actions are direct sums of subspaces of weight spaces.
Therefore V. = @), V N (kv; ® H), and thus K, is T-stable iff K, = @?:1 K, N (kv @ O).
Finally, this is equivalent to saying that & = @?:1 o(kv; ® O), that is ¢ € Quotgyl. O

Recall that Quoty; ~ C (see Example , and let p;; : Quotp1 x Quotgy x C — C x C

denote the projection along the unnamed factor.

Lemma 3.2. Let K,€ € Coh(Quoty; x C) =~ Coh(C x C) be the universal families of kernels
and images of quotients O — & respectively. Then

P12« Hom(p13K, p3s€) = Ocxc(A),
p12*H0m(p>{307p§35) = OCXCa
where A C C' x C is the diagonal.

Proof. It is easy to see that £ ~ Oa, K =~ O(—A). Since K is locally free and & is a torsion
sheaf over any point ¢ € Quoty 1, the higher Ext-sheaves Ext'(pi3kC, p3sF) vanish for all ¢ > 0.
We denote A;j = p;le, and Aj93 C C x C x C the small diagonal. Then

P12« Hom(p13K, p53E) ~ P12+ ((P13K)" @ p33E) > P124(O(A13) ® Opys) = P124(Onyy (A123)) =
~ Ocxc(A).
This proves the first equality. For the second one, we conclude by a similar computation:
p12sHom(pi30, p33€) ~ p124(Ongs) =~ Ocxce- U

Notation. In order to keep notation concise, for any two sheaves A, B € Coh(Quoty; x C) we
will write Hom(A, B) instead of pia.Hom(pisA, p3sBB) (here the pushforward pia. is underived).

Let jy : 64, — T Quot& du denote the closed embedding, and let if : Quotf{l s T Quot& du
be the inclusion of the fixed point set. Recall that by localization theorem the map ¢},
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becomes an isomorphism upon tensoring with the fraction field of A™(pt). Consider the following
composition:

pr = 5 0 jms AT (6,) = AT(6y,) Ve — AT(CH)Was
where the isomorphism on the left is given by Proposition[A-7, Weyl group acts on the right-hand
side by Remark and Quot%}l is identified with C%. In the same way, we can define a map

pa = pa : AP (6) — AT(CHWe.

The goal of this section is to construct a map Y. (between localized A-groups), such that the
following diagram commutes:

AT (g ) Xy AGXT ()

lpH lpc
AT xT(Cd)Gd. Tioe, g1, ><T(Cd)6d

loc loc

As in [SV13bl Section 10], one expects Y, to be some incarnation of shuffle product. Let
z be a formal variable, and let g € (A*(C x C)((t))) (e(2))) be an A%(C x C)joc-valued formal
Laurent series in e(z), where we interpret the latter as a formal symbol. We will also abuse the
notations and write g as a function of z. For any positive dy, do with di + ds = d, put

dy d
.
soatuz =11 T (2).
(2

i=1 j=d,+1
Let us also fix the following set of representatives of classes in 64/(S4, X &4, ):

Sh(dl,dQ):{UEGd‘U(i)<U(j) if1§i<j§d1 ord1—|—1§i<j§d}.
Definition 3.3. The shuffle algebra associated to g is the vector space

ash, = @) ashyld) = ) (AC) (e(t);e(t). - elta)) ™
d

d
equipped with the product

= AShg[dl] X AShg[dQ] — AShg[dl + dz],

(9) (L) =Y 0 (Ganda (ot dn) (a1 tdds) -
O'ESh(dl,dz)

The formula @ requires some explanation. First of all, the product between f and h is given

by the map A(CH) @ A(C%) =5 A(C%+d2) Next, after replacing z;’s by t;’s and taking Euler
classes, the function gg, 4, becomes an honest cohomology class, which then operates on the
product f - h. Finally, the natural action of o € Sh(dy,dz2) (see Remark simultaneously
permutes ¢;’s and factors in the direct product C41 7%,

It is easy to check that this product is associative. We will be mainly concerned with two
specific choices of g:

e the global shuffle algebra, denoted by ASh¢, is the shuffle algebra associated to
e(tz7He(zO(—A))e(tz0(A))
B (2) |
e the normalized global shuffle algebra, denoted by AShy”™, is the shuffle algebra associ-
ated to

norm __ E(ZO(—A))B(tZO(A))
¢ e(z)e(tz) ’
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By invoking the formal group law * associated to A, we can deduce that both functions are
Laurent series in e(z) (see also discussion before Proposition [3.12)).

Remark 3.4. Two algebras above are isomorphic under the map RN = @, RN|[d], where:
RN|d] : ASh¢""™[d] — AShc¢[d],

ftr,. . ta) = He@') flte,. . ta).
i#j ‘

Theorem 3.5. The collection of maps pg : AS*T(€;) — AT(C?)®a AT(Cd)gz defines a
morphism of graded associative algebras

p: AHa), — AShc.
Proof. Let us first introduce some notations. Define
I = [Lid] x [L;d c Z°

k k—1
Ty = Jldir + Ldi) x [dia + L;dl; To= | Jldioa + 1;di] x [di + 1;d].
i=1 =1

Also, let us denote the space W xyy,, C¢ from Proposition by C?. Recall that we have a
projection s : C¢ — C¢, given by shuffle permutations Sh(dy,ds).

Recall the notations of Section [2] specifically Lemma [2.1{2). Our proof will proceed in two
steps. First, consider the following diagram:

G
ind%

AHXT (5, ) ) ACT(T5X)

y \\\\\N @

. dG
ATXT(T* Quotd ;) —— ATXT (p* e T*Quot] ;) —5 AG*T(T*X)

I+ I+ |+

A'ﬂ‘(c«d)ed A'ﬂ‘(c«d)ed s* A'Jl‘(éd)Gd

Let us denote all vertical compositions by p, leaving out the subscripts. For any closed embedding
of smooth varieties M C N, we denote by TN the normal bundle of M.

Lemma 3.6. We have
t.
indf(c) = s* t-
poimdfic) =5 | T «(rf)oto
(4,7)ETn
for any c € AT (6,.).

Proof. Everything in this diagram commutes, except for the lower left square. Moreover, by
Proposition this square becomes commutative after multiplying by an appropriate Euler
class. Note that since p* = n* & b*, we have an isomorphism

pr Xy T*Quotg 4, ~ 0" x T*Quotg 4,.

This (trivial) vector bundle has the same T-fixed points as its zero section 7™ Quotg ;. . Therefore,
the Proposition tells us that the required Euler class is

) =ew) = I e (t;) ,

(ivj)eTﬂ

e (TT* Quotg . n” x T*Quotg 4,
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and we are done. O

Next, consider another diagram:

AGXT(TEX) %! AGXT(ZG) L\ AGXT(CKd)

Jx lj lj

AGT(TeX) 2y AGT(7) Ty AGXT(T*Quot] )
A’H‘(Cvd)Gd . A’H‘(Cvd)Gd Sx AT(Cd)Gd

Let p;; : C?% — C x C be the projection to i-th and j-th components, and Ny = pi_jl(A).
Lemma 3.7. We have

. AN A? t

poVU,od(c)=s, | s" H e <75Z> e <tZO(—AU)) e <ttZ(’)(Aij)> p(c)
(4,7)ETn

for any c € AT (T X).

Proof. Once again, all squares in this diagram commute, except for the lower right one, which
commutes up to multiplication by a certain Euler class (see Lemma [A.12(2) and Proposi-
tion [A.15)). Therefore, we have:

poW, od'(c)=s.0p (e(TOdZ)_ls*(e(TCdT*Quotad)) ‘o).

It is left to compute the product of Euler classes in parentheses. We have the following chain of
equalities:

e(Tpa Z) s (e(TpaT* Quotg 4))

=s* (S(Tcd Quoty 4,) ‘e(T—  Z|ca) te(Tea Quotad)e(TQuotS’dT* Quotadbd))
= 5* | e(TaQuotoq,) te(n.) i~ :
TQUOt(Ld. )mlp,*

Quotg 4,
-1
) .
cd
x e(TpaQuotf g)e(T™ Quot 4|ca))

. < T* Quot&d
€
(
= 5" (e(n-) ™ e((TQuoto,4, """ |ca)e(Teu Quoty a,) ™ e(TeuQuots ) )

Let ¢ = @lecpi be a point in C¢ ~ Quotgl, where each ¢; produces a short exact sequence
0— Ki = Oc 25 & — 0. Formulas @D provide us with explicit expressions for tangent
spaces of various Quot-schemes:

d d
TwQuotgjl = @Hom(l@,&-); T, Quotj 4 = @ Hom(KCj, &);
i=1 ij=1
T<p él\t/ot()’d. = @ HOID(/CJ‘, 51)
(Z7J)ETP
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Therefore by Lemma

— . t;
(T Quotg g,)" P |ca =t EB Hom(K;,&)* ~ @ tfo(ﬁzj),
()T (if)€Th

— t;
Tcd Qu0t07d. = @ HOHI(’CJ', gz) = @ *O(_Aij%

(1.0)ETh i (1) €Ty is 7
[e] t
TaQuoty , = (P Hom(K;, &) ~ €D #0(—Aij),
i#j i#j 7

and a straightforward computation shows that
t .
e(n_) = H e (]> ,
(17_])671.1

e((T Quotq 4, )"

c)e(TeaQuoty,)~ e(TouQuots,y) = [ e<tﬂ'o<—Aij)>e<t’ZO(Aij)>.

(4,)€Tn

The statement of lemma follows. O

Combining the results of two lemmas, we get:

I
(1]
O
>
T
S

pgom(c) =poW,od oindf(c) = s, 05" o (goa. (2)p(c))
which proves the theorem. O
Remark 3.8. In order to recover the shuffle presentation in [SVI3h, Theorem 10.1], we can add
an action of another torus as in Example If we denote by g the T’-character of weight by
—1, we get O(A) = ¢!, and we obtain the desired presentation after further replacing ¢ by
gt. Unfortunately, we do not have a succinct explanation for this change of variables. Morally

speaking, it occurs because in the natural compactification A? C P? the divisor at infinity is
“diagonal”, and for T*C C P(T*C) it is “horizontal”.

Even though we have got an explicit formula, the morphism p depends on the embedding of
%, into a smooth ambient variety T Quot& 4- Unfortunately, the scheme % is highly singular;

for instance, the inclusion C¢ < % is not known to be lci, so that we can not localize to T-fixed
points directly. Still, we can do a little better. Let g be the composition T*Quotg , LN gy~

94 — 9d4/tq, where ty C gq is the tangent algebra of T;. We introduce the following auxiliary
variety, analogous to the one in [Knu05|:

G =1 1(0) = p (ta)-
Proposition 3.9. The closed embedding %dA — T*Quotg ; is a complete intersection.

Proof. First of all, the statement is true for C' = A! [Knu05]. For general C, it suffices to prove
that dim €2 < dim Quot{ ; + dimty = d(d + 1). Let us consider the map

o : T Quotj 4 — sic,
(k% — &) — supp£.
For any v = (11 > -+ > 1) partition of d let

SVC:{£:V1$1+"'+Vk$k5xi7éxj fOI"L'#]'}CSdC
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Then S9C = [1,457C, and this defines a stratification of CﬁdA:
e =[[6> €2 =%rno(S0).
vd
Consider the restriction of ¢ to these strata. For any point z € S¥C, we have a G4-equivariant
map
o Y z)NED = H Grass”i (k?),
i

(P B) = (HO(Elzy)s- - H(Elzy))

The image of this map is an open subset where the vector subspaces defined by points in Grass-
manians do not intersect. At each such point, the Gg-action induces an isomorphism between

the preimage of 7 and [, CKE"’A by Example where
CK,?"’A = {(x,y) € (gr)*: [z,y] € t, = nilpotent}.
Since in particular this applies to C' = A', we have

dm G (C) =k + > (vi(d — vi) + dimE*?) = dim € (A') < d(d + 1).

The dimension of €4 is bounded above by the dimensions of stratas, therefore dim €2 < d(d +
1). O

Armed with the proposition above, let ic% R OLERS 7S jdA F Gy — ‘fdA be the natural closed
embeddings, and consider the composition

0a = (i8)" 0 (T )s : ATT (%) — AT(C?)®.

Corollary 3.10. The collection of maps o4, d € N* defines a morphism of graded associative
algebras
0: AHal — AShX™.

Proof. Denote the closed embedding SfdA <= T™Quotg ; by J4- By Corollary , we have the
following identity:

ple) =i jas(e) = if 0 jou 0 (j)(c) = (i7)7 0 (j)(ere) = o(erc),  er = e(TpaT*Quoty ).
Note that the map i is T-equivariant. Since T contracts T™ Quotj ; to a subvariety of CKdA and

dim €2 = dim /i, the argument similar to the one found in [GGOG6, Proposition 2.3.2] shows that
i is flat. In particular,

e(Tpa T* Quot§ 1) = el(ga/ta)").
by base change; see [Ful98| B.7.4|. Therefore, we have
-1
_ t; ~
o©) = p(er’ ) = [ [T] ¢ (t;) ¢| =poRN(c).
i#j ’
Since both p and RN are morphisms of algebras, g is as well. O
Remark 3.11. For any function g, one can equip the algebra ASh, with a topological coproduct,
analogous to the coproduct in [Negldl Section 4|. If the morphism p is injective (see Section

for discussion and partial results), it can be used to induce a coproduct on AHaOC. However, it
is less clear how to construct such coproduct without using shuffle presentation.
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Let us conclude this section by computing some relations in the algebra ASh, for an arbitrary
rational function g(z). We write g(z) = hi1(2)/ha(z), where hi, ho are polynomials. Given a line
bundle £ on C, define a bi-infinite series

1EL

where z is a formal variable, and we consider e(z) to be a formal expression. Using the formal
group law * associated to A (see Appendix [A]), we have the following equality for some f €
A*(pt) [, ]):

0=e(l) =e (7) =e(z)xe(z ) = e(2) +e(z7Y) + e(2)e(z ) fle(2), (1))

z

=e(z7) = —e(2) (1+ e(z7 N fle(2), e(z_l))) .

Therefore, by implicit function theorem for formal series [Sta99, Exercise 5.59] e(z~!) can be
interpreted as a formal series in e(z). In particular, g (w/z) is a formal series in e(w), e(z).

Proposition 3.12. Let L1, Ly be two line bundles on C, and g(z) a rational function. Suppose
that e(zw) is a polynomial in e(z) and e(w), and e(2~ ') is a Laurent polynomial of e(z). Then
the following equality holds:

(10) (s ) Ber e = h (222 ) Bea(w) e, ).

tQ,CQZ tlﬁlw

where h(z) = h1(2)ha(271), the product between Er, and Er, is taken in AShy, and we consider
both sides as bi-infinite series in e(z), e(w) with coefficients in AShg[2].

Proof. In order to unburden the notation, denote Z = e(z), W = e(w), T; = e(t;), L; = e(L;).
Let us also introduce bi-infinite series §(z) = > ., 2. Note that for any Laurent polynomial
f(2) the following identity, which we call change of variables, is satisfied:

(11) 5(w/z)f(z) = o(w/z) f(w).
We have:
Er, (2)Er,(w (% L"Zl> jeZZL;jo = ]ZEZ (L‘lLQJg <t > +LLy" (2)) ZiWI

:6(LI1Z)5(L51W)9<Z>+5(L1‘1W)(5( 'Z) g (Z)

<h2 (2) hs <t1>>_1 <5 (L712) 6 (L3*W) h <Z> +6(LTW) 8 (L5 2) h <2>>

Therefore, the equality is equivalent to the following:
5 (L7 2)5 (L w) (n (BB ) (2 g (2222 (1
(12) t2£22 tl t1£1w t2
_ _ t2[,2w t2 tl,ClZ tl
=5 (L7'W) 6 (L5'2) [ h h(=)-h hi—1)).
(W) o (L )< <t1£12> (h) <t252w> <t2>>
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However, using change of variables for LHS we get:
st ((Ges) (5) - (ew) (2)
_ (5 (L7'2) h <?2§1;’)> (5 (Ly'W) h <Z>>
- (5 (L7'2) h <ff§fi)> (5 (L;'W) h (2))

. 1 1 tiw t2£2 _ tzﬁz tiw .
5 (L712) 8 (L W) <h <t2 £2>h<tlw> h<t1w r(2)) =0

By the same reasoning RHS is also equal to zero. Therefore is satisfied, and we may
conclude. g

In particular, if we set £1 = t1_1 and Lo =t 1 the equality assumes a simpler form:

(13) h (9) E(2)E(w) = h (%) E(w)E(2),

z
where E(z) = 3, e(ti ) "le(2)".

Remark 3.13. Note that the conditions of Proposition are extremely restrictive. While they
are satisfied for A = H, already for A = K the Euler class e(z7!) is not a Laurent polynomial
of e(z). However, if we denote é(z) = 1 — e(z), then é(z7!) = é(z)~!, and thus the proof of
relations goes through if we replace Er(z) by

Ep(z) =Y é(L)7e(2)' = > é(zL7")".
i€Z i€Z

In particular, we recover the identity (3.4) in [Negl9|. This slight discrepancy is related to the
fact that our K-theory, considered in the context of OBM homology theories, has a different set

of equivariant generators from the usual K-theory, as defined for instance in [CG97, Chapter 5].
Nevertheless, the two are isomorphic up to a certain completion, see Remark [A24]

4. INJECTIVITY OF SHUFFLE PRESENTATION

Let w = we be the canonical bundle of C. Applying Serre duality to , one sees that k-points
of Higygs, , are given by pairs (£,0), where £ € Cohg g, and § € Hom(&, & ® w). We call 6 the

Higgs ﬁelgl.
Definition 4.1. A Higgs sheaf (£,0) is called nilpotent if 6V = 0 for N big enough.

We denote the stack of nilpotent Higgs torsion sheaves by Higgsgiép . It is a closed substack

of Higgs . ,, which has the following global quotient presentation:

0,d’

Higgsy'? = 67" )Gal,

C" = {(]kd 2058 :pe Quotg 4,8 € Hom(E, & ® w), B is nilpotent},

nilp

and the embedding Higgs

— Higygs, , is given by the natural inclusion %d"n — Gy

Proposition 4.2. Let G be a reductive group, and let i : A — X be a closed equivariant
embedding of G x Gy, -varieties. Suppose that

(14) {reX : GanA#£0} =A,
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and assume that for any x € X the intersection Gy,.x N A is not empty. Then the pushforward
along i induces an isomorphism of localized A-groups:

AGXEm(A) @y, (pr) Frac(Ag,, (pt) = A Cm(X) @4, () Frac(Ag,, (pt)).

Proof. Note that our assumptions imply X¢*®m < A. Furthermore, by Proposition we can
assume that G is a torus. Take z € X, and let (g,t) € G x Gy, lie in the stabilizer of . Suppose
that ¢ has infinite order. Then t~'.z = g.x, and by consequence G.xt N A = (G xT).z N A is
non-empty, so that x € A. We conclude that for any x € X \ A there exists a positive number
N (z) such that Stab(z) C G X juy(y)- Since torus actions on finite type schemes always possess
finitely many stabilizers, one can assume that N = N(x) does not depend on z. Let us consider
the following character of G x Gy,:

X : G X Gy, = Gy,
(g,t) = tV.
It is clear that for any z € X \ A one has Stabgxg,, (z) C Ker x. Therefore by Proposition [A.13]
one has an isomorphism
AGEn (Q)er ()] = AT (X[ (),
which implies the desired result. O

Corollary 4.3. The natural map

AT(Higgngp) — AT(’Higgsoyd)

becomes an isomorphism upon tensoring by Frac(Ar(pt)).

Proof. Take X = €3, A = €;". Any point in (p,8) € X \ A is separated from A by the
characteristic polynomial of 8. Therefore condition is verified. Moreover, the action of T’
contracts any Higgs field to zero, that is for any € X the intersection T.z N Quotg , C TxNA
is not empty. We conclude by invoking Proposition [4.2] ’ O

From now on till the end of the section we suppose that k = C, and A is the usual Borel-Moore
homology H.

Theorem 4.4. The group Hf(?—[iggsgiép) is torsion-free as an H} o (pt)-module.

Corollary 4.5. The morphism p : HHaOClT — HSh¢ of Theorem becomes injective after
tensoring by Frac(Hr(pt)).

We will prove Theorem in three steps:
(1) shrink localizing set;
(2) reduce the question to Cohg 4 C Hz’ggsgillp;
(3) explicit computation for Cohy 4.
First of all, let I C H{. (pt) be the ideal of functions f(t1,...,tq,t) such that f(0,...,0,t) =
0. It is clear that Q[t]NI = {0}. For any Hf, ,(pt)-module M we denote by M, 1 its localization
with respect to Hf, ,(pt) \ 1.
Since Hy(pt) \ {0} C Hfy (pt) \ I, the localization theorem yields an isomorphism

HEdXT((Cg.’n)T)loc,] l) H*GdXT((g.’n)lOCvI’
Note, however, that

HdeT((Cg.7n)T)loc,I = H*GdXT(QUOt&d)loc,I = Hg(cihod)loc,la
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where the T-action on the latter stack is trivial. By Poincaré duality and a result of Lau-
mon |[Lau87, Théoréme 3.3.1],

H,(Coly g) = H(Cohy z) = SHH"(C x BG,)) = SYH*(C)[2)).

The Hf (pt)-action on the latter space is given as follows. The natural free Q[z]-module structure
on H*(C)|z| defines embeddings of algebras:

H (pt) == S4Qlz]) —— SU(H*(C)[2])

o 1 1

TUQlz]) —— TUH*(C)]])

The upper horizontal map defines us the desired action. Note that since lower horizontal
map turns T¢(H*(C)[2]) into a free T%(Q[z])-module, the same is true for a H}(pt)-module
S4(H*(C)[2]). In particular, this implies that the H. ,(pt)-module HI (Cohg 4)ioc s is torsion-
free. Putting together the arguments above, we get the following result:

Proposition 4.6. The group H! (Higgs™P

o1 Jioc,1 is torsion-free as a H¢,, p(pt)-module.

Next, let us break down the stack of nilpotent Higgs sheaves into more manageable pieces.

Recall the following stratification of Higgsgiullp due to Laumon [Lau88|.

Definition 4.7. For any partition v+ d, v = (1"12"2...), let
Nil, = {(5,«9) € ’Higgsgicllp : deg (Ker 0'/(Im 6 N Ker §' + Ker 0" 1)) = v; for all z} .

These substacks are locally closed, disjoint, and cover the whole stack of nilpotent Higgs
sheaves: 4
Higgsh™ = | | Nil,.

—JJ970,d
vHd

Proposition 4.8. For any v & d, there exists a stack vector bundle p, : Nil,, — [], Cohy ), -
Proof. See the proof of Proposition 5.2 in [MS17]. O

As a consequence of this proposition, for any v F d we have an isomorphism

(16) py - HI ([ ] Cohy,,) = HI(Nil,).

(]

Before continuing with the rest of the proof, let us recall some basic properties of weight filtra-
tion from [Del71], [Del74] and references therein. For any algebraic variety X, Deligne constructed
the weight filtration W), on cohomology groups H*(X). This filtration is compatible with Kiin-
neth isomorphisms. Moreover, it is strictly compatible with natural maps, in the sense that an
element in target group belongs to Wy, if and only if it is an image of an element in Wy. We say
that the weight filtration on H;(X) is pure of weight i if W;_1H*(X) = 0, W;H (X) = H'(X).
This is the case for any smooth projective variety X, as well as for classifying spaces BG. Weight
filtration also exists for Borel-Moore homology and in equivariant setting; it can thus be extended
to homology groups of quotient stacks.

Lemma 4.9. Let X be a G-variety, U an open G-subvariety, and Z = X \ U. Suppose that
homology groups H;(U), H;(Z) are pure of weight i for all i. Then the long exact sequence in
Borel-Moore homology splits into short exact sequences

0— HE(Z)— HE(X) —» HE(U) = 0
and HE(X) is pure of weight i for all 4.
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Proof. The weight filtration is strictly compatible with all maps in the long exact sequence.
In particular, since H(U) and HY,(Z) are pure and have different weights, the connecting
homomorphism vanishes. Furthermore, by strict compatibility we have the following short exact
sequences for each j:

0— W;HE(Z) — W;HE (X) — W;HE(U) — 0
By purity of outer terms we have W;_1HZ(X) = 0, W;HZ(X) = HZ(X), so that HE(X) is
pure of weight 4. O

Let us choose a total order < on the set of partitions of d such that for any two partitions
v,V the inclusion Nil,, C Nil,, implies v < v/. Denote

Nil, =[] Nil,;  Nils, = Nil, UNil,.

v/ <v

For each v, this order gives rise to a long exact sequence in Borel-Moore homology:

The homology groups H.(Coh 4) comprise the &g-invariant part of H.(C x BG,,)®¢. Since
the latter group has pure weight filtration, the same is true for the former as well, and by
for HI' (Nil,) for any v. A straightforward induction on v using Lemma shows that both
HI'(Nil_,) and HI (Nil,) are also pure. Additionally, the long exact sequence splits into
short exact sequences:

These short exact sequences yield a filtration Fy of HI (Higgsgillp ), such that F; is of the form
HT (Nil_,), and
(18) grp HY (Higgsy) = D HY (N, ).

vd

Proof of Theorem[f.7) The desired statement is equivalent to injectivity of the localization mor-
phism, which can be written as a composition of two successive localizations:
. i l . i . i
HY (Higgsi™) s HI (Higgsi™)ioe,s — HY (Higgsi™)ioc.
The second map being injective by Proposition [.6] it suffices to prove injectivity of I;. Note
that H] (Cohy 4) is a free H(pt)-module, because T acts trivially on Cohg 4. Taking into account
isomorphisms and , we are reduced to proving the injectivity of

lm : H. <Hcoho,w> — H. (H Coh0>

for any v F d, where we localize at m C H (pt) — maximal homogeneous ideal with respect to
homological grading. Since H.([]; Cohy,,) is evidently a graded H(pt)-module, the annihilator
of c is a graded ideal for any ¢ € H.(]];Cohy,,), therefore fully contained in m. This proves
injectivity of I, and concludes the proof of the theorem. O

loc,m

Corollary 4.10. The identity @/ holds in HHa%T.
Proof. Note that we have the following chain of isomorphisms:
He, (T Quotg 4) = He;  p(Quotp ;) =~ H*(Cohy 4) @ Hy(pt)
~ SYH* (Coho1))[t] = (H*(C)[t: 1, ..., ta]) 7.
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Therefore, the closed embedding 6, < T*Quot] , defines a (H*(C?)[t;t1,...,t4)) 4-module
structure on H Ha%’T [d], compatible with p. In particular, the identity is well-defined in
HHa)".

Combining Corollary and Theorem we see that the natural morphism

H (Higgsy'?) — H (Higgs, ;)

is injective. Furthermore, it easily follows from the construction in Section [2] that the space
D, HI(Higgsgfflp) is a subalgebra in HHa%T. Since H*T(Higgsgfllp‘) = HI'(Cohy,) ~ Hf(?-[iggso71),
all operators intervening in identity belong to @, H. r (Higgsgfcllp ), and we conclude by Corol-
lary [4.5] and Proposition [3.12 O

Remark 4.11. Note that for A = H the function g2’ takes the following form:
e(z0(=A))e(tzO(A))  (z—A)(z+t+A) ) A(t+A)

e(z)e(tz) N z(z+1t) z(t+ z)

norm( ) _

9o

)

where A € H?(C x C) is the class of diagonal. Using this explicit expression, we can rewrite the
identity as a set of relations. In particular, for £; = tl_l, Lo =1, L we get
[ei, ej]g — <t2 + A(t + A))[ei, €j]1 + tA(t + A)(eiej + 6]‘61') =0

for any i, j € Z, where e; = ti, and

- n
e, €j]n == Z(—l)k <l<:> (€itk€jtn—k — €jtn—kCitk)-

k=0
For general £1 and £y the relations become more complicated.

Conjecture 4.12. For any oriented Borel-Moore theory A, the morphism p : AHaOC’,T — ASh¢
of Theorem[3.9] is injective.

We hope to prove Conjecture in subsequent work by analyzing the action of AHagLT on
modules A.Z]! for varying n, defined in next section.

5. MODULI OF STABLE HIGGS TRIPLES

In this section we introduce an action of AHaY, on the A-theory of certain varieties, which
can be regarded as generalization of the Hilbert schemes of points on 7*C' (see Section @

We start with the stack Cohy J, where F € Coh C is a fixed coherent sheaf on C. The follow-
ing proposition seems to be well-known (compare to [HL95, Theorem 4.1.(i)] and the entirety
of [GKO05]), but we did not manage to find a precise reference.

Proposition 5.1. Let p = (£,a) € Coh&f be a pair. Then the tangent space TpCohﬁdf at p s
naturally isomorphic to Hom(F % £, E).

Proof. Let D = Speck[e]/€%. By definition, the tangent space TpCohy, 7 is given by the space of
maps D — CLh& df , which restrict to p at origin. Again, by definition
{D %Cihadf} = {Fle] N A= Ocle] —mod; & flat over D; amode = a},

and since the infinitesimal deformations of a coherent sheaf over a scheme are given by its self-
extensions, we see that maps D — Cohf{ df are parametrized by diagrams of the form
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0——F > FOF —— F ——0

Ja ld Ja
0 £ £ £ 0
Splitting off F on the left, this data is equivalent to the following diagram:

I
(19) N\la
5\5

0 &

0

On the other hand, let us compute Hom(F = &£,&). Fix an injective resolution Z°® of £.
Applying Hom-functor, one produces a double complex

Hom(E, 70 -%°7 Hom(&,7') ~2°"5 Hom(E,72) — - --

l_oa l_oa l_oa

10—

Hom(F, 7% -%°= Hom(F,Z!) -1°= Hom(F,T%) — -
Taking cohomology of its total complex, we get
{(f,9) € Hom(&,T') ® Hom(F,Z°) :dio f =0,dypog = foa}
{(dooh,—hoa):heHom(E, Iy}

{(f,g) € Hom(&,Kerd;) ® Hom(F,Z%) : dyo g = f o a}
{(dyoh,—hoa):heHom(E, Iy} '

Hom(F & &£,€) =

But by Yoneda construction, pullback of the extension 0 — & — Z° — Kerd; — 0 gives a
bijection between self-extensions of £ and morphisms & — Kerd; up to the ones factorizing
through Zy. Associating to every element p € Ext!(&,&) the corresponding extension 0 — £ —

Spﬂ—p>5—>0, we get

Hom(F = £,8) = {(p € Ext'(£,),9: F = &,) 1 gom, = a},
which is precisely the space of infinitesimal deformations of (£,«) as seen above in the dia-
gram ((19). 0O

Definition 5.2. A Higgs triple of rank r, degree d and frame F is the data (€, a,0) of a
coherent sheaf & € Coh, 4C, a map o : F — &, and an element 6 € Ext'(&,(F & &) @ w).
Given two Higgs triples T = (£1,a1,01), Ta = (&2, a2, 02), a morphism from Ty to T is a map
f € Hom(&1, &) such that e = foaq, and a0 f = fo6;.

Thanks to Serre duality and Proposition the k-points of the stack T*@‘OT df are precisely
Higgs triples of rank 0, degree d and frame F. More generally, its T-points for any scheme 7" are
given by families of triples (Er, ar, O7), where Er is flat over T
Definition 5.3. A Higgs triple is called stable if there is no subsheaf & C & such that:

e Ima C &, and
e a(f) € Im(b), where a, b are the maps below, induced by inclusion &' C &:

(20) Ext' (&, (F % &) ®w) % Ext! (€, (F % &) ow) & Ext (&, (F % &) ow).
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In other words, a triple is stable if the image of « generates £ under 8. We denote by
(T*Cohs, 7) *c T*Cohy, 7 the substack of stable Higgs triples of rank 0.

Recall that for an abelian category 4 of homological dimension 1 every complex in the bounded
derived category D?(%) is quasi-isomorphic to the direct sum of its shifted cohomology objects
(see [Kap98, Proposition 2.1.2]). Because of this observation, we can alternatively write Higgs
triples as quadruples

(&, 0,0¢,0p) 0 €€Cohypy, a:F—=E,
0. € Ext! (£, Kera ®w), 6, € Hom(&, Coker o @ w).

Lemma 5.4. A Higgs triple is stable if and only if there are no non-trivial subsheaves &' C &
such that Ima C €' and 65,(E") C (£'/Ima) ®@ w.

Remark 5.5. Note that the stability condition does not depend on 6. in this form.

Proof. Replacing the complex F = & by the sum of its kernel and cokernel, the diagram 1}
splits into two:

Ext!(€,Kera ® w) 2% Ext! (&', Kera ® w) o Ext!(&', Kera ® w),
Hom(&, Coker a ® w) % Hom(E’, Coker o ® w) s Hom(&', (&'/Ima) @ w).

Note that the map b, is an isomorphism. Therefore, the condition a(#) € Im(b) is equivalent to
an(0r) € Tm(by), that is 0,(&") C (£'/Ima) @ w. O
We say that a morphism of triples is a quotient, if the underlying map of sheaves is surjective.

Lemma 5.6. Let T = (€,0,0), T' = (&',a/,0") be two triples, together with a quotient map
7: &= E. If T is stable, then T' is stable as well.

Proof. Suppose that T” is not stable, that is there exists a subsheaf & C &', such that Im o/ C &
and §'(£]) C (€]/Im /) ®w. Consider its preimage & = 7~ 1(&]). Since o/ = moa by definition,
we get Ima C &;.

Let us denote U = Ker 7. Since 6/ o m = 7o §, we have

(21) 0p,(U) c(U/(UNIma)) @w C (&/Ima) @ w.

Moreover, since &1 /U ~ &7, we get

(22) 0n,(£1)/(U +Ima) = 605,(&) C (£1/Ima) @w = (1/(U +Ima)) @ w.

Combining and (22), we conclude that 65(&1) C (£1/Ima) ® w. Therefore & C € is a
destabilizing subsheaf by Lemma and thus instability of 77 implies instability of T'. O

The following lemma can be viewed as an avatar of Schur’s lemma.
Lemma 5.7. Stable Higgs triples have no non-trivial automorphisms.

Proof. Let T = (€, ,0) be a stable Higgs triple, and suppose f € End(£) induces an automor-
phism of T. We pose & = Ker(f —idg) C €. Since f o a = «, we have Ima C &’. Moreover, by
definition f|gr = idg/. Therefore the equality 00 f = fo6), implies that (f —idcokera)©0nler = 0,
and thus 6,,(€") C &'/ Im «. This means that £’ is a destabilizing subsheaf, which can only happen
for & = &. Thus f =ide. O

From now on, we will only consider Higgs triples of rank 0.

Theorem 5.8. Let F be a locally free sheaf on C. Then the moduli stack of stable Higgs triples
of rank 0, degree d and frame F is represented by a smooth quasi-projective variety B(d, F). In
particular, #(d,O) ~ Hilby T*C.
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We will prove this theorem in Sectionby realizing #(d, F) as a moduli of torsion-free sheaves
on a ruled surface. It is also possible to prove it directly by relating stability of Higgs triples to
Mumford’s GIT stability [MFK94] on an atlas of T*@& f , which was the approach used in a
previous version of this paper.

Let us further assume that F ~ k"™ ® O is a trivial sheaf of rank n. To simplify the notation,
we will writd]]

Brg 4 :=Cohé "°,  B(d,n) := B(d,k" ® O).

In the remainder of this section we will produce an action of AHaOC on the A-theory of moduli
spaces HAB(d,n). In order to do this, we will use the general machinery from the beginning of
Section 2

Let de = {0 =dy < d; <...<dj=d}, and F a vector space of dimension n. As before, we
note G = G4, P = P;,. We put:

Y = Hom(F, k¢ /k%-1) x Quotg 4, , V = Hom(F, k%) x %Qd“ X' = Hom(F, k%) x Quotg 4.
We have a natural closed embedding § : V < X’ and an affine fibration f : V. — Y. The
formula gives rise to a map in A-theory
ma, : AH(TT) = AG(TEX).
For instance, in the case k = 2 we get a map:
My dy  AHag[d1] @ A(T*Brg g _g,) = Ac(Higgs, 4 * T"Brg gq,) = A«(T"Brg q)-
Collecting these maps for all dy, d2, we get a map
m : AHal ® AM,, — AM,,
where AM,, = P, A«(T*Brg 4).

Proposition 5.9. The map m defines an AHaOC-module structure on AM,,.

Proof. The proof is mostly analogous to the proof of Theorem Namely, using notations of
that proof, let us consider the following varieties:

= G xp (Hom(F, k?/k®) x Quot§,,); Wi =G xp (Hom(F, k%) x Quotyq);
= G xpr (Hom(F,k%/k™) x Quot} ;,); Wa = G xp (Hom(F, k%) x Quotoq, );
X3 = Hom(F, k%) x Quot§ 4; W3 = G xp (Hom(F,k%/k%) x Quot§ 4 x Quoty 4y).

Again, we have inclusions W — XZ 1 X X1+1 Taking into account Hom-terms, the proof of
Lemma easily implies that Wo = W x % Wi, and that the intersection (W x X 1) N(X3xW3)
inside X5 x X5 x X is transversal. Finally, putting Z; = T (X 1 X Xz+1) and contemplating
the diagram with cartesian square below:

T*X; < » T*Xo
(23) 22 _— Zl
T*X;
we may conclude as in the proof of Theorem [2.2] O

1Br stands for Bradlow, as in “Bradlow pairs” [Tha94]
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Recall that we have open embeddings %(d,n) C T*Brg ;. If we denote
Aty = P At ]d) = D A(8(d, n)),
d d
the collection of these embeddings defines us a map of graded vector spaces
(24) AM,, — At
which is surjective if A # H by Proposition

Corollary 5.10. There exists a AHa%—module structure on Ay, such that the map com-
mutes with the action of AHa%.

Proof. Let us consider the following diagram:
(LX) T (

fe
(25) J/z Jz jz
s v

where

(TéX’)St — Té}i’l XT*Brp , AB(d,n),
(TEX) = T3 X X (Higgso 5 X B(d—d, n)) ,
Higgs&dl XT*&g,d—dl o
(Za)" = Za 0 ((TEX)* x (T5X)™).
Recall that quotients of stable triples are stable by Lemma [5.6 Therefore we have an equality
Ze N (Tgf( X (Tg,Xf)sf) — Zan ((Tgfc)st X (TgX')St) ,

which shows that the map U’ is proper, and right square in the diagram above is cartesian.
Hence, we have
i* oW, =W, 04"

by Lemma This shows us that the diagram defines a commutative square

Jstor !

AHa), © Att, —" A,

where m/ = (¥'),0(®')". Moreover, if we replace all varieties in diagram by open subvarieties
of stable points as above, we can equally see that the upper right square remains cartesian.
Therefore the map m’ defines an AHa%—module structure on A.#,. O

Since the whole construction is T-equivariant, we also obtain an action of AHa%T on AM% =

@ AT(T"Bry ) and AT := @, AT(B(d,n)).

Ezample 5.11. Suppose C = Al, and equip it with the natural action of G,, of weight 1 as in
Example 2.4l In this setting, for A = H and A = K we recover algebras and representations
constructed in [SV13a, Proposition 6.2] and [SV13Db, Proposition 7.9| respectively.
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We finish this section by comparing our results with the classical construction of Grojnowski
and Nakajima. Recall [Nak99, Chapter 8] that for any smooth surface S there exists an action
of Heisenberg algebra on &, H,(Hilbg S). More precisely, for any positive £ and any homology
class a € H,(X) we possess an operator Pk, given as follows:

P,[i)(8) = ¢» o p'(a ¥ ), where § € H.(Hilby 5),
Z2 = {(11,T1) | Ty D In, | supp(Z1/T2)| = 1} C Hilby S x Hilbg . S,
p:Z% = S x Hilby S, (71, T2) — (supp(Z1/T2),T1),
q:Z% = S x Hilbgyy, S, (11, T,) — To.

We now suppose that S = T*C. Let us compare this action with the H Ha%—action on H.A.
In view of Theorem , H.#t, = H,(Hilby T*C). Recall that Higgs , =~ Cohy,(T*C), where the

latter stack parametrizes coherent sheaves of length k& on T*C. Therefore, the correspondence
defining the H Haoc—module structure on H.#; can be identified with the lower row in the
following diagram with cartesian square:

T*C x Hilby(T*C)

Tsxid \

Coh (T*C) x Hilbg(T*C) o zZA

T

Cohy (T*C) x Hilby(T*C) +2— Z —¥— Hilbg,(T*C)

where

Coh (T*C) = {£ € Coh(T*C) | |supp&| = 1},
7 = {(Zl,Ig) ‘ 1D IQ} C Hilby T"C x Hﬂderk T*C,

i is the natural closed embedding Coht (T*C) < Cohy,(T*C), and s : Coht (T*C) — T*C sends
each coherent sheaf to its support. One would like to prove an equality of the form

(26) g op = (\Il*o@!)o((bxid)*o(s X id)!),

so that the operators P,[k| are realized by action of certain elements in H Ha%, supported at
diagonals CLhkA(T *C). Unfortunately, the map s is too singular for a pullback to be well-defined.

However, one can easily check that it is a locally trivial fibration with a fiber isomorphic to
[6,"" /G|, where

" = {(z,y) € (@) : [x,9y] = 0,z,y nilpotent}.

If the local system I* on T*C, given by homology groups of fibers of s, were trivial, H,(Coh% (T*C'))
would be isomorphic to the direct product H,(T*C) @ H*(€""), and one would be able to de-
fine the pullback s' by ¢ — ¢X 1. After that, the identity would follow once we proved that
p' = (®2)' o (s' x id). In light of these considerations, let us state the following conjecture:

Conjecture 5.12. The local system I¥ is trivial, and the action of Py[i] on H.tty ~ @, H.(Hilby T*C)
is given by 1.(a ® 1) € HHa,.
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Note that Conjecture is trivially satisfied for k = 1. Indeed, Coh®(T*C) ~ Coh, (T*C) ~
T*C x BG,,, thus the diagram above takes the following form:

T*C x Hilby(T*C)

[oxia \ ~

BGy, x T*C x Hilby(1"C) —— 2 = 2% =Y, Hilbgsy (T*C)

Since the scheme Z is smooth by [Che98]|, pullbacks along all of the maps in triangle are well-
defined, and therefore

g op =g.op* = (¥, 00 o (s xid)*

which gives us a realization of operators P,[1].

6. QUIVER SHEAVES

In this section we recollect some properties of quiver sheaves, as introduced in [GKO05].

Let X be a scheme over k. Let @ = (I, FE) be a finite quiver with head and tail maps
h,t: E — I, and assume that ) has no cycles. For each edge a € E, pick a locally free sheaf
M, € Coh X, and set M; = Ox for alli € I.

Observe that Ay = GBie ;1 M, is a sheaf of Ox-algebras with coordinate-wise multiplication.
We equip A1 = @, Mq with an Agp-bimodule structure, where the map

(27) Mi®Ma®Mj:OX®Ma®OX_>Ma
is the natural isomorphism if h(a) = i, t(a) = j, and zero otherwise.
Definition 6.1. The twisted path algebra A = Ag a is the tensor algebra of Ay over Ay.

By definition, A is a sheaf of Ox-algebras. The category A-mod of sheaves of coherent A-
modules (or A-modules for short) is an abelian category with enough injectives (see [GK05, Prop.
3.5]).

Let e; be the unit section of M; = Ox. For each i € I, define left A-modules

Pi = Ae; = P e;Ae;
Jel
and right A-modules
I, = e A= @ eiAe;.
JelI
By definition of A, it decomposes into the direct sum
./4 = @ 61'./46]',
1,7€1
so that we have an equality of left A-modules A = @,.; P; and of right A-modules A = P, ; T;.
Note that the multiplication map ensures we have maps of A-modules

m() . Ma @ Tyay = Ti(a)s m((lp) : Phia) ©@ Ma = Pya)-

a

An element V € A-mod can be equivalently defined as a collection (V;, ¢,) of coherent Ox-
modules V;, i € I, together with morphisms ¢, : Mg ® Vy(q) = Vj(q) for all a € E. Under this
identification, we have a natural isomorphism of Ox-modules Z; ® 4 V ~ V;. Since the forgetful
functor A-mod — Ap-mod is faithful, we deduce that the functor Z; ® 4 — is exact.
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Proposition 6.2. We have an exact sequence of left AP @ A-modules
0—>@Ph(a)®/\/l ® Ly (a) EBP oL & A—0,

aclE el
where all tensor products are considered over Ox, p is the concatenation Ae; ® e, A — A, and g
is given by q(x,n,y) = m (x,n) = m{ (n,y).

Proof. The statement is local in X. When X = Spec R is affine, this is the standard resolution
of the twisted path algebra as a bimodule over itself [BK99, (1.2)]. O

Let us now consider the derived category D°(A-mod).
Corollary 6.3. For any V € A-mod, we have a short exact sequence
0—>@Ph Q@ Mg ® Vya —>@77 @V; =V —=0.
a€E iel
More generally, for any V* € D(A-mod) we have an exact triangle
@Ph(a) QMg ® Vt.(a) — @Pi RV —V* +—1>,
acE iel
where V? :=T; ® 4 V* € D’(Coh X).
Proof. Apply the functor — ® 4 V* to the exact sequence from Proposition O
Let (Vi, ©a), W, 1)4) € A-mod, and consider the following complex of sheaves:

Cc* (VW) (@ Homo, (Vi, Wi) %+ €D Homo, (M ®vt(a),wh(a))) ,

el acE
where § is given by
(fi)ier = (fr@) © Pa = %a o (1@ fya)) yep -
Theorem 6.4 (|[GKO05, Theorem 5.1]). Let V,2W € A-mod, and suppose V is locally free as
Ox -module. Then we have an isomorphism of complexes
RHom(V,W) ~ RI'(C*(V,W)).

Let us consider a closely related category A-modp. Its objects are given by collections
(V?, Ya)icl.acE, where V? € DY(M;-mod) ~ D°(Coh X), p, € Hom(M, ® Ha) Vhia )) A
morphism (V?,p,) — (W?,1,) is a collection of morphisms (f; : VP — W?)ier, such that
Ya © fi(a) = fn(a) © Pa-

We have a functor F : D°(A-mod) — A-modp, defined by

Ve (V1 ea),
where the maps ¢, are induced by multiplication maps (27)).
Lemma 6.5. The functor F is full and essentially surjective.

Proof. Given an object (V?,¢,) € A-modp, let V* be a mapping cone of the map

m(P) _ N R
B Prie) ® Mo ® Vi) "2 (D P @ V)

ack i€l
By Corollary [6.3, we have F(V*) = (V?,¢a), so that F is essentially surjective. Moreover,
if we consider any morphism (V?,¢,) = (W?,1,) in A-modp, the existence of a compatible
morphism V* — W?* follows from the axioms of a triangulated category. Thus F' is full, and we

may conclude. O
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Given a category %, let us denote by % the groupoid obtained from % by forgetting all
non-invertible morphisms.

Corollary 6.6. The functor F induces an equivalence of groupoids F' : D*(A-mod) — A-modp.

Proof. Consider the forgetful functor
DP(A-mod) — D°(Ag-mod),  V*— (VP).
It preserves isomorphisms and factors through F. Therefore, F’ is faithful. O

7. TORSION-FREE SHEAVES ON P (w @ O)

In this section we prove Theorem by realizing the moduli of Higgs triples as a certain
moduli of sheaves on a surface.

Let X be a scheme over k, not necessarily smooth. Pick a line bundle L over X, and consider
the projectivization S = Px (L @ Ox) of its total space Tot L. Denote the complement of Tot L
in S by D; let also ¢ : D — S be the natural embedding, and 7 : S — X the natural projection.
Note that by definition of S and D we have R, O(D) = m.O(D) = Ox & LY, and 7 induces an
isomorphism D ~ X.

Let T = Og(D) @ Og, and consider the sheaf of Ox-algebras m,Hom(T,T). We can write
it as a matrix algebra over X; the opposite algebra, which we denote by A, is then obtained by

transposition:
O 0L @) 0
mHom(T,T) = <0 ) > , A= (O@LV (’)) )

Note that A can be seen as a twisted path algebra of the following quiver:

e=0=20@

A left A-module V is then determined by a quadruple (Vi, Vs, @0, ¢1), where Vi, Vs € Coh X,
o € Hom(Vy,Vs), and @1 € Hom(V; @ LY, Vs).
For any coherent sheaf F € Coh S, the Hom-sheaf Hom(T,E) = m.(T" ® E) is naturally
a left A-module, given by the quadruple (m.E(—D), . E, ¢o,¢1), where (g, 1) is the natural
composition
mE(-D)® (0O& LY) = m.E(—D) ® m.O(D) — m.E.
Since T is an (A%, Og)-bimodule, we have a pair of adjoint functors

(28) — @4 T : D*(A-mod) ——= D*(Coh S) : Rm.Hom(T,—).
As a left module over itself, A can be decomposed as a direct sum P; @ P, where

Pi=0=08L, Pa=0=30

are the left A-modules defined in Section [6l
The following proposition should be known to experts (for example, see remark at the end
of |Bei78]), but we include the proof for completeness.

Proposition 7.1. The pair of functors (@ establishes an equivalence of triangulated categories.

Proof. The proof is based on Beilinson’s lemma |Bei78|. For any E € Coh S, there exists n > 0
such that F(nD) has no higher cohomology, and the counit map n*m.E(nD) — E(nD) is
surjective. By the seesaw principle [MumO8|, Corollary 5.6], the kernel of this map has the form
7*(N)(=D), where N’ € Coh X. Thus E admits a resolution of the form

0— *(N2)(=(n+1)D) = 7" (M) (—nD) - E — 0,
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where N7, N5 € Coh X. Taking into account short exact sequences
0—0O(n—-1)D) — O(nD)®dOnD) — O((n+1)D) — 0,

we see that as a triangulated category, D’(Coh S) is generated by Coh X and 7 = Og(D) @ Og.
Similarly, D?(A-mod) is generated by Coh X and A = P; @ Ps as a triangulated category by
Corollary
We have Rm,Hom(T,0O(D)) = P1, Rm,Hom(T,0O) = P,. Using Theorem it is easy to
check the following isomorphisms:
RHom(n*E,n*F) ~ RHom(E, F) ~ RHom(E @ P1, F ® P1),
RHom(7*E(D),n*F) ~ 0 ~ RHom(E @ P1, F @ Pa),
RHom(r*&,n*F(D)) ~ RHom(E, F @ (O @ L)) ~ RHom(E ® Pa, F @ P1),
RHom(n*E(D), n*F(D)) ~ RHom(E, F) ~ RHom(E ® P2, F @ Pa).
Applying Beilinson’s lemma, we conclude that the functor RHomx (7, —) is an equivalence

of triangulated categories. Moreover, since the functor — ®fl T is its left adjoint, it provides the
inverse equivalence. O

Let us apply this proposition to X =T x C, L = Op Kwe. Combining it with Corollary [6.6]
we obtain an equivalence of groupoids

(29) 0 : DY(Coh(T x Po(w ® 0))) ~ (Lp*A)-modp,

where p : T'x C — C is the projection. Moreover, this equivalence commutes with base change
in T whenever the latter preserves bounded derived categories, e.g. for flat maps 77 — T.

Remark 7.2. It would be desirable to express this as an equivalence of presheaves in groupoids.
The problem is that groupoids on both sides of are not functorial in 7. Namely, boundedness
of complexes is not preserved under pullbacks along general maps 77 — T. Nevertheless, in the
sequel we are only concerned with certain subgroupoids on both sides, see Proposition [7.7] Their
objects will satisfy flatness condition over T', and therefor will be preserved under arbitrary base
change, forming presheaves. We will thus abuse the notation for convenience, and say that the
two sides of form presheaves D?(Coh S) and A-modp respectively.

From now on, let X = C, so that S = P (w @ O) compactifies the cotangent bundle T*C'. Let
us recall some properties of sheaves on S; we will closely follow the exposition in [Moz13|, Section
2|. The Neron-Severi group of S is given by NS(S) = H?(S,Z) = ZD @ Zf, where f is the class
of a fiber of w : S — C. Thus, for any coherent sheaf F on S we will write the first Chern class
c1(E) as a linear combination ¢i p(£)D +c¢1 ¢(E)f. The product in NS(S) is determined by the
following equalities:

=0, Df =1, D?=2—2g,
where the last one follows from the fact that Og(D)|p ~ w™!. Moreover, the canonical divisor
of S'is Kg = —2D. We will write elements of H¢*""(S,Z) as triples (a,b,c) € Z @& NS(S) @ Z;
the same applies to HV*"(C,Z). In this fashion, Todd classes of S and C' are respectively given
by
tdS = (1,D,1—g), tdC = (1,1 —g),

and the pushforward along 7 in cohomology is given by
7T*(aa bpD + bffa C) - (bD7 C)'

Given a sheaf £ € Coh S, the Chern character of its derived pushforward R, FE can be computed
using Grothendieck-Riemann-Roch theorem. Namely, let a = ¢ p(E), b = ¢ f(E), r = 1k E,
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and recall that

ch(E) = (r, o (B), AL~ 2ea(E)

2

) = (r,aD +bf,a*(1 — g) + ab — c3(E)).

We have:
(rk(R7«E), c1(RmE) 4+ (1 — g)tk(Rm«E)) = ch(R7m.E) td C = m,(ch Etd S)
= 7.((r,aD + bf,chy(E))(1,D,1 — g))
= (a+r,(r+2a)(1—g)+b+chy(F)).
The result of this computation can be rewritten as follows:
(30) tk(Rm.E) = a+, c1(RmE) = a(l — g) + b+ cha(E).

For any nef divisor H on S, we can define a notion of H-semistability for sheaves on S. One
example of nef divisor is given by f. Instead of giving general definitions, we will use the following
characterization of f-semistable sheaves:

Lemma 7.3 (|[Mozl13l Lemma 4.3]). A torsion-free sheaf E on S is f-semistable if and only if
its generic fiber over C' is isomorphic to Op (1)®™ for some | € Z, m € N.

Lemma 7.4. For a torsion-free f-semistable sheaf E, the following numerical conditions are
equivalent:

1. m,E =0 and vk R'7,.E =0, 2. 7k E = —c1 p(E), 3. 1= —1.
If these conditions are fulfilled, we further have HY(E) = H*(E) =0, and H'(E) = H*(R'7.E).

Proof. Let us first prove the equivalence.
1 = 2: follows from the first formula in ;
2 = 3: rank is a generic invariant, therefore we have

0 =1k Rm.E = m (h°(Op (1)) — R (Op1 (1)) = m(l + 1).

Since m is a positive number, this implies that [ = —1.

3 = 1: since RI'(Op1(—1)) = 0, both 7, F and R'7,E have rank 0. Furthermore, let 7 C 7, F
be a torsion subsheaf. By adjunction, we exhibit a map 7#*7 — E from a torsion sheaf to a
torsion-free sheaf. It is a zero map if and only if 7 = 0; thus m.F is locally free. We conclude
that 7. F = 0.

In order to prove the second statement, recall that we have Leray spectral sequence

H(C,Rm,E) = H™(S,E).
Since Rim,E = 0 for j # 1, it degenerates to the equality H'*'(E) = H'(R'm,E). Finally,

R'7.E is a torsion sheaf, so that H*(E) is non-zero only for i = 1. O

We will also need the following computation:
Lemma 7.5. Let e : 7*m,.O(D) — O(D) be the natural counit map. Then Kere ~ n*w"(—D).

Proof. Let us denote K = Kere. Since € is surjective and becomes an isomorphism after applying
74, we have Rm, /K = 0. This means that at each point ¢ € C the fiber K. is isomorphic to a
direct sum of several copies of Opi(—1) [Mum08, Corollary 5.4|. In particular, K (D). is trivial
at each point ¢, and thus the natural map 7*m,(K(D)) — K(D) is an isomorphism. Consider
the following short exact sequence:

0 — K(D) = (7*1,.0(D)) ® O(D) — O(2D) — 0.
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Note that all these sheaves have globally generated fibers over C. Therefore, after applying 7,
we obtain

(K (D)) ~ Ker (7,.O(D) ® m.O(D) — m.0(2D)) .
However, since m,O(D) = O @ w", we have
m(K(D)) ~Ker (08 w’) @ (0dw’) - 0w’ ® (w")?) ~w".
Therefore K ~ n*m(K (D)) ® O(—D) ~ t*w"”(—D), and we may conclude. O
Remark 7.6. For later purposes, let us fix an isomorphism (K (D)) ~ w", so that the inclusion
(K (D)) C m:O(D) ®@ 7, O(D) is identified with the composition

W B (W e o) e (0ewY) C (Oow) e (0aw).
Let us return to the equivalence . Fix d > 0, and a locally free sheaf 7 € Coh C of rank
n. Consider subfunctors Coh? S € D(Coh S), A-mod] C A-modp, defined as follows:

@fS(T) _ {E € Coh(S x T) ‘ E is torsion-free, flat over T, E|pxr ~ F K Op, } 7

c1(Ey) = deg F - f,co(Ey) = d, Ey is f-semistable Vt € T

V) € Coh(C x T), flat over T', Cone(po) ~ F X Op, }

F o _ °
A-mod; (T) = {(Vl[ 1, V2,90, ¢1) (V1) is a torsion sheaf, deg(V1); =d VvVt e T

Proposition 7.7. For any d > 0, the equivalence (@) induces a natural transformation
@', : Coh)} S — A-mod7 .

Proof. We need to check that for any 7', we have © (Coh} S(T)) C A-mod](T). Let E €
Coh S(T). Then by definition ©(E) = (Rm.E(—D), R, E, o, 1), where @y : RnE(=D) —
Rm, FE is obtained by applying R, to the first map in the short exact sequence

0— E(-D) = E — E|pxr — 0.

In particular, Cone(pg) ~ Rr.(E|pxT) ~ F X Or.

Pick a point ¢t € T. We have m.E(—D); = 0 by Lemma so that Rm.E(—D); =
R'7,E(—D);[—1]. Moreover, the formulas (30] applied to E(—D); show that rk(Rm,E(—D);) =
0 and ¢;(RmE(—D);) = —d. Therefore, R m,E(—D); is a torsion sheaf of degree d.

Finally, let us prove flatness. Let f: T xS — T, p:T x C'— T be the natural projections.
Using the second part of Lemma a proof analogous to [LP97, Corollary 4.2.12] shows that
R'f.E(—D) is a locally free sheaf. Let £ be an ample line bundle on C, and & € N. Since
R'T.E(—D); is a torsion sheaf for any ¢ € T, it is isomorphic to £*¥ @ R!'m,E(—D) in the
neighborhood of t. In particular, the fact that p,(R'm,E(—D)) ~ R!'f.E(—D) is locally free
implies that p,(L* ® R'7,.FE(—D)) is locally free for any k. We conclude that R'm,E(—D) is flat
over T' by [HL10, Proposition 2.1.2]. O

Consider rigidified functors @é_f S, Db(Coh S)<_]:

isomorphism ¥ : E|p = F. We will refer to elements of (Cohy " S)(k) as F-framed sheaves.

, where we fix the additional data of an

Lemma 7.8. Any F-framed sheaf is locally free in a neighborhood of D.

Proof. Recall that for any torsion-free sheaf F, its double dual EVV is a vector bundle. Let
(E,¥) be an F-framed sheaf, and consider the quotient U = EYV/E. It is a sheaf with zero-
dimensional support. If the intersection D N supp U is non-empty, E|p is a proper subsheaf of
EYV|p. However,

deg E|p = deg F = ¢1(E)D = ¢1(EYY)D = deg EY|p,
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and rk E|p = rk EVV|p, so that E|p = EVY|p. Therefore the support of U is disjoint from D,
and we have an isomorphism E ~ EYV in a neighborhood of D. O

Let us recall a closely related notion of stable pairs. We specialize the definition in [BM11] to
the case when polarization of S is given by the divisor H = D + Nf, and N > 2g — 2. Recall
that for any locally free sheaf £ on C)| its slope is defined as p(€) = deg &/ 1k €.

Definition 7.9. Let E be a torsion-free sheaf on S satisfying ch E = (n,deg F - f,—d), and
U : E|p = F an isomorphism. Fix N > 2g —2, and § > 0. A pair (E,¥) is said to be
(N, 0)-stable, if for any subsheaf ' C E with 0 < rk E/ < n the following inequality holds:

a(ENH  [u(F)—=d/n if £ C E(-D),
rk E/ w(F)+d6/tk E' —§/n  otherwise.

It is known that the moduli of (N, §)-stable pairs is represented by a quasi-projective variety,
see [BM11], Theorem 2.3].

Proposition 7.10. There exist N, 0 big enough, such that every F-framed sheaf (E, V) is (N, d)-
stable. In particular, the functor Cohy 7S is represented by a quasi-projective variety B(d,F).

Proof. The (N, ¢)-stability condition is vacuous for sheaves of rank 1. Therefore, we will assume
that n > 2. The existence of Harder-Narasimhan filtration [LP97, Chapter 5| implies that for a
locally free sheaf F on C, there exists a constant pimaq(F), such that pu(F') < pimaq(F) for all
F' C F. From now on, we will assume that 6 > (tmaz(F) — u(F))n?, and N > 2g — 2 + 6.

Let ' C E be a subsheaf of rank n’ with 0 < n’ < n. Since E. ~ Op, for a generic ¢ € C,
there exist integers 0 < k1 < ... < k,y such that generically E/ ~ @Zil Op1 (—ki).

Assume first that E’ ¢ E(—D). Consider the saturation E’ of E’ inside E. It has the same
rank as E’, and c; p(E’) < 0. Moreover, since F is a vector bundle in the neighborhood of
D by Lemma E'’ is its subbundle in the same neighborhood. As a consequence, we have
E'|p C E|p, and ¢1(E')D = deg(E’|p). Putting this together, we obtain

(31) Cl(f,l)H < Cl(f,,)H — 1 (F|p) +

< w(F)+d/r"—=§/n,

NCI,D (F)
r!

< fimaz (F) < p(F) + 6/n?

which is the desired estimate.

Now, suppose E' C E(—D). In this case k; > 0, and E’ is not contained in E(—(k; + 1)D).
Let k be the maximal positive integer such that £’ C E(—kD); we have k < k. In particular,
E'(kD) is naturally a subsheaf of E, which is not contained in E(—D). Moreover, for a generic
point ¢ € C, we have E'(kD), ~ @:il Op1 (—k;), where k; = k; — k > 0 for all i. Therefore, the
inequality holds for E'(kD) by previous considerations. We have

ci(E)H _ ¢\(E'(kD)H c1(E'(kD))H

_kD-H =

+k(2g—2—N)

r! r

<pu(F)+6/n* + k(29 —2—N) < u(F)+6/n? — ks < u(F) —§/n.
We can thus conclude that for our choice of N, § every F-framed sheaf is (N, §)-stable. U

Remark 7.11. The divisor D C S is not nef when g(C') > 1, so that [BM11, Theorem 3.1] could
not be invoked directly. Moreover, one can check that if we omit framing, f-semistable sheaves
can possess automorphisms.
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Analogously to @;F S, consider the rigidified functor .A—n”bodzl_]C , given by fixing a distin-
guished triangle A = (Vl[l] RN VS Y F ﬁ)). Then ©/; extends to a natural transformation
0< =04 : Cohi” S — A-modi”.

Let us establish relation between A-mod

Lemma 7.12. Let £, F € CohC, ¢ € Hom(F,€&), and Cy1,Ca two cones of . Then there exists
the unique map f € Hom(Cy,Co) making the following diagram commute:

<" and the stack of Higgs triples.

PN R Ny | LN
|
e

£ I, Fl —5

where 1, j are the natural maps.

Proof. The existence of map f is assured by axioms of triangulated category. Let fi, fo be two
such maps, and consider their difference g = f1 — fs : C1 — Co. By definition, we have goi =0
and j o g = 0. Therefore, g lies in the image of composition

Hom(F[1],€) — Hom(C1,E) — Hom(Cy, Ca).

Since both £ and F lie in the heart of D?(Coh C), we have Hom(F[1],£) = 0. Thus g = 0, and
the unicity of f follows. 0

Thanks to the lemma above, we can define a natural transformation 7 : A-modj” —
T*Coh‘[:f, which to each element (Vi[—1], V3, 0, 01, A) € A-mod™” (T) associates the triple

(V1. ¢0, f o 1),
where f: V§ = (F 29, V1) is the unique isomorphism given by Lemma
Proposition 7.13. The functor 7 is a natural equivalence.
Proof. Let us consider a natural transformation
v T*Cohf§§ — A-mod™”,

defined on T-points by the following formula:

v(€,a,0) = (E[-1],F % £,1,0[-1],A).
Here ¢ is the natural map £[—1] — (F — &), and A is obtained from the mapping cone of «:

A= (5[-1]4(;-%) i>}"3>).

It is clear that 7 o v is the identity functor. On the other hand, the composition v o 7 sends
V1, Vs, 00,01, Q) to V1, F S0—6> Vi, fowo, fowr,A’), where A’ is the triangle

A= (Vl[_l] L Fov)SF “”—>> .
The map f induces a natural equivalence vor ~ Id Amod 7+ SO that 7 and v are mutually inverse
equivalences. O

F
Theorem 7.14. The composition © = 70 O factors through the stack of stable Higgs triples,
and induces an equivalence

© : Cohy TS = (TCohs T)™ .
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%
Proof. Since the functor © is fully faithful, it is enough to compute its image on T-points of
Coh§5 7 S for every T. Let (€, , ) be a Higgs triple, and consider the morphism

(=e®1+ 7,0 ®w”) € Hom (7*1,.0(D) @ 7*E,0(D) @ 7€ & n*a[l]),

where € : 7*1,O(D) — O(D) is the counit map from Lemma and we use the identification
m.O(D) =~ O ®w". After restricting to D, we get

v
lp = <6 9®1w > EPERW —walll®ERuwY.

The map £|p can be naturally completed to a distinguished triangle

FO eqpenu P anjosany .
Thus, we obtain an identification ¥ : Cone(¢|p) — F.

Note that -
O(E) =70 F'(RmsHom(T, E))

up to remembering the framing. Combining the inverses of each functor in the composition
provided by Proposition Lemma [6.5] and Proposition we obtain the following left

inverse of © on the set of isomorphism classes of T-points:
Gr : T*Cob (T) — DP(Coh §) T (T), (£, 0,6) > (Cone(r 0 &)[—1], V),

where k : 7*E(D) & 7*a[l] — 7*E(D) & m*a[l] multiplies first summand by 1, and the second
one by —1. In what follows, we are only interested in the set-theoretic image of Gp. As such, we
will not concern ourselves with functoriality, and will liberally make use of (non-unique) cones
of various maps.

Lemma 7.15. As a complex, £ is quasi-isomorphic to O(—D) @ (7*(E @w") L O(D)®r*all]),
where &' is obtained by adjunction from (—0 @ w¥, 1 @ w") € Hom(€ @ w", m.O(D) @ a[1]).

Proof. Let p1,p2 be the projection maps from 7*E(D) @ n*a[l] to the first and the second
summand respectively. Note that p;o{ = e® 1. Applying octahedral axiom to these three maps,
we obtain a distinguished triangle, denoted by dashed arrows below:

L [ H

™€ @ 1. 0O(D) —— 7*E(D) & m*al] —— Cone(§)

Jeet |

(D) =—— 7*&(D)

Here, j is defined by Lemma and 49 is the natural inclusion of a summand. We see that
€ is quasi-isomorphic to £”, so it remains to compute the map £”. Since j is injective and the
diagram commutes, we have £’ = pyo&oj = 7*(1,0 ® w") o j. After tensoring with O(D) and
applying m,, we obtain the composition

(1,08w")

Eow <= OBw)2(0ow)eE = O & w)®all].

The map on the left is induced by the diagonal embedding w" &, v ®w" as in Remark

Thus the composition is precisely (—0 @ w",t ® w"), and we may conclude. O
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Let us consider the map Gy between k-points. Recall (see Section |5)) that as a complex, « is
quasi-isomorphic to K & J[—1], where K = Ker«, J = Coker a. Thus, we can express &' as a
sum:

& =€+, g€ @wY) = K(D)[1], & m(E QW) — 7t J(D).

Let M € Ext!(n*(€ ® w"),7*K (D)) be the extension given by ¢.. Then the two-step complex
given by &' is quasi-isomorphic to M — 7*J(D), with arrow defined as the composition of &,
with the projection M — m*(£ @ w"). Consequently, the cone of & has length 1 if and only if &},
is surjective.

Lemma 7.16. The map &, is surjective if and only if the triple (£, ,0) is stable.

Proof. By abuse of notation, we will write { = &), ®@w throughout the proof, and study surjectivity
of ¢£. Thanks to Lemma ¢ is adjoint to

0,-1): £ J® W 0),

where # = 6, as in Section o] and ¢ = ¢j, : £ — J is the natural projection. Let ¢ € C, and
s =71 Yc) = P(w. ® O.). If we choose an identification w. ~ O,, the stalk &, at the point s is
given by a linear combination af. + bt for some a,b € k. In particular, ¢ is surjective if and only
if it is surjective at each point s € S, that is for every ¢ € C and [a : b] € P! the map af, + bt.
is surjective.

Suppose that ¢ is not surjective. Then there exists a point s € 771(c), ¢ € C where surjectivity
fails. This means that J. := Im(af. + bi.) is a proper subsheaf of .J, for some a # 0, b. Denote
&L = 17Y(J!); then 6.(E) C J.. Further, let

g=ceo P & J=Jo P I
peC\{c} peC\{c}

Then Ima C €’ and 6(&’) C J’, which precludes the triple (€, @, ) from being stable.
Conversely, suppose that (€, a, ) is destabilized by a subsheaf & C £. Denote J = ((&').
Let us choose a point ¢ € C, such that £, C &, is a proper subsheaf. By assumption £(E.) C J!
and £/&" ~ J/J'. Suppose ¢ is surjective. Then for any s € 7~ !(c) the stalk & induces an
automorphism of £./&.. In particular, the map aId +bf. is an automorphism of &./E. for each
[a : b] € PL. However, € is a torsion sheaf, therefore £./E. is finite-dimensional as a k-module.
Because of this, § must possess an eigenvalue A, so that # — AId cannot be invertible. Thus £ is
not surjective. Il

Lemma [7.16] shows that any family of Higgs triples which contains a non-stable one is mapped
outside of @;F S by Gr. This proves that the essential image of <G_) is contained in (T *CLh& df ) *
We now need to show that every flat T-family (7, ap, O7) of stable Higgs triples lies in the image
of ((3, or equivalently its image G (Ep, ar,O7) lies in @C‘I_}—S(T). By Lemma it is a co-
herent sheaf E7 on S x T, equipped with an isomorphism ¥ : Er|pxr — FXOr. Moreover, by
construction E7p is a subsheaf of My, with latter being obtained as an extension of a torsion-free
sheaf 7 Kp(D) by n*&p. As a consequence, the torsion Tor Ep is contained in the support of
7*Er. However, since F is locally free, the existence of ¥ implies that the support of Tor Er
must be disjoint from D x T. Since the support of every subsheaf of 7*E intersects D x T', we
conclude that E is torsion-free.

Pick a point ¢t € T'. Outside of the support of 7*E, the complex £[—1] is quasi-isomorphic to
7 F. By Lemma [7.3] it implies that E}; is f-stable.
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Let us compute the Chern character of Fy:
ch(E;) = ch(O(—D) ® 7" (& ® w")) — ch(r* oy [1])
=(1,-D,1—¢)(0,df,0) — (0,df,0) — (n,deg F' - f,0) = (n,deg F' - f,—d).

Thus ¢1(E;) = deg F - f, and c2(E;) = ¢1(E;)?/2 — cho(Ey) = d.

It remains to show that Ep is T-flat. For this, we will express Er in a different fashion. In
what follows, we will drop the subscript T', implicitly assuming that all objects live in families
over T _

Denote by ev : H(£) ® O — £ the natural evaluation map. Let K be the kernel of

(a,ev) : F@ (HY(E)® O) — E.
The octahedral axiom applied to the composition F % FOHY )0 M & produces a
distinguished triangle

™o — 7K — H(E) ® Og RN
Next, consider the composition H%(£) ® Og[—1] — n*a — E, where the first map is defined by

the triangle above, and the second map comes from the quasi-isomorphism E ~ ¢’ ® (—D). One
more application of the octahedral axiom gives rise to the following diagram:

™ y E ™ (E@wY)(—D)
| | |
(32) 0 G S— N j— » (€ @wY)(=D)

HO(g) ® Og — HO(E) ® Og

Here, E is defined as a cone of the composition above. Note that since both E and H (&) ® Og

are sheaves (as opposed to complexes of sheaves), E is also a shea.
Recall that if N is a T-flat sheaf, and

0—>M1—>M2—>N—>O

is a short exact sequence, then M is T-flat if and only if M is. As a consequence of this, 7*K
is T-flat as the kernel of 7*(a, ev); the middle row of diagram shows FE is T-flat; and finally,
the middle column of shows that F is T-flat as well. O

Proof of Theorem[5.8 Representability follows from Theorem[7.14]together with Proposition[7.10]
For smoothness, recall [BM11, Theorem 4.3] that #(d, F) is smooth at a point (E, V) if the kernel
of the trace map

Ext?(E, E(-D)) — H?(S,0(-D))

vanishes. Since Ext?(E, E(—D)) ~ Hom(E, E(—D))* by Serre duality, and H%(S,O(—D)) ~
Hom(O,O(—D))* = 0, it suffices to show that for any f-stable sheaf E there exist no non-zero
maps from E to E(—D). Let ¢ : E — E(—D) be such a map. By definition of f-stability,
Bl 1) = Op, for a generic point ¢ € C. Since Opi1(—1) has no global sections, this implies
that the image of ¢ must be a torsion sheaf. However, E(—D) is a torsion-free sheaf, so we may
conclude.

For the second claim, let Ej be a locally free sheaf of rank 1 on S, such that ¢;(F;) = 0.
By the seesaw principle, E; ~ 7*m, FE;. In particular, if Ei|p ~ O¢, then E; ~ Og. As a
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consequence, we have EVY ~ Og for any (E, V) € %(d, 1), and fixing ¥ makes this isomorphism
canonical. Therefore, the map
E s (E|p«c) C EYY|prc = O
establishes the desired isomorphism #(d, 1) ~ Hilby; T*C. O

In view of T heorem it is instructive to compare our results with recent works of Negut, [Neg19]
Negl7]. For any smooth projective surface S and an ample divisor H, he considers the moduli
space M of H-stable sheaves on S with varying second Chern class, and for every n € Z defines
an operator e, : K(M) — K(M x S) by Hecke correspondences. These operators generate a
subalgebra A inside @, o Hom(K (M) — K (M x S¥)), which can be then projected to a shuffle
algebra Vg,,. The content of Conjecture 3.20 in [Negl9] is that this projection is supposed to be
an isomorphism. This conjecture is proved under rather restrictive assumptions; for instance, it
is required that K (S x S) ~ K(5) ® K(S5).

Let us now take S = T*C together with a scaling action of T" ~ G,,, and replace usual
K-groups with their T-equivariant counterpart. In this case, the algebra Vs, can be identified
with the subalgebra of KSh”"™, generated by K (BG,,) C KShZ"[1] ~ KT(C x BG,,). If we
further replace K-groups by Borel-Moore homology, then by Corollary homological version
of Vs, is realized as a subalgebra of H Hang. Therefore, one can regard results of Section |5| as
a “homological non-compact” version of Negut’s conjecture for S = T*C, ¢ p = 0, and stability
condition given by f. Another modest gain of our approach is that while A is given by operators
on K-groups K (M), the definition of AHa%T is independent from its natural representations,
which allows to study this algebra without invoking torsion-free sheaves on T*C.

In general, one expects that the moduli of framed sheaves on Po(w @ O) with non-trivial
first Chern class can be recovered from the moduli of stable Higgs triples of positive rank.
Nevertheless, as stability condition for triples varies, Lemma [7.16] seems to suggest that the
objects on S which correspond to stable Higgs sheaves do not have to lie in the usual heart of
Db(Coh S). These questions will be investigated in future work [Min].

APPENDIX A. ORIENTED BOREL-MOORE HOMOLOGY THEORIES

In this appendix we recall the notion of equivariant oriented Borel-Moore functor and recol-
lect some of its properties. For a more detailed exposition, we refer the reader to the mono-
graph [LMO7] for a treatment of non-equivariant version, and to [HML13|] for the equivariant
case.

Definition A.1. An oriented Borel-Moore homology theory A on Sch/k (or OBM for short) is
the data of:

(1) for every object in X € Sch/k, a graded abelian group A, (X);

(2) for every projective morphism f: X — Y, a homomorphism f, : A,(X) — A.(Y);

(3) for every locally complete intersection (lci for short) morphism g : X — Y of relative

dimension d, a homomorphism f*: A.(Y) — Aia(X);
(4) an element 1 € Ag(pt), and for any X,Y € Sch/k a bilinear pairing
X1 A(X) @ A(Y) » A (X xY),

URU—uUXuv,

which is associative, commutative and has 1 as unit;
satisfying the following conditions:
(BMO0) A, (X1 U Xs) = Au(X1) @ Au(Xo);
(BM1) Idx =1Ida,(x), (fog)" =g o f%
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(BM2) g* o fi = fi o g"™ for any cartesian diagram with projective f, transversal to lci g:

w2 x
ol
vy 2 7
(BM3) (f X g)«(u' x v') = fu(u') x g(v'), (f X g)"(u X v) = f*(u) x g"(v);
(PB) let E — X be a vector bundle of rank n+1, ¢ : PE — X its projectivization, O(1) — PE
tautological line bundle, and s : PE' — O(1) its zero section. Then the map
n ) n
D (s*0s.) 0q" : @ Avsin(X) = AL(PE)
=0 =0
is an isomorphism;
(EH) let p : V. — X be an affine fibration of rank n. Then p* : A, (X) — A.1n(V) is an

isomorphism;
(CD) for 7,N > 0, let W = (PV)", with p; : W — P¥ being i-th projection. Let also
[Xo : -+ : Xn] be homogeneous coordinates on PV, ny,...,n, € Z, and i : E — W the

subscheme defined by [];_; p;(Xn)™ = 0. Then i, : A.(E) — A,(W) is injective.

Given an OBM A, we can further define:

e for any smooth variety Y, set A*(Y') := Agimy—«(Y"). The map Ajox : A*(Y)RA*(Y) —
A*(Y') defines an associative product on A*(Y);

o for any f : Z — Y, we have the graph morphism I'y = (f,Idz) : Z — Y x Z, which
is always a regular embedding. The map I'} o x : A*(Y) ® A.(Z) — A.(Z) defines a
A7*(Y)-module structure on A, (Z);

e for any lci morphism f : Y — X and arbitrary morphism g : Z — X, we have a Gysin
pullback map

fr="1AlZ) = AlZ xx Y).
It coincides with the usual pullback for Z = X, g = Idx. We will also liberally replace
f by its pullback ' : Z xx Y — Z in the notations;

e for any line bundle L. — X, denote by s : X — L its zero section. We have a graded

homomorphism

(L) =508, : Au(X) = A1 (X).
Moreover, let us consider any vector bundle £ — X of rank n together with its projec-
tivization ¢ : PE — X and the tautological line bundle O(1) — PE. Then there exist
unique homomorphisms ¢;(F) : A.(X) = A,—;(X) for i = {0,...,n}, called i-th Chern
classes, such that co(F) =1 and

n
D (D)ie(0(1)" o gt o ci(E) =0.
i=0
They satisfy all the usual properties of Chern classes (see [LMO7, Proposition 4.1.15]).
For a smooth variety X, the classes ¢;(E) can be realized by elements of A*(X);
e there exists a formal group law Fy € (u + v) + uwvA*(pt)[u,v] on A*(pt) such that for
any X € Schy and two line bundles L, M on X, we have

ei(L ® M) = Fa(er(L), c1(M)).

Since we never consider two OBMs at the same time, we will use multiplicative notation
for group laws, and write Fa(ci(L),c1(M)) = c1(L) x c1(M).
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In [LMO7|, Levine and Morel define and study algebraic cobordism theory X, associated to
the universal formal group law (L, FL) on the Lazard ring L. Let us call an OBM A free if the
natural map ¥, ®p, A*(pt) — A, is an isomorphism. For this class of OBMs many properties
will follow immediately after establishing them for X,.

Ezxample A.2. Chow group functor C'H, and the Grothendieck group of coherent sheaves K are
free OBMs.

Note that usual Borel-Moore homology is not an OBM, because of the presence of odd-
dimensional part. Moreover, even the even-dimensional part fails to be a free OBM, which
prevents us from translating results found in [LMO07] in a straightforward way. Still, all of the
results we need can be proved in a similar way for the usual Borel-Moore homology. We will thus
abuse the language somewhat and allude to it as to a free OBM in the propositions below, giving
separate proofs where needed; in the case of omitted proof, we will give a separate reference.

For any reductive group G, free OBM A, and a G-variety X Heller and Malagon-Lopez [HML13|
define equivariant homology groups A% (X). Roughly speaking, the group G has a classifying
space represented by a projective system { EGn} yen of G-varieties, and we set

AZ(X) = lim A.(X xg EGy).
N

For example, if G = GLg4, the varieties EGpy are just the Grassmanians Grassd(d, N). Most of
the constructions mentioned above for ordinary OBMs can be extended to the equivariant ones.

Ezample A.3. If G =T is an algebraic torus of rank d, then by Lemma 1.3 in [YZI18]| we have

AL (pt) = Ac(pt)[er(tr), - -, ea(ta)l,
for some choice of basis t1,...,t4 of the character lattice of T

Remark A.4. One can observe that in the case of algebraic K-theory we get K7 (pt) = Z[1 —
tl_l, T t;l], which is different from the usual ring of Laurent polynomials Z[[tlil, . ,tzltl]].
However, the two become isomorphic after passing to completion. One can prove that this
happens for any T-scheme X, using the argument in [AS69, Lemma 3.1] (the author would like
to thank Gufang Zhao for pointing out this article).

From now on until the end of appendix, let us fix a free OBM A. Moreover, since we are
not concerned with questions of integrality, we also assume that A*(pt) contains Q, so that all

A-groups are Q-vector spaces. We will often omit homological grading from notations, and write
A=A, A% =AY, Aq = A},

Remark A.5. To the best of author’s knowledge, the notion of oriented Borel-Moore homology
theory is not yet fully developed for arbitrary algebraic stacks. However, since all the stacks of
interest in our paper are quotient stacks, we usually slightly abuse the notation and write

A(1X/G)) = A%(X)
for any quotient stack [X/G] (see also [HML13, Proposition 27|).

Proposition A.6 ([HMLI13, Theorem 26|). Let H C G be a closed subgroup, and X a G-variety.
Then there exists a natural isomorphism

ind% : AT(X) 2 A%(X x Q)/H),
where H acts on X X G diagonally.
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Proposition A.7 ([HMLI13, Theorem 33|). Let G be a reductive simply connected algebraic
group, T C G a mazximal torus with normalizer N, W = N/T the Weyl group, and X a G-
variety. Then W acts on AT(X), and we have a natural isomorphism

AY(X) ~ AT(X)V.

Proposition A.8. Let Z be a non-reduced G-scheme, and denote by Z™? its reduction. Then
the pushforward map along the natural embedding

AC(z7h) — AY(2)
s an isomorphism.

Proof. Follows from the definition of algebraic cobordism theory. For an explicit mention of this
fact, see the proof of Proposition 3.4.1 in [LMOT]. O

Proposition A.9 (Projection formula). Let f: X — Y be a G-equivariant projective morphism
of smooth varieties, 3 € AY(X), and o € AL(Y). We have the following identity:

f*(f*aﬁ) =a- fif.

Proof. See [LMOT, Proposition 5.2.1] for non-equivariant version; equivariant proof is completely
analogous. O

The following proposition holds only for universal OBMs, usual Borel-Moore homology not
included.

Proposition A.10 (JHMLI13, Theorem 20|). Leti: Z — X be a closed equivariant embedding
of G-varieties, and j : U — X the complementary open embedding. Then the sequence

AC(Z) 5 A%(x) L ACU) = 0
s ezxact.

For a G-equivariant vector bundle E — X, we define its Fuler class e(E) as the top Chern
class:
e(E) := cap(E) € A%(X).
Also, for any regular embedding of smooth varieties M C N, let T3y N be the normal bundle of
M in N.

Proposition A.11 (Self-intersection formula). Let ¢ : N — M be a G-equivariant reqular
embedding of smooth G-varieties. Then

i"ix(c) =e(TyM) - c
for any c € AG(N).
Proof. Follows from [LMO07, Theorem 6.6.9]. For A = H, see [CG97, Corollary 2.6.44]. O

Given G-equivariant regular embeddings j : P < N, i : N — M, Whitney product formula
applied to the short exact sequence

0—TpN —TpM —)]*TNM —0
tells us that
(33) e(TpM) = G(TPN) -j*e(TNM).

For our purposes, one of the most important pieces of data coming from an OBM is the Gysin
pullback. Let us state several compatibility results about it.

Lemma A.12. The following properties of Gysin pullback are verified:
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(1) Gysin pullback commutes with composition, that is for any diagram with cartesian squares
A > Y/ > X'
Lol

7z 2oy N x

one has (f1 on); = (fg)i],o(fl);, provided that f1 and fo are locally complete intersections;

(2) let F:Y - X,G: X" — X, 1:Z — X be morphisms of schemes such that F is lci, G
and v are proper, and F and G are transversal. Consider the following diagram, where
all squares are cartesian:

Y’ X'

Then we have an equality
| |
gio fu = [, 0 g
Proof. See [LMO07, Theorem 6.6.6(3)] for (1) and [YZ18, Lemma 1.14] for (2). O

Proposition A.13. Leti:Y — X be a closed embedding of T-varieties, and {x1,...,xx} C T"
a finite set of characters. Suppose that X7 is not empty, XT C Y, and for any point v € X \'Y
its stabilizer under the action of T is contained in Ule Ker(x;). Then the pushforward along i
induces an isomorphism

it AL (YV)er0a)™h e la) T = AL e 0a) T e Oa) T

Proof. In the interest of brevity, we will abuse the notation and write y; instead of ¢1(x;). Let
us start with surjectivity. By Proposition we have an exact sequence
AT(Y) 25 AT(X) > AT(X\Y) > 0.

Thus it suffices to prove that AT (X \Y)[x; %, ..., x5z '] = 0. By Lemma 2 in [EG98], there exists
an open subvariety U € X \ 'Y and a subgroup 7} C T such that U ~ U X T /T, as T-variety,
where U is equipped with a trivial action of T'. In particular, AT(U) ~ A.(U) ® 4, () AL (T/T1).
Because of our hypotheses, one has 77 C Ker(;) for some 4, and thus x; AL (U) = 0. We conclude
by Noetherian induction. Namely, let Z be the complement of U in X \ Y. We have the following
exact sequence:

AT(Z) & AT(X\Y) — AT(U).
By induction pAT(Z) = 0, where p is a monomial in 1, ...x%. Therefore AT (X) is annihilated
by x:p, and thus AT(X \Y)[x;'....x; '] =0.
It is left to prove injectivity. If A = H, we may already conclude by invoking long exact

sequence in homology. Otherwise, we follow an approach found in [Bri97, 2.3, Corollary 2|.
First, let us denote

k
Y, = {y €Y : Stab(y) ¢ U Ker(Xi)}.

=1
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Note that Y} is non-empty, since X T c Y;. We have the following commutative triangle

AT - AT oxg ]

\» /
AT oxq ]

where the diagonal arrows are surjective by the first part of the proof. If the horizontal arrow is
injective, the same can be said of the map AT (Y) [Xfl, e 7X1;1] — Af(X)[Xfl, .. aX/Zl]- Thus,
from now on we will assume that ¥ =Y.

Let U~ U x T/Ty € X \'Y be as in the proof of surjectivity. Since T} C Ker(x;) for some i,
we get a regular function

f:UxT/Ty — k¥, (u,t) — xi(t).
It extends to a rational function f: X — P} with the property that f(t.z) = x;(t)f(z) for any
x € X and t € T. In particular, if y € Y and ¢t € Ker(x;) \ Stabr(y) this equality becomes
Xi(t)f(y) = f(y), so that y belongs to the support of the divisor associated to f. Let us denote

this support by D. Thus Y C D, and the map Al (D) — AT (X) becomes injective after inverting
Xi; see [Bri97| for details. We conclude by Noetherian induction on D. O

For any commutative ring R and an R-module M, let M;,. be the localized Frac(R)-module
Frac(R) ® g M.

Theorem A.14 (Localization theorem). Let T be an algebraic torus, R = AL(pt), X a T-
variety, and i : XT — X inclusion of the fived point set. Suppose that XT is not empty. Then
the Frac(R)-linear map

I : AZ(XT)ZOC — AZ(X)ZOC
s an isomorphism. Moreover, if X is smooth, then the map

Z;‘ : AZ(X>IOC — AI(XT)IOC
18 an isomorphism as well.

Proof. Any action of an algebraic torus has finitely many distinct stabilizers. One can therefore
assume that

k
U Stabr(x) C U Ker(xi)
2eX\XT i=1
for some choice of characters x1,...,xx € T. Applying Proposition to the embedding
XT < X and localizing Chern classes of all characters instead of chosen ones, we see that iz,
becomes an isomorphism after localization. In view of Proposition it remains to prove
that if X is smooth, then the Euler class e(TyrX) is not a zero-divisor in AZ(X7). Since the
T-action on X7 is trivial, we can decompose Tyr X into isotypical components:

TxrX = @pi ® Ei,
i

where p; are non-trivial characters of T, and F; are vector bundles on X 7. It suffices to assume
TxrX = p1 ® F1, because Euler class is multiplicative with respect to direct sums. In the case
when Fj is a line bundle, we have

e(p1 @ Er) = ci(p1) x c1(Er) = ei(pr) + er(Er) (1 +eilpr +---)).

The class cj(p1) is not a zero-divisor by Example c1(E1) is nilpotent by |[LMOT, Remark
5.2.9], therefore e(p; ® Ej) is not a zero-divisor as well. Finally, the case when rank of Ej is
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bigger than 1 can be reduced to the former by using axiom (PB) and the usual technique of
Chern roots. 0

The following proposition describes the behavior of localization map with respect to pullbacks
and pushforwards.

Proposition A.15. Let f : X — Y be a morphism of smooth T-varieties. Assume that the fized
point sets X, YT are non-empty, and consider the natural commutative diagram

x 1 .y

iX]\ ]&Y
XTI,y
(1) if f is lci, then i% o f* = fl o}
(2) if [ is projective, then the following diagram commutes:
AT( )loc —> AT( )loc
E(TSETX)”@i}(—)l l( T3, Y)"1®i5 (-)
AT(XT)ZOC I AT(YT)ZGC

Proof. First claim is obvious, and Proposition [A.TI| coupled with the localization theorem proves
the second claim as well. O

Corollary A.16. Under conditions of Proposition (2), we have
iy o file) = fro (fr(e(TyzY)) - e(Tx, X) 7t - ik (c))
for any ¢ € AT(X)j0e. If, moreover, f is a regular embedding such that XT = Y™ then
7 0 fu(c) = i (e(Tx Y )e).

For the following proposition we fix a reductive group G, and let T' C H C P be a maximal
torus, Levi and parabolic subgroup of G respectively. Denote by W and Wy the Weyl groups of
T in G and H respectively; we also fix a representative o for each class in W/Wy.

Proposition A.17. Let X be an H-variety, and denote Y = G xp X, where the action of
P on X is given by the natural projection P — H. Then YT = W X Wy XT and we have a
commutative diagram

ar(x)y — M 40y

. .
le l’y

AT(XTY =y AT(W xyp, XT)
where s : W Xy, XT — XT s the projection associated to the choice of representatives o.

Remark A.18. For an arbitrary H-variety X, the action of normalizer Ny (T') can be restricted
to XT, and thus induces an action of Weyl group Wg on AT(XT). Moreover, the restriction
map AT(X) — AT(XT) can be seen to be Wy-equivariant. With that in mind, note that even
though s* depends on the choice of representatives o, its restriction to the Wy-equivariant part
AT(XTYWH | which contains the image of 7%, does not.
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Proof. First, let us compute T-fixed points of Y. Let (g, ) be a point in G x X. Then we have:
t(g,z) = (g,x)mod PVt e T &Vt cTIpc P:tg=gp ',px=2x
&g Tgc Pore X9 'T9
& geNG(T) - PxeXxy T
eI eP g teNg(T),zep X

Therefore (g,z) mod P is T-stable iff (g,7) € (Ng(T)P) x (p/.XT)/P = W xw, XTI, which
proves the first claim. Next, let i¢ : X < Y be the inclusion of the fiber over £ € G/P. Note
that by definition of indf], it is a right inverse to ¢;. Therefore, G-equivariance implies that

i;p(indg ¢) ~ g.ce AH'(X) for all g € G.
If we restrict all our structure groups to T' and suppose that g € N(T'), we get
if(ind% ) ~ g.c € AT(X) for all { € G/P

with the action of ¢ on AT(X) is as in Proposition Moreover, we have the following
commutative square

AT(X) —2— AT(X)

Js Js
AT(XT)y L5 AT(XT)

since the action of g on AT (XT) is just the restriction of the action above. Finally,

it (ind$ ¢) = i% > itp | (indf c) = i% > £.c
§eNG(T)/Nu(T) §eNG(T)/Nu(T)
= Y oik(e) =s"i%(c)
ceW/Wy
for all ¢ € A”(X), and the second claim follows. O

Remark A.19. The same proof as above shows that (G xp X)T = W xy,, X7 for a P-variety
X.
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